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Abstract
The present thesis studies local geometries admitting twistor spinors on pseudo- Rie-
mannian manifolds of arbitrary signature using conformal tractor calculus. Many local
geometric classification results are already known for the Riemannian and Lorentzian
case. However, one is motivated to study the conformally covariant twistor equation
also in higher signatures in full generality because of its new relations to higher-
order conformal Killing forms, the possibly more interesting shapes of the zero set
and relations to other geometric structures such as projective geometry or generic
2-distributions as has been recently discovered.
To this end, we refine and extend the necessary machinery of first prolongation of con-
formal structures and conformal tractor calculus which allows a conformally-invariant
description of twistor spinors as parallel objects. In this context, our first main the-
orem is a classification result for conformal geometries whose conformal holonomy
group admits a totally degenerate invariant subspace of arbitrary dimension: They
are characterized by the existence of Ricci-isotropic pseudo-Walker metrics in the con-
formal class. This closes a gap in the classification results for non-irreducibly acting
conformal holonomy.
Based on this we are able to prove a partial classification result for conformal struc-
tures admitting twistor spinors. Moreover, we study the zero set of a twistor spinor
using the theory of curved orbit decompositions for parabolic geometries. Generaliz-
ing results from the Lorentzian case, we can completely describe the local geometric
structure of the zero set, construct a natural projective structure on it and show that
locally every twistor spinor with zero is equivalent to a parallel spinor off the zero set.
An application of these results in low-dimensional split-signatures leads to a complete
geometric description of manifolds admitting non-generic twistor spinors in signatures(3,2) and (3,3) in terms of parallel spinors which complements the well-known anal-
ysis of the generic case.
Moreover, we apply tractor calculus for the construction of a conformal superalgebra
naturally associated to a conformal spin structure. This approach leads to various
results linking algebraic properties of the superalgebra to special geometric structures
on the underlying manifold. It also exhibits new construction principles for twistor
spinors and conformal Killing forms. Finally, we discuss a Spinc-version of the twistor
equation and introduce and elaborate on the notion of conformal Spinc-geometry.
Among other aspects, this gives rise to a new characterization of Fefferman spaces in




Die vorliegende Arbeit untersucht lokale Geometrien, die Twistorspinoren zulassen auf
pseudo-Riemannschen Mannigfaltigkeiten beliebiger Signatur. Fu¨r den Riemannschen-
und den Lorentzfall sind schon viele lokale geometrische Klassifikationsresultate bekannt.
Man wird jedoch dazu motiviert, die konform-kovariante Twistorgleichung auch in
ho¨heren Signaturen in voller Allgemeinheit zu studieren, da sich hier neue, interes-
sante Beziehungen zu konformen Killingformen von ho¨herem Grad ergeben, die Null-
stellenmenge eine interessantere Struktur aufweist und es Beziehungen zu anderen ge-
ometrischen Strukturen, wie projektiver Geometrie oder generischen 2-Distributionen
gibt, wie ku¨rzlich herausgefunden wurde.
Hierzu entwickeln wir die beno¨tigten Methoden, na¨mlich die erste Prolongation kon-
former Strukturen und das konforme Traktorkalku¨l, welche eine konform-invariante
Beschreibung von Twistorspinoren als parallele Objekte ermo¨glichen, weiter. In diesem
Zusammenhang ist unser erstes zentrales Resultat ein Klassifikationssatz fu¨r konforme
Strukturen, deren Holonomiegruppen einen total ausgearteten Unterraum beliebiger
Dimension invariant lassen. Diese lassen sich durch Ricci-isotrope pseudo-Walker-
Metriken in der konformen Klasse charakterisieren. Dies schliesst eine Lu¨cke in der
Klassifikation nicht irreduzibel wirkender konformer Holonomiegruppen.
Hierauf aufbauend ko¨nnen wir einen partiellen Klassifikationssatz fu¨r konforme Struk-
turen mit Twistorspinoren beweisen. Weiterhin studieren wir die Nullstellenmenge
eines Twistorspinors unter Nutzung der Theorie der Orbitzerlegungen fu¨r parabolische
Geometrien. Wir verallgemeinern aus dem Lorentzfall bekannte Resultate und ko¨nnen
die lokale geometrische Struktur der Nullstellenmenge vollsta¨ndig beschreiben. Weit-
erhin konstruieren wir eine natu¨rliche projektive Struktur auf der Nullstellenmenge
und zeigen, dass lokal jeder Twistorspinor mit Nullstelle konform a¨quivalent zu einem
parallelem Spinor ist. Eine Anwendung dieser Resultate auf niedrig-dimensionale
Split-Signaturen fu¨hrt zu einer vollsta¨ndigen geometrischen Beschreibung von Man-
nigfaltigkeiten mit nicht-generischen Twistorspinoren in den Signaturen (3,2) und(3,3) durch parallele Spinoren, was die schon bekannte Analyse des generischen Falls
komplementiert.
Daru¨berhinaus wenden wir das Traktorkalku¨l an, um einer konformen Spin- Mannig-
faltigkeit auf nau¨rliche Weise eine konforme Superalgebra zuzuordnen. Dieser Zugang
fu¨hrt zu verschiedenen Resultaten, die algebraische Eigenschaften dieser Superalgebra
mit speziellen Geometrien auf der zugrundeliegenden Mannigfaltigkeit in Verbindung
bringen. Weiterhin erha¨lt man so neue Konstruktionsprinzipien fu¨r Twistorspinoren
und konforme Killingformen. Zuletzt diskutieren wir eine Spinc−Version der Twistor-
gleichung und fu¨hren den Begriff der konformen Spinc-Geometrie ein. Unter anderem
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Conformal (Killing) vector fields are classical objects in differential geometry and also nat-
urally appear in physics. Their properties are often directly linked to interesting geometric
structures on the underlying pseudo-Riemannian manifold (cf. [KR95, KR97a, KR97b]).
As a generalization, so called conformal Killing forms were introduced and studied from
a physics point of view in [Kas68]. Moreover, [Sem01] discusses global properties of con-
formal Killing forms on Riemannian manifolds and [Lei05] investigates conformal Killing
forms satisfying further normalisation conditions which naturally arise when studying con-
formal transformations of Einstein manifolds.
Besides, there is a spinorial analogue of the conformal Killing equation for vector fields
which naturally appeared in physics as well as pure mathematics and leads to the notion
of conformal Killing spinors or twistor spinors1, and the aim of this thesis is the study of
pseudo-Riemannian geometries admitting twistor spinors. Let us make this notion more
precise and then discuss some aspects which motivate us to study such field equations:
We consider a space- and time-oriented, connected pseudo-Riemannian spin manifold
of signature (p, q). One can canonically associate to this setting (cf. [LM89, Bau81])
the real resp. complex spinor bundle Sg with its Clifford multiplication, denoted by
cl ∶ TM × Sg → Sg, and the Levi-Civita connection lifts to a covariant derivative ∇Sg on
this bundle. Besides the (geometric) Dirac operator Dg, there is another, complementary,
conformally covariant differential operator acting on spinor fields, obtained by performing
the spinor covariant derivative ∇Sg followed by orthogonal projection onto the kernel of
Clifford multiplication,
P g ∶ Γ(Sg) ∇Sg→ Γ(T ∗M ⊗ Sg) g≅ Γ(TM ⊗ Sg) projker cl→ Γ(ker cl),
called the Penrose-or twistor operator. These operators naturally lead to the following types
of spinor field equations: A real or complex spinor field ϕ ∈ Γ(Sg) is called
parallel spinor ⇔ ∇Sgϕ = 0,
harmonic spinor ⇔ Dgϕ = 0,
Killing spinor ⇔ ∇SgX ϕ = λX ⋅ ϕ, λ ∈ C,
twistor spinor ⇔ P gϕ = 0.
The local formula for P g reveals that twistor spinors are equivalently characterized as
solutions of the conformally covariant twistor equation
∇SgX ϕ + 1nX ⋅Dgϕ = 0 for all X ∈ X(M).
Obviously, every parallel spinor is a twistor spinor, and a harmonic spinor is parallel if
and only if it is a twistor spinor at the same time.
1Throughout this thesis we shall use the name twistor spinor rather than conformal Killing spinor.
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The interplay between the existence of nontrivial solutions to the above natural spinor
field equations and underlying special geometric structures has a long history in pure
mathematics as well as in mathematical physics.
The existence of parallel spinor fields on a given manifold allows one to place field the-
ories on it which preserve some supersymmetry, see [Far00]. For the Riemannian case,
one can complete the classification of spin manifolds admitting parallel spinors in terms
of the well-established theory of Riemannian holonomy groups. More precisely, [MS00]
shows that on a given n−dimensional Riemannian manifold, spin structures with parallel
spinors are in one to one correspondence with lifts to Spin(n) of the Riemannian holonomy
group, with fixed points on the spin representation space. In higher signatures, a com-
plete holonomy classification is hindered by the fact that there may be totally degenerate
holonomy-invariant subspaces. Nevertheless, [Kat99] presents a complete classification
of all non-locally symmetric, irreducible pseudo-Riemannian holonomy groups admitting
parallel spinors. The other extremal case to irreducibly acting holonomy is the case of a
maximal holonomy invariant totally lightlike subspace. This leads to parallel pure spinors
on pseudo-Riemannian manifolds which are studied in [Kat99]. In split signatures, an
explicit normal form of the metric is known. Moreover, the interplay between parallel
spinors and Lorentzian holonomy groups has been studied in [Lei04].
Also Killing spinors are directly linked to underlying geometric structures. T. Friedrich
observed in [Fri80] that Killing spinors on a compact Riemannian spin manifold are related
to the first eigenvalue of the geometric Dirac operator. C. Ba¨rs celebrated correspondence
(cf. [Ba¨r93]) interprets real Killing spinors in terms of parallel spinors on the metric cone,
which opens up a conceptual way to the classification of Riemannian manifolds admitting
Killing spinors by making use of Riemannian holonomy theory. The case of imaginary
Killing spinors on Riemannian manifolds has been solved in [BFGK91]. The Killing spinor
equation has also been intensively studied in Lorentzian geometry, see [Boh99, Boh03],
where certain imaginary Killing spinors can be used to characterize Lorentzian Einstein
Sasaki structures. Furthermore, there are many examples and partial classification results
for geometries admitting Killing spinors in any signature (cf. [Boh99, AC08, Kat99]). In
mathematical physics, various generalizations of the geometric Killing equation appear
in supergravity theories, recently also in the construction of supersymmetric Yang-Mills
theories on curved space, see [AFHS98, MHY13], for instance.
Parallel- and Killing spinors are special examples of twistor spinors. The twistor equation
in full generality first appeared in a purely mathematical context in [AHS78] as integrabil-
ity condition for the natural almost complex structure of the twistor space of a Riemannian
4-manifold. In physics, twistor spinors appeared in the context of general relativity and
were first introduced by R. Penrose in [PR86, Pen67]. They were studied from a local
viewpoint and gave rise to integrability conditions in order to integrate the equations of
motion. Since then, the twistor equation on Riemannian manifolds has been systemati-
cally studied, for instance in [BFGK91, Hab90, Hab94, Fri89]. Among other important
classification results, it is well-known that a Riemannian spin manifold admitting a twistor
spinor without zeroes is conformally equivalent to an Einstein manifold which admits a
parallel or a Killing spinor. The zero set in the Riemannian case has been widely studied
(cf. [Hab94, KR94]). It consists of isolated points, and if a zero exists, the spinor is
conformally equivalent to a parallel spinor off the zero set.
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Bearing the role of the twistor equation in physics literature in mind, H. Baum and F.
Leitner started a systematic investigation of the twistor equation on arbitrary Lorentzian
spin manifolds in [Bau99, Lei01, BL04, Lei07, Bau06]: A powerful tool is the observation
that in the Lorentzian case, the so called Dirac current Vϕ ∈ X(M), defined by
g(Vϕ,X) = −⟨X ⋅ ϕ,ϕ⟩Sg
is a conformal vector field naturally associated to any twistor spinor ϕ whose zeroes co-
incide with that of ϕ. The most general classification result for Lorentzian geometries
admitting twistor spinors was obtained in [Lei07]:
Theorem 0.1 ([Lei07]) Let ϕ ∈ Γ(SgC) be a twistor spinor on a Lorentzian spin manifold
of dimension n ≥ 3. Then on an open, dense subset of M one of the following holds, at
least locally:
1. ϕ is locally conformally equivalent to a parallel spinor with lightlike Dirac current on
a Brinkmann space.
2. (M,g) is locally conformally equivalent to (R,−dt2) × (N1, h1) ×⋯× (Nr, hr), where
the (Ni, hi) are Ricci-flat Ka¨hler, hyper-Ka¨hler, G2-or Spin(7)-manifolds.
3. ϕ is not locally conformally equivalent to a parallel spinor and exactly one of the
following cases occurs:
a) n is odd and there is (locally) a metric g̃ in the conformal class such that (M, g̃)
is a Lorentzian Einstein-Sasaki manifold.
b) n is even and (M,g) is locally conformally equivalent to a Fefferman space.
c) There exists locally a product metric g1×g2 ∈ [g] on M , where g1 is a Lorentzian
Einstein-Sasaki metric on a space M1 admitting a Killing spinor and g2 is a
Riemannian Einstein metric with Killing spinor on a space M2 of positive scalar
curvature.
Conversely, it is well-known that all special Lorentzian geometries appearing in Theo-
rem 0.1 admit global solutions of the twistor equation, and these geometries have been
intensively studied. Twistor spinors with zeroes in Lorentzian signature are studied in
[Lei01, Lei07]. Analysing the zeroes of certain conformal vector fields, one deduces that
the zero set of a twistor spinor with zero on a Lorentzian manifold consists either of iso-
lated images of null-geodesics and off the zero set one has a parallel spinor on a Brinkmann
space, or the zero set consists of isolated points and off the zero set one has a local splitting(R,−dt2)× (N,h), where the last factor is Riemannian Ricci-flat Ka¨hler, in the conformal
class. [Lei07] presents an example of a Lorentzian 5-manifold admitting a twistor spinor
with isolated zero, where, however, it remains unclear whether the metric is also smooth
at the zero.
In contrast to the Riemannian and Lorentzian case, the investigation of the twistor equa-
tion in other signatures is widely open. Let us elaborate in more detail on some aspects




To start with, a new relation between projective and conformal geometry has recently
been exhibited in [HS11a]: One starts with an oriented, torsion free projective structure
and constructs a split-signature conformal structure on an open, dense subset of its cotan-
gent bundle. This conformal structure is shown to admit twistor spinors, and one might
use them to characterize such pseudo-Riemannian extensions, which have also been treated
and appeared in [CGGV09, DW07]. Moreover, [HS11b] gives a spinorial characterization
of 5-dimensional manifolds admitting the famous 2-distribution in dimension 5 of generic
type, as introduced in [Nur05], in terms of so-called generic twistor spinors in signature(3,2). The same can be carried out for split signatures in dimension 6 admitting a generic
3-distribution as considered in [Bry09]. Furthermore, manifolds of higher signature admit-
ting twistor spinors produce natural examples for manifolds carrying (normal) conformal
Killing forms of higher degree: To every twistor spinor ϕ on a pseudo-Riemannian mani-
fold (Mp,q, g) one can associate a p−form αpϕ which is trivial iff the spinor is trivial. The
twistor equation translates into the conformal Killing equation plus additional normali-
sation conditions, see [Lei05], for αpϕ. It is known that distinguished conformal Killing
forms of higher degree can be used to equivalently characterize exceptional geometric
structures such as nearly-Ka¨hler manifolds in dimension 6 or nearly parallel G2−manifolds
in dimension 7, see [Ba¨r93, Lei05, Sem01]. Finally, the index p of the underlying pseudo-
Riemannian manifolds is an upper bound for the dimension of the zero set of a twistor
spinor. Thus, twistor spinors on Riemannian or Lorentzian manifolds can only exhibit iso-
lated points or images of curves as zero sets, as has also been showsn in [BFGK91, Lei01].
One can therefore expect more interesting possible shapes of the zero set and relations to
other geometric structures in higher signatures.
These aspects of pseudo-Riemannian twistor spinor theory raise our interest in the subse-
quent differential-geometric questions:
1. Which pseudo-Riemannian geometries admit nontrivial solutions of the twistor equa-
tion ?
2. How are further properties of twistor spinors related to the underlying geometries ?
In particular, what are the possible shapes of the zero set Zϕ ⊂M ?
3. How can one construct examples of manifolds admitting twistor spinors ?
A review of the known classification results for twistor spinors in arbitrary signature re-
veals that the answers to the above questions are widely open: A well-understood case
are twistor spinors on Einstein spaces. [BFGK91] shows that in case of nonzero scalar
curvature the spinor decomposes into a sum of two Killing spinors whereas in case of a
Ricci-flat metric the spinor Dgϕ is parallel.
As there is no complete classification of manifolds admitting twistor spinors, one often
restricts oneself to small dimensions in order to find out which geometries play a role
there. [Bry00] classifies metrics admitting parallel spinor fields in all signatures that oc-
cur in small dimensions. It is moreover known that a Riemannian 3-manifold admitting
a twistor spinor is conformally flat, and a Riemannian 4-manifold with twistor spinor is
selfdual (cf. [BFGK91]). In Lorentzian geometry, there is a classification of all local geome-
tries admitting twistor spinors without zeroes and constant causal type of the associated
conformal vector field Vϕ for dimensions n ≤ 7, which can be found in [Lei01] or [BL04].
In signature (2,2), anti-selfdual 4-manifolds with parallel real spinor have been studied
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in [Dun02]. Furthermore, [HS11a] presents a Fefferman construction which starts with a
2-dimensional projective structure and produces geometries carrying two linearly indepen-
dent twistor spinors. [HS11b] investigates (real) generic twistor spinors in signature (3,2)
and (3,3), being twistor spinors satisfying additionally that the constant (!) ⟨ϕ,Dϕ⟩ ≠ 0
(signature (3,3) is also discussed in [Bry09]). They are shown to be in tight relation-
ship to so called generic 2-distributions on 5-manifolds resp. generic 3-distributions on
6-manifolds, meaning that the second commutator of these distributions already is TM .
Every generic twistor spinor gives rise to a generic distribution, and conversely, given a
manifold with generic distribution, one can canonically construct a conformal structure
admitting a twistor spinor, and these two constructions are inverse to each other.
Besides these local geometric classification results, twistor spinors are also of interest from
a slightly different point of view in conformal geometry and physics: In flat Minkowski
space, the study of supersymmetry theories leads to the study of extensions of the Poincare´
algebra to a superalgebra (cf. [BW92]). In curved space this generalizes to the follow-
ing constructions: One considers the Lie algebra of Killing vector field and adds, as an
odd part, infinitesimal spinorial symmetries, which are described by Killing spinors with
respect to a suitable connection. This object can then be given the structure of a (Lie)
superalgebra as discussed in [Far99]. Simple superalgebras and their classifications have
been studied in [Nah78]. They are important in supergravity theories in physics whereas
we believe that their possible mathematical role in classifying geometric structures has by
far not been fully examined. There is a conformal analogue of this construction which
also naturally appears in physics, but which we will consider for purely geometric rea-
sons: [Hab96] observes that the space g0 = Xc(M) of conformal vector fields on a given
pseudo-Riemannian manifold together with the space g1 = ker P g of twistor spinors carries
a natural structure of a superalgebra g = g0 ⊕ g1. This construction has then also been
studied in [Raj06, MH13]. The references present concrete examples which show that g
need not to be a Lie superalgebra. However, it still remains unclear in which way geomet-
ric structures on the underlying manifold (M,g) are encoded in algebraic properties of its
conformal superalgebra.
Finally, we want to motivate the study of a generalization of the twistor equation to
Spinc−geometry. As outlined before, distinguished spinor fields ϕ on pseudo-Riemannian
manifolds naturally induce by squaring distinguished vector fields or differential forms αpϕ.
More precisely, one finds
ϕ αpϕ
parallel spinor ⇒ parallel form,
Killing spinor ⇒ special Killing form,
twistor spinor ⇒ normal conformal Killing form.
Special Killing forms and normal conformal Killing forms are subspaces of Killing forms
resp. conformal Killing forms, distinguished by further differential normalization condi-
tions as discussed in [Sem01, Lei05]. In this context, it is natural to ask whether there is
also a spinorial analogue of generic conformal Killing forms. As we shall see, this is indeed
the case if one introduces an analogue of the twistor operator on Spinc-manifolds which
requires the inclusion of a S1-connection as additional underlying datum.
More precisely, one starts with a space- and time-oriented, connected pseudo-Riemannian
5
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Spinc-manifold (M,g) of signature (p, q) with canonical underlying S1-principal bundleP1. Associated to this setting are the complex spinor bundle Sg with its Clifford multipli-
cation cl ∶ TM ⊗Sg → Sg. If moreover a connection A on P1 is given, there is a canonically
induced covariant derivative ∇A on Sg. As in the Spin-setting, besides the Dirac oper-
ator DA, defined by composing ∇A with cl, there is another conformally covariant and
complementary differential operator acting on spinor fields, obtained by performing the
spinor covariant derivative ∇A followed by orthogonal projection onto the kernel of Clifford
multiplication,
PA ∶ Γ(Sg) ∇A→ Γ(T ∗M ⊗ Sg) g≅ Γ(TM ⊗ Sg) projker cl→ Γ(ker cl),
which we shall call the Spinc-twistor operator. Elements of its kernel are equivalently
characterized as solutions of the conformally covariant Spinc-twistor equation
∇AXϕ + 1nX ⋅DAϕ = 0 for all X ∈ X(M), (0.1)
whose solutions we call Spinc−twistor spinors or charged conformal Killing spinors (CCKS).
Charged conformal Killing spinors are natural candidates for the spinorial analogue of
conformal, not necessarily normal conformal Killing forms. Besides, there are further
interesting purely geometric reasons for the study of (0.1). First, it is a natural gener-
alization of Spinc-parallel-and Killing spinors which have been investigated in [Mor97].
Their study has lead to new spinorial characterizations of Sasakian and pseudo-Ka¨hler
structures in the Riemannian case. Generalizations of the Spinc−Killing spinor equations
have been studied in [GN13]. Moreover, we have the hope that CCKS might lead to
equivalent characterizations of manifolds admitting certain conformal Killing forms. By
this, we mean the following. Given a CCKS ϕ, one can as in the Spin−setting always form
its associated Dirac current Vϕ. In the Spin−case, distinguished by dA = 0, Vϕ is always
a normal conformal vector field, i.e. it inserts trivially into the Cotton York- and Weyl
tensor. However, for Lorentzian 3-manifolds it has been shown in [HTZ13] that locally
for every zero-free conformal, not necessarily normal conformal lightlike or timelike vector
field V there is a CCKS ϕ wrt. a generally non-flat connection A such that V = Vϕ. The
same holds on Lorentzian 4-manifolds for lightlike conformal vector fields, see [CKM+14].
We want to investigate whether this principle carries over also to other signatures. This
would lead to spinorial characterizations of manifolds admitting certain conformal sym-
metries.
In addition to that, the Spinc-version of the twistor equation has also appeared and
been discussed from a physics point of view in [CKM+14, HTZ13, KTZ12]: Recently,
it has become an interesting topic in mathematical physics to place certain supersym-
metric Minkowski-space theories on curved space which may lead to new insights in
the computation of observables, see [Pes12, FS11, CKM+14, HTZ13, KTZ12]. Requir-
ing that the deformed theory on curved space preserves some supersymmetry again leads
to generalized Killing spinor equations. Interestingly, one finds for different theories and
signatures, namely Euclidean and Lorentzian 3-and 4 manifolds the same type of spino-
rial equation, namely a Spinc-analogue of the twistor spinor equation, see for instance
[CKM+14, HTZ13, KTZ12]. As shown in these references, one can derive this twistor
equation also by using the AdS/CFT-correspondence and studying the gravitino-variation
near the conformal boundary.
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Let us now elaborate on the methods one uses in order to classify pseudo-Riemannian
geometries admitting twistor spinors. They turn out to be of interest in their own right.
The above classification results for twistor spinors on Riemannian manifolds can be ob-
tained by explicit calculations (cf. [BFGK91]). In general, due to the conformal covariance
of the twistor equation, twistor spinors are objects of conformal geometry, i.e. it makes
sense to define twistor spinors if one is only given a conformal manifold (M,c = [g]),
where g̃ is equivalent to g iff g̃ = f ⋅g for some positive function f . In an arbitrary pseudo-
Riemannian context one thus has to make use of modern methods of conformal geometry
as presented in [Feh05, CS09, BJ10]. One could describe objects of conformal geometry
by defining them with respect to some metric and then show that the definition does not
depend on the choice of this metric. This, however, often leads to long calculations and
the geometric meaning remains in the dark.
A slightly different approach to objects of conformal geometry goes along the lines of the
access to differential geometry in [Sha97]: The key object is the flat model for conformal
structures, being the pseudo-Mo¨bius sphere (Sp × Sq)/Z2 equipped with the obvious con-
formal structure of signature (p, q), which generalizes the sphere with the conformal class
of the round standard metric to arbitrary signatures (cf. [Feh05, CS09]). Every curved
conformal structure should then locally look like this flat model. This notion is made
precise by the first prolongation of a conformal structure which uses Cartan connections and
methods of parabolic geometry. One ends up with a Cartan geometry (P1, ωnc) of type(B ∶= O(p + 1, q + 1), StabR+e−B), where e− ∈ Rp+1,q+1 is some lightlike vector, naturally
associated to a given conformal structure of signature (p, q). The Cartan connection ωnc
is called the normal conformal Cartan connection. Passing to associated bundles leads
to the standard tractor bundle equipped with a linear connection which can be viewed as
the conformal analogue of the Levi-Civita connection. One then defines the conformal
holonomy Hol(M,c) of the conformal structure as being the holonomy of this connection
and has that Hol(M,c) ⊂ O(p + 1, q + 1).
Conformal holonomy groups are also of interest in their own right as they are basic invari-
ants of conformal structures. Properties of the conformal holonomy representations are
directly linked to special geometries in the conformal class such as almost Einstein scales,
local splittings into Einstein products or Fefferman metrics, see [Arm07, BJ10, Lei07].
An analogue first prolongation procedure can then also be carried out in the confor-
mal spin setting, and associated bundles to spinor representations lead to spin tractor
bundles. In this language, one can equivalently describe twistor spinors as parallel sec-
tions in the spin tractor bundle associated to a conformal spin manifold as presented in
[BJ10] or [Lei01]. In this setting, geometries admitting twistor spinors are equivalently
characterized as those conformal spaces (M,c) where the lift of the conformal holonomy
group Hol(M,c) ⊂ SO(p + 1, q + 1) to Spin(p + 1, q + 1) stabilizes a nontrivial spinor,
see [Lei01, BJ10]. This is completely analogous to the description of parallel spinors on
pseudo-Riemannian manifolds.
However, this very elegant method does not yet allow for a complete classification of
pseudo-Riemannian conformal structures admitting twistor spinors as there is no com-
plete classification of possible conformal holonomy groups: This problem is completely
solved only in the Riemannian case (cf. [Arm07, BJ10, Lei06]). In arbitrary signatures,
one knows a conformal analogue of the local de-Rham/Wu-splitting theorem (cf. [Lei07])
and all holonomy groups acting transitively and irreducibly on the Mo¨bius sphere were
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classified in [Alt12]. One difficulty which complicates a more general classification is that
in contrast to the metric setting, where the holonomy algebra turns out to be a Berger
algebra, the Ambrose-Singer Theorem does not lead to a useful algebraic criterion for
hol(M,c) which would allow the classification of irreducibly acting conformal holonomy
algebras. As for the classification of metric holonomy groups, the most involved case is the
situation when the holonomy representation fixes a totally lightlike subspace H ⊂ Rp+1,q+1.
The associated local geometries are only known in cases dim H ≤ 2 ([BJ10, LN12a]).
The previous review makes clear that except from the Riemannian and Lorentzian case
the following questions related to twistor spinors and their classifications are of interest
and widely open:
1. Which pseudo-Riemannian conformal holonomy groups Hol(M,c) can occur in the
presence of a twistor spinor. Which twistor spinors are true twistor spinors, i.e. not
equivalent to parallel spinors, and is there a characterisation in terms of conformal
holonomy ?
2. What are the possible shapes of the zero set of a twistor spinors and is every twistor
spinor locally equivalent to a parallel spinor off the zero set (as it holds in the Rie-
mannian and Lorentzian case) ?
3. What local geometries can occur in low dimensions in any signature. In particular,
what is the geometric meaning of twistor spinors in signatures (3,2) and (3,3) where
the associated 2-resp. 3-distribution is non-generic ?
4. Is the construction of a conformal superalgebra associated to a conformal spin struc-
ture also possible in the conformal tractor calculus, and what is the geometric mean-
ing of this algebra ?
5. How can one formulate the twistor equation in the framework of conformal Spinc-
geometry. What is the precise relation of twistor spinors to conformal Killing forms
in this situation ?
To put it differently, we would like to understand the differential-geometric constructions
and clarify the implications in the following diagram:
αkϕ conf. Killing form




shape of Zϕ Hol(M, [g]) =? //oo g = g0 ⊕ g1 superalgebra
This thesis exhibits and reveals various interesting new relations between these objects of
conformal geometry.
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Outline of the thesis and results
In this thesis we provide (partial) answers to the above raised questions in arbitrary
signature. We first study relevant aspects of spinor algebra and then describe the char-
acterization of conformal structures in terms of Cartan geometries. Afterwards, we focus
on the relation between twistor spinors and conformal holonomy groups. Based on this,
we study the zero set of a twistor spinor and apply the results obtained so far in low
dimensional split signatures up to dimension 12. We discuss a construction of a confor-
mal superalgebra associated to a Lorentzian conformal structure by making use of tractor
calculus. Finally, we study a Spinc−version of the twistor equation. Let us describe the
outline and the main results of this thesis in more detail:
The first two chapters contain well-known material. We do not seek completeness or
elegance of the exposition as none of the stated results is unknown. However, we supply
enough details to make the text accessible to readers not familiar with one of the tech-
niques and refer to further literature for more comprehensive introductions.
In chapter 1 we study relevant aspects of spinor algebra in arbitrary signature. Follow-
ing [Bau81, LM89, Har90] we introduce Clifford algebras and spin groups, and as central
object their representation spaces ∆p,q, denoting the real or complex spinor module. We
further study scalar products and distinguished orbits on ∆p,q and make precise the re-
lation between ∆Rp,q and ∆
C
p,q, the real and complex spinor module. This allows a more
uniform treatment when dealing with twistor spinors later, as there are authors which
define spinor fields by only using the complex version (cf. [Bau81, Lei01]), whereas others
focus on real spinor fields (cf. [AC97, Raj06]). Furthermore, we study associated forms
αkϕ to a spinor ϕ ∈ ∆p,q for arbitrary k ∈ N which generalize the associated Dirac current
from the Lorentzian case (cf. [Lei01, BL04]) to arbitrary signatures. We investigate al-
gebraic properties of these forms which are later brought into connection with underlying
geometric structures.
In chapter 2 we provide the elaboration of the fundamental principles and methods
to work on the classification problem for twistor spinors in pseudo-Riemannian geometry.
We start with reviewing basic objects from principal bundle theory and Cartan geometry
with a focus on holonomy groups of (Cartan) connections. The relevant objects of semi-
Riemannian geometry and semi-Riemannian spin geometry are recalled and we introduce
the differential operators acting on spinors which play a role in this thesis. We further
list basic properties and integrability conditions for twistor spinors. An elegant way to
describe twistor spinors as objects of conformal geometry is the conformal tractor calculus
as developed in [BJ10] or [Feh05], which associates a natural Cartan geometry to a given
conformal structure as described in the remainder of this chapter. There are different ap-
proaches to the first prolongation of a conformal structure and tractor calculus. We try to
be as explicit as possible and follow [BJ10], and not the more general approach in [CS09]
which makes use of parabolic geometries. One is then in position to introduce associated
tractor (form) bundles, conformal holonomy groups and their spinorial analogues. Here,
special emphasis is put on the description of associated tractor bundles and their covariant
derivatives wrt. some fixed metric in the conformal class.
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The chapters 3 to 7 present new results which (partially) answer the questions raised in
the above introduction.
The methods of conformal tractor calculus enable us in chapter 3 to state a precise
relationship between twistor spinors and conformal holonomy groups. First, we outline
how twistor spinors can be equivalently described as parallel sections in the conformal spin
tractor bundle S(M), which is known from [Lei01]. Next, it is discussed how every twistor
spinor gives rise to a nontrivial parallel tractor form, which via some fixed metric corre-
sponds to a normal conformal Killing form as investigated in [Lei05]. These results reveal
that the existence of twistor spinors leads to special properties of the conformal holonomy
representation of the associated conformal structure. An easy application characterizes
conformal structures admitting twistor spinors whose conformal holonomy representation
acts irreducibly on Rp+1,q+1 and transitively on the pseudo-Mo¨bius sphere in Theorem
3.13.
Next, we observe in section 3.3 that every parallel spin tractor ψ gives rise to a (possibly
trivial) totally lightlike, conformally invariant and parallel distribution, called ker ψ, in the
standard tractor bundle, which is defined as the pointwise kernel of Clifford multiplication
with ψ. This distribution becomes one of the main objects throughout this thesis and
appears in various situations. It makes clear that the study of twistor spinors naturally
leads to the study of conformal structures whose conformal holonomy representation fixes a
totally lightlike subspace. Up to now, results are only known if the dimension of the totally
lightlike holonomy-invariant subspace is ≤ 2. We generalize this and prove in Proposition
3.20 and Theorem 3.22:
Theorem 0.2 If on a conformal manifold (M,c) there exists a totally lightlike, k-
dimensional parallel distribution in the standard tractor bundle, then there is an open,
dense subset M̃ ⊂ M and a totally lightlike distribution L ⊂ TM̃ of constant rank k − 1
which is integrable. Moreover, every point in M̃ admits a neighbourhood U and a metric
g ∈ cU such that
Ricg(TU) ⊂ L,
L∣U is parallel wrt. ∇g. (0.2)
Conversely, if U ⊂M is an open set equipped with a metric g ∈ cU and a k−1-dimensional
totally lightlike distribution L ⊂ TU such that (0.2) holds, then L naturally induces a
k−dimensional totally lightlike, parallel distribution in the standard tractor bundle over U .
This statement closes a gap in the literature as together with other results (cf. [Arm07,
Lei06, Lei07]) it allows a complete description of conformal structures admitting non-
irreducibly acting conformal holonomy groups. Application of this result to twistor spinors
leads to a description of all twistor spinors being equivalent to parallel spinors in terms of
conformal holonomy and the associated distribution ker ψ in Propositions 3.28 and 3.34.
Built on this, we can then prove the following partial classification results for conformal
structures admitting twistor spinors in arbitrary signature (Theorem 3.43):
Theorem 0.3 Let ψ ∈ Par(S(M),∇nc) be a parallel spin tractor on a conformal spin
manifold (M,c) of signature (p, q) and dimension n = p + q ≥ 3. For g ∈ c let ϕ ∈ kerP g
denote the associated twistor spinor. Exactly one of the following cases occurs:
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1. It is ker ψ ≠ {0}. In this case, ϕ can locally be rescaled to a parallel spinor on an
open, dense subset M̃ ⊂ M , and ker ϕ ⊂ TM is an integrable distribution on M̃ .
In case that the respective metric holonomy acts irreducible and the space is not
locally symmetric, it is one of the list in Theorem 3.2. Otherwise, one has a par-
allel spinor on a Ricci-isotropic pseudo Walker manifold. The conformal holonomy
representation Hol(M,c) is never irreducible but fixes a nontrivial totally lightlike
subspace.
2. It is ker ψ = {0}. The spinor ϕ cannot be locally rescaled to a parallel spinor.
Depending on the conformal holonomy representation, exactly one of the following
cases occurs:
a) Hol(M,c) fixes a totally lightlike subspace. In this case, there is locally around
each point a metric in the conformal class such that ϕ is a twistor spinor which
is not Killing on a Ricci-isotropic pseudo Walker manifold. If Hol(M,c) fixes
an isotropic line, then there is a Ricci-flat metric g ∈ c on which Dgϕ is non-
trivial and parallel.
b) Hol(M,c) acts reducible and fixes only nondegenerate subspaces. In this case,
there is around each point of an open, dense subset M̃ ⊂M an open neighbour-
hood U and a metric g ∈ cU such that either
 (U, g) is an Einstein space and ϕ decomposes into the sum of two Killing
spinors.
 (U, g) isom.≅ ±dt2 × (V, g′), where the last factor is an Einstein space admit-
ting a Killing spinor.
 (U, g) isom.≅ (H,h)×(V, g′), where the first factor is a two dimensional space
and (V, g′) is an Einstein space admitting a Killing spinor.
 (U, g) isom.≅ (M1, g1)×(M2, g2), where (Mi, gi) are Einstein spaces of dimen-
sions ≥ 3. (M1, g1) admits a real Killing spinor to the Killing number λ ≠ 0
and (M2, g2) admits an imaginary Killing spinor to i ⋅ µ, where ∣λ∣ = ∣µ∣.
c) Hol(M,c) acts irreducible. If the action on the conformal Mo¨bius sphere is
transitive, then Hol(M,c) is one of the groups listed in Theorem 3.13. If there
exists a metric g ∈ c satisfying both Cg = 0 and ∇W g ≠ 0, i.e. (M,g) is a Cotton
space and not conformally symmetric, then Hol(M,c) is one of the groups in
Theorem 3.2.
This analysis narrows the open cases in the classification problem for conformal geometries
admitting twistor spinors to two very special geometric situations which remain open. Ex-
amples and generation principles for each case are discussed. The previous main Theorem
may also be summarized more systematically in the following table, where the required
notation and terminology will be developed during the chapter:
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ker ψ Hol(M,c) local geometry g ∈ c,
behaviour of ϕ≠ {0} fixes ker ψ ϕ parallel on Ricci-isotropic pseudo-
Walker metric
fixes totally lightlike subspace H ϕ non-parallel on Ricci-isotropic pseudo-
Walker metric● dim H=1 Dgϕ parallel● dim H > 1 ω ⋅Dgϕ recurrent{0} fixes only non-degenerate subspaces Splitting into Einstein spaces admitting
Killing spinors
acts irreducibly on Rp+1,q+1● acts transitively on Qp,q or there
is a non-conformally symmetric C-
space in the conformal class
Fefferman spin space or S3−bundle over
quat. contact manifold with non-parallel
twistor spinors, or generic cases in signa-
tures (3,2),(3,3)● does not act transitively on Qp,q
and there is no C-space in the con-
formal class
No example known
Chapter 4 is then devoted to the study of the zero set of a twistor spinor which up
to now is only completely described in the Riemannian and Lorentzian case. We can com-
pletely determine the zero set of twistor spinors on the homogeneous model in Proposition
4.5. Using the curved orbit decomposition for arbitrary Cartan geometries, which has
recently been studied in [CGH14] we then completely describe the local structure of the
zero set of arbitrary twistor spinors in Theorem 4.3:
Theorem 0.4 Let ϕ ∈ Γ(Sg) be a twistor spinor with zero x ∈ M . Then the zero set
Zϕ is an embedded, totally geodesic and totally lightlike submanifold of dimension dim
ker Dgϕ(x), where the last quantity does not depend on the choice of x ∈ Zϕ. Moreover,
for every x ∈ Zϕ there are open neighbourhoods U of x in M and V of 0 in TxM such that
Zϕ ∩U = expx (ker Dgϕ(x) ∩ V ) .
We discuss how this formula generalizes the known results from the Riemannian and
Lorentzian case. Furthermore, we describe a natural way of constructing a projective
structure on the zero set in Proposition 4.13:
Proposition 0.5 Let ϕ ∈ Γ(Sg) be a nontrivial twistor spinor with Zϕ ≠ ∅ on (M,c).
Then for every g ∈ c the Levi-Civita connection ∇g descends to a torsion-free linear con-
nection ∇ on Zϕ. If g and g̃ are conformally equivalent, the induced connections ∇ and ∇̃
are projectively equivalent, i.e., there is a natural construction
ϕ on (M,c)→ (Zϕ, [∇])
from conformal structures admitting a twistor spinor with zero to torsion-free projective
structures on the zero set.
This Proposition opens up a new relation between projective and conformal geometry
which we discuss in more detail. We also outline how the naturally induced projective
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structure arises on the level of Cartan geometries.
Furthermore, we prove in Theorem 4.17 that every twistor spinor with zero can off the
zero set locally be rescaled to a parallel spinor. In the Lorentzian case one can directly
link the local geometry of the zero set to geometric structures off the zero set. We show
how this can be generalized to conformal structures of index 2 in Proposition 4.21:
Proposition 0.6 Let ϕ ∈ Γ(Sg) be a twistor spinor with zero on (M2,n−2, g). Then
exactly one of the following cases occurs:
1. Zϕ consists locally of totally lightlike planes. In this case, the spinor is locally equiv-
alent to a parallel spinor off the zero set and gives rise to a parallel totally lightlike
2-form.
2. Zϕ consists of isolated images of lightlike geodesics. In this case, the spinor is off the
zero set locally conformally equivalent to a parallel spinor on a Brinkmann space.
3. Zϕ consists of isolated points. In this case there is for each point off the zero set an
open neighbourhood and a local metric in the conformal class such that the resulting
space is isometric to a product (U1, g1) × (U2, g2), where the first factor is Ricci-flat
pseudo-Ka¨hler and the second factor (which might be trivial) is Riemannian Ricci-
flat. Both factors admit a parallel spinor.
In chapter 5 we apply the previous results to real twistor spinors in low dimensions. Our
classification theorems for conformal holonomy exhibit how essential information about
possible local geometries admitting twistor spinors in signature (p, q) is encoded in the
orbit structure of ∆Rp+1,q+1 under action Spin(p+1, q+1). It is with algebraic results from
[Bry00, Igu70, GE78] then possible to present a complete list of possible local geometries
for twistor (half)spinors in signatures (m,m) or (m − 1,m) with m ≤ 6 in Theorem 5.1.
Furthermore, we can give the possible local shapes of the zero set in each signature. In
particular, this chapter complements the analysis of the generic cases from [HS11a] in
signatures (3,2) and (3,3). We elaborate on this in more detail in section 5.4 and find
together with the results from [HS11b]:
Theorem 0.7 Let (M, [g]) be a conformal spin manifold of signature (3,2) admitting
a real twistor spinor ϕ ∈ Γ(Sg). Then the function ⟨ϕ,Dgϕ⟩Sg is constant and the value
of this constant does not depend on the chosen metric in [g]. We distinguish the following
cases:
1. ⟨ϕ,Dgϕ⟩Sg ≠ 0. In this case, Hol(M, [g]) ⊂ G2,2, the 2-dimensional distribution ker
ϕ ⊂ TM is generic and the whole conformal structure can be recovered from it.
2. ⟨ϕ,Dgϕ⟩Sg = 0. In this case, Hol(M, [g]) fixes a 3-dimensional totally lightlike
subspace, there is an open, dense subset M̃ ⊂ M on which the distribution ker ϕ
is of constant rank 2 and integrable. Moreover, ϕ is locally conformally equivalent
to a parallel pure spinor wrt. a local metric from Theorem 3.36 which lies in the
conformal class.
A similar statement is proved for signature (3,3) in Theorem 5.6.
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Chapter 6 is devoted to the construction of conformal superalgebras in Lorentzian sig-
nature. We show in section 6.1 that the space g = g0 ⊕ g1 of parallel spin tractors and
parallel tractor 2-forms carries a natural superalgebra structure, which we call the tractor
conformal superalgebra. Via some fixed metric in the conformal class, one obtains super-
algebras isomorphic to those constructed in [Hab96, Raj06] as we show in section 6.2.
However, we see that the tractor approach has the advantage of giving conditions when
the construction actually leads to a Lie superalgebra in geometric terms. We prove:
Theorem 0.8 Suppose that the conformal holonomy representation of (M,c) satisfies
the following: There exists for x ∈M no (possibly trivial) m−dimensional Euclidean sub-
space E ⊂ TxM ≅ R2,n such that both
1. The action of Holx(M,c) fixes E,
2. On E, Holx(M,c)E ∶= {A∣E ∣ A ∈Holx(M,c)} ⊂ O(E) ≅ O(2, n−m) is conjugate
to a subgroup of SU(1, n−m2 ) ⊂ SO(2, n −m).
The the tractor conformal superalgebra satisfies the odd-odd-odd Jacobi identity, and thus
carries the structure of a Lie superalgebra.
The construction of a tractor conformal superalgebra is discussed for various cases, in-
cluding flat Minkowski space, small dimensions of g1 and irreducible conformal holonomy.
Furthermore, we show how the space g can be turned into a Lie superalgebra in case of a
generic Fefferman- or Lorentzian Einstein Sasaki metric in the conformal class, which are
the geometries that do not meet the requirements from Theorem 0.8, under inclusion of
an R-symmetry in section 6.4. This is inspired by considerations from [MH13]. Our main
result which relates the structure of g to local geometries on (M,c) is the following:
Theorem 0.9 Let (M1,n−1, c) be a Lorentzian conformal spin structure admitting twistor
spinors. Assume further that all twistor spinors on (M,c) are of the same type accord-
ing to Theorem 0.1. Then there are the following relations between special Lorentzian
geometries in the conformal class c and properties of the tractor conformal superalgebra
g = g0 ⊕ g1 of (M,c):
Twistor spinor
type (Thm. 0.1)
Special geometry in c Structure of g = g0 ⊕ g1
1. Brinkmann space Lie superalgebra
2. Splitting (R,−dt2)× Riem.
Ricci-flat
Lie superalgebra
3.a Lorentzian Einstein Sasaki
(n odd)
No Lie superalgebra, becomes Lie
superalgebra under inclusion of
nontrivial R-symmetry
3.b Fefferman space (n even) No Lie superalgebra, becomes Lie
superalgebra under inclusion of
nontrivial R-symmetry
3.c Splitting M1×M2 into Ein-
stein spaces
No Lie superalgebra, odd part
splits gi = gi0⊗gi1, but g0 ≠ g10⊕g20
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Finally, we outline how the construction of a tractor conformal superalgebra can be gen-
eralized to arbitrary signatures in section 6.6, where as a byproduct we present interesting
new formulas that construct new normal conformal killing forms and twistor spinors out
of existing ones in Propositions 6.34 and 6.39, where the latter Proposition generalizes
the well-known spinorial Lie derivative. For instance, for every normal conformal Killing
k−form α+ ∈ Ωk(M) for (M,g) and every ϕ ∈ kerP g, the spinor
α+ ○ ϕ ∶= 2
n
α+ ⋅Dgϕ + (−1)k
n − k + 1d∗α+ ⋅ ϕ + (−1)k+1k + 1 dα+ ⋅ ϕ ∈ Γ(Sg)
turns out to be again a twistor spinor on (M,g). We illustrate in more detail how this
procedure of constructing new conformal forms and spinors out of existing ones works for
the case of 6-dimensional nearly Ka¨hler manifolds in section 6.7.
The final Chapter 7 introduces and investigates the basic properties of the Spinc-twistor
operator whose definition additionally involves a S1−connection. It is straightforward to
derive integrability conditions relating the conformal Weyl curvature tensor W g to the cur-
vature dA of the S1-connection. We introduce the notion of conformal Spinc-structures
and discuss them in the framework of Cartan geometries. Interestingly, we find in Theo-
rem 7.11 that Spinc-twistor spinors correspond to spin tractors on the first prolongation
which are parallel wrt. a nontrivially modified Cartan connection. This can later be in-
terpreted as a spinorial analogue of the description of conformal, not necessarily normal
conformal Killing forms via the machinery of BGG-sequences and modified connections as
known from [Ham08]. We furthermore show that the Dirac current associated to a generic
Spinc-twistor spinor is a conformal, in general not normal conformal vector field.
It is then natural to ask for construction principles of Lorentzian manifolds admitting
global solutions of the Spinc-twistor spinor equation. We are motivated by the following:
Every simply-connected pseudo-Riemannian Ricci-flat Ka¨hler spin manifold admits (at
least) 2 parallel spinors, see [BK99]. Given a Ka¨hler manifold equipped with its canonical
Spinc-structure and the S1-connection A canonically induced by the Levi-Civita connec-
tion, [Mor97] shows that there is (generically) one Spinc-parallel spinor wrt. A and dA = 0
iff the manifold is Ricci-flat. It is known that Fefferman spin spaces over strictly pseudo-
convex manifolds can be viewed as the Lorentzian and conformal analogue of Calabi-Yau
manifolds and that they always admit 2 conformal Killing spinors. This construction is pre-
sented in detail in [Bau99] and from a conformal holonomy point of view in [BJ10, Lei07].
In view of this, it is natural to conjecture that there is a Spinc-analogue. Indeed, we
find in Theorem 7.23 that every Fefferman space (F 2n+2, hθ) over a strictly pseudoconvex
manifold (M2n+1,H, J, θ) admits a canonical Spinc-structure and a natural S1-connection
A on the auxiliary bundle induced by the Tanaka Webster connection on M such that
there exists a Spinc-twistor spinor on F . Under additional natural assumptions also the
converse direction is true, leading to a new characterization of Fefferman spaces in terms
of Spinc-spinor equations in Theorem 7.25:
Theorem 0.10 Let (B1,2n+1, h) be a Lorentzian Spinc-manifold. Let A ∈ Ω1(P1, iR)
be a connection on the underlying S1-bundle and let ϕ ∈ Γ(Sg) be a nontrivial CCKS wrt.
A such that
1. The Dirac current V ∶= Vϕ of ϕ is a regular isotropic Killing vector field,
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2. V ⨼W h = 0 and V ⨼Ch = 0, i.e. V is a normal conformal vector field,
3. V ⨼dA = 0,
4. ∇AV ϕ = icϕ, where c = const ∈ R/{0}.
Then (B,h) is a S1-bundle over a strictly pseudoconvex manifold (M2n+1,H, J, θ) and(B,h) is locally isometric to the Fefferman space (F,hθ) of (M,H,J, θ).
Further, we obtain a classification of local Lorentzian geometries admitting CCKS under
the additional assumption that the associated conformal vector field is normal conformal
in Theorem 7.27. Our study of the Spinc−twistor equation on Lorentzian 5-manifolds
leads to a equivalent spinorial characterization of geometries admitting Killing 2-forms of
a certain causal type in Theorem 7.37. We obtain similar results in signatures (0,5), (2,2)
and (3,2).
Finally, we study the general relation between generic conformal Killing forms and normal
conformal Killing forms as considered in [Lei05], by elaborating on some illuminating
examples. They reveal that, under additional assumptions, the difference between normal
conformal Killing forms and conformal Killing forms corresponds to passing from conformal
spin geometry to conformal Spinc-geometry on the spinorial level.
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The aim of this chapter is the study of spinor modules ∆p,q in any signature (p, q). To this
end, we introduce Clifford algebras as well as Spin groups and then study the associated
real spinor module ∆Rp,q and its complex counterpart ∆
C
p,q. The results obtained in this
chapter allow a more uniform treatment of twistor spinors in the real and complex case in
what follows. Main references are [Bau81, Har90, LM89].
1.1 Pseudo-Euclidean space and its orthogonal transformations
Let Rp,q denote the real vector space Rn, where n = p+ q, equipped with a scalar product1⟨⋅, ⋅⟩p,q of signature (p, q), satisfying that
⟨ei, ej⟩p,q = iδij ,
where i ∈ {±1} and (e1, ..., en) is the standard basis of Rn. In general, we should think of
the standard pseudo-Euclidean scalar product, defined by i = −1 iff i = 1, ..., p. However,
it turns out be useful to work with this more general notion. Any basis (a1, ..., an) of
Rp,q satisfying ⟨ai, aj⟩p,q = iδij will be called a (pseudo-)orthonormal basis of Rp,q. For
any x ∈ Rp,q, we let x♭ ∶= ⟨x, ⋅⟩p,q ∈ (Rp,q)∗ denote the dual wrt. ⟨⋅, ⋅⟩p,q. In particular,
we note that e♭i(ej) = iδij , yielding an isomorphism ♭ ∶ Rp,q → (Rp,q)∗ with inverse map
denoted by ♯. With respect to the standard basis and its dual, row vectors can be identified
with elements of (Rp,q)∗, column vectors with elements of Rp,q, and in this picture the
isomorphisms ♯ and ♭ are given by z♯ = Jp,qzt and x♭ = xtJp,q, where Jp,q = (−Ip 00 Iq), and
Ik is the identity matrix with k rows. ⟨⋅, ⋅⟩p,q induces scalar products on the dual space,
tensor products and, in particular, on the space of r-forms Λr (Rp,q)∗ =∶ Λrp,q in a natural
way and also denoted by ⟨⋅, ⋅⟩p,q. We will work with the scalar product given by 2
⟨e♭k1 ∧ ... ∧ e♭kr , e♭l1 ∧ ... ∧ e♭lr⟩p,q ∶= det ((⟨eki , elj ⟩p,q)ij) .
Remark 1.1 If Rp,q is enlarged to Rp+1,q+1 it is convenient to do the following: We fix
the pseudo-orthonormal standard basis (e0, e1, ..., en, en+1) of Rp+1,q+1 ≅ R1,1 ⊕Rp,q, where(e1, ..., en) is the standard basis of Rp,q and e0 is a timelike (i.e. ⟨e0, e0⟩p+1,q+1 < 0) and en+1
is a spacelike vector. We introduce two lightlike3 directions by setting e± ∶= 1√2(en+1 ± e0).
It is convenient to work with the basis (e−, e1, ..., en, e+) of Rp+1,q+1 ≅ Re− ⊕ Rp,q ⊕ Re+.
1In this thesis, a scalar product on a finite dimensional vector space over R or C is a nondegenerate and
symmetric resp. Hermitian bilinear resp. sesquilinear form.
2In this thesis, our convention for the wedge product of ω ∈ Λkp,q and σ ∈ Λlp,q is ω ∧ σ(x1, ..., xk+l) ∶=
1
k!⋅l! ∑pi∈Sk+l sgn pi ⋅ ω(xpi(1), ..., xpi(k)) ⋅ σ(xpi(k+1), ..., xpi(k+l)).
3In this thesis, vectors in Rp,q with ⟨v, v⟩p,q = 0 are called either lightlike or isotropic or null.
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particular, we observe that ⟨e−, e+⟩p+1,q+1 = 1 and ⟨e±, ek⟩p+1,q+1 = 0 for all 1 ≤ k ≤ n.
Let O(p, q) denote the Lie group O(Rp,q), i.e. the subgroup of GL(Rp,q)4 consisting of
all elements that preserve ⟨⋅, ⋅⟩p,q. Following [Bau81] the group O(p, q) has four connected
components for 0 < p < n: Choosing an orthonormal basis for Rp,q, we can represent
elements A ∈ O(p, q) as A = (T1 X
Y T2
), where T1 ∈ GL(p,R), T2 ∈ GL(q,R) and the four
connected components can be shown to be
O1,2(p, q) ∶= {A ∈ O(p, q) ∣ sgn det T1 = 1, sgn det T2 = 2} with 1,2 ∈ {±1}.
Furthermore, we set SO(p, q) ∶= O++(p, q) ∪O−−(p, q) and SO+(p, q) ∶= O++(p, q) which is
the connected identity component of O(p, q).
With respect to the standard basis of Rn, the matrices Ekl ∶= kDlk − lDkl with k < l
form a basis of the Lie algebra o(p, q) ⊂ gl(n,R) of O(p, q). Here, Dkl denotes the matrix
in M(n,R) = gl(n,R) whose (k, l) entry is 1 and all other entries are 0. The Lie algebra
relations read
[Eij ,Ekl]o(p,q) = ⎧⎪⎪⎨⎪⎪⎩0 i = k, j = l or i, j, k, l pairwise distinct,iEjl i = k, j ≠ l, (1.1)
from which all other relations follow with Eij = −Eji. There is, moreover, a natural vector
space isomorphism
Θ ∶ Λ2p,q → so(p, q), Θ(α)(x) = (x⨼α)♯, (1.2)
whose inverse satisfies Θ−1(A)(x, y) = (Ax)♭(y). Under this isomorphism, the basis vec-
tors e♭k ∧ e♭l of Λ2p,q and Ekl of so(p, q) for k < l are identified, i.e. Θ (e♭k ∧ e♭l) = Ekl.
In the sequel, certain representations of SO+(p, q) will become of important. More gen-
erally, we introduce the following notation for a Lie group G and ρ ∶ G → GL(V ) a
representation of G over a real or complex vector space V carrying a scalar product. The
dual representation ρ∗ of G on the dual space V ∗ is denoted by
ρ∗(g) ∶= [ρ(g−1)]T ∀g ∈ G,
where AT stands for the transpose of a linear map A. A representation ρ∗r of G on
Λr(V ∗) is induced by ρ∗r(g)(σ1 ∧ ... ∧ σr) ∶= ρ∗(g)(σ1) ∧ ... ∧ ρ∗(g)(σr) ∀g ∈ G,σi ∈ V ∗.
The stabilizer of v ∈ V (under the G-action ρ) is defined as
StabvG ∶= Gv ∶= {g ∈ G ∣ ρ(g)(v)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=∶g⋅v = v},
and the orbit of v is given by G ⋅ v ∶= {g ⋅ v ∣ g ∈ G}. The orbits form a decomposition of V
and Gv is always a closed Lie subgroup of G. If v and w = g ⋅ v lie in the same orbit, the
stabilizers Gv and Gw are conjugate, Gw = g−1 ⋅Gv ⋅ g.
4We shall often identify a matrix Lie group with its image under its standard representation when no
confusion is likely to occur.
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1.2 Clifford algebras and spinors
Definition 1.2 Let K ∈ {R,C}, V a K−vector space and suppose that f is a symmetric
bilinear map on V . A pair (C,β) is called Clifford algebra of (V, f) if the following hold:
1. C is an associative K−algebra with unit and β ∶ V → C is a linear map.
2. β(v) ⋅ β(v) = f(v, v) ⋅ 1 for all v ∈ V .
3. If u ∶ V → A is a linear map into an associative K−algebra A with unit satisfying
u(v) ⋅ u(v) = f(v, v) ⋅ 1 for all v ∈ V , then there is a unique algebra homomorphism







For each (V, f), there is a up to isomorphism unique Clifford algebra, denoted by Cl(V, f).
We denote by Cl(p, q) (or Clp,q) the Clifford algebra of (Rp,q,−⟨⋅, ⋅⟩p,q), where Rp,q ⊂
Cl(p, q) canonically. Cl(p, q) is the unique associative real algebra with unit multiplica-
tively generated by the standard basis (e1, ..., en) of Rp,q with the relations
ei ⋅ ej + ej ⋅ ei = −2⟨ei, ej⟩p,q ⋅ 1.
We denote the complexification of Cl(p, q) by ClC(p, q), and this C−algebra is isomorphic
to the Clifford algebra Cl(Cn,−⟨⋅, ⋅⟩Cp,q). Here, ⟨⋅, ⋅⟩Cp,q denotes the C−bilinear extension of⟨⋅, ⋅⟩p,q to Cn ×Cn, where n = p + q. Cl(p, q) contains the distinguished subgroups
● Pin(p, q) ∶= {x1 ⋅ ... ⋅ xk ∈ Clp,q ∣ xj ∈ Rp,q, ⟨xj , xj⟩p,q = ±1},● Spin(p, q) ∶= {x1 ⋅ ... ⋅ x2l ∈ Clp,q ∣ xj ∈ Rp,q, ⟨xj , xj⟩p,q = ±1} ⊂ Cl0(p, q),● Spin+(p, q) ∶= {x1 ⋅ ... ⋅ x2l ∈ Clp,q ∣ xj ∈ Rp,q, ⟨xj , xj⟩p,q = ±1, ∣{⟨xj , xj⟩p,q = +1}∣ even }.
These are Lie groups and Spin+(p, q) turns out to be the identity component of Spin(p, q).
Let Spin(+)(p, q) denote one of Spin(p, q) and Spin+(p, q). Its Lie algebra spin(p, q) can be
identified with Span{ek ⋅el ∣ 1 ≤ k < l ≤ n} ⊂ Cl(p, q), and the smooth group homomorphism
λ ∶ Spin(+)(p, q)→ SO(+)(p, q), u↦ (Rp,q ∋ x↦ u ⋅ x ⋅ u−1 ∈ Rp,q),
turns out to be a 2-fold covering map with differential given by λ∗(ek ⋅ el) = 2Ekl.
Theorem 1.3 ([Har90], Thm. 11.3) As real associative algebras with unit, the Clifford
algebras Cl(p, q) are isomorphic to the following real matrix algebras:








The number N in each case can be easily computed by the fact that dimRCl(p, q) = 2n.
An explicit realisation of these isomorphisms is given in [DK06].
Theorem 1.4 ([Bau81]) There are the following isomorphisms of complex algebras:
n mod 2 ClC(p, q) ≅
0 MN(C)
1 MN(C)⊕MN(C)
Remark 1.5 Let E,T, g1 and g2 denote the 2 × 2 matrices
E = (1 0
0 1
) , T = (−1 0
0 1
) , g1 = (0 ii 0) , g2 = (0 −11 0 ) .
Furthermore, let τj = ⎧⎪⎪⎨⎪⎪⎩1 j = 1,i j = −1. . Let n = 2m. In this case, ClC(p, q) ≅ M2m(C) as
complex algebras, and an explicit realisation of this isomorphism is given by
Φp,q(e2j−1) = τ2j−1 ⋅E ⊗ ...⊗E ⊗ g1 ⊗ T ⊗ ...⊗ T´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶(j−1)× ,
Φp,q(e2j) = τ2j ⋅E ⊗ ...⊗E ⊗ g2 ⊗ T ⊗ ...⊗ T´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶(j−1)× .
Let n = 2m + 1 and q > 0. In this case, there is an isomorphism Φ̃p,q ∶ ClC(p, q) →
M2m(C)⊕M2m(C), given by
Φ̃p,q(ej) = (Φp,q−1(ej),Φp,q−1(ej)), j = 1, ...,2m,
Φ̃p,q(e2m+1) = τ2m+1(iT ⊗ ...⊗ T,−iT ⊗ ...⊗ T ).
Let in the following Cl(V, f) denote one of the K-algebras Cl(p, q) or the complexificaion
ClC(p, q) ≅ Cl(Cn,−⟨⋅, ⋅⟩Cp,q). For K ∈ {R,C,H}, K ⊂K, a K-representation of the K-algebra
Cl(V, f) is a K−algebra homomorphism
ρ ∶ Cl(V, f)→ EndK(W ),
where W is a finite-dimensional K-vector space5 which is then called a Cl(V, f)-module.
We write ρ(η)(v) =∶ η ⋅v when no confusion is likely to occur. Theorem 1.3 and 1.4 directly
lead to the next statement.
Theorem 1.6 ([LM89], Thm. 5.6 and 5.7) Let n = p + q. If q − p /≡ 3 mod 4, there is
(up to equivalence) exactly one irreducible real representation of Cl(p, q). If q − p ≡ 3 mod
4, there are precisely two inequivalent real irreducible representations of Cl(p, q).
Furthermore, ClC(p, q) admits up to equivalence exactly one irreducible complex represen-
tation in case n is even and two such representations if n is odd.
Thus, there is - up to equivalence - more than one real resp. complex irreducible repre-
sentation of Cl(V, f) exactly in cases q − p ≡ 3 mod 4 (K = R) or n odd (K = C), and
5or a right H-module respectively.
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in these cases the two inequivalent representations are distinguished as follows: Let Rp,q
be equipped with the standard orientation and let a1, ..., an be any positively-oriented
pseudo-orthonormal basis. Then the associated unit volume elements are defined to be
ωR ∶= a1 ⋅ .... ⋅ an ∈ Cl(p, q),
ωC ∶= (−i)⌊n+12 ⌋+pωR ∈ ClC(p, q).
It holds that ω2R = (−1)n(n+1)2 +p and ω2C = 1. In particular, ω2R = 1 iff q − p = 0,3 mod 4.
Proposition 1.7 ([LM89], Prop. 5.9) Let ρ ∶ Cl(p, q) → EndR(W ) be any irreducible
real representation where q − p ≡ 3 mod 4. Then either ρ(ωR) = Id or ρ(ωR) = −Id.
Both possibilities can occur, and the resulting representations are inequivalent. The anal-
ogous statements are true in the complex case for ClC(p, q) and n odd.
From now on, if there is more than one equivalence class of irreducible real resp. complex
representations of Cl(V, f), we shall always choose one with ρ(ω) = 1. In our concrete
realisation of the complex case from Remark 1.5, this corresponds to projection onto the
first component. Having thus found a way to distinguish a up to equivalence unique real
resp. complex irreducible representation for all Clifford algebras Cl(V, f), we write
Cl(p, q)→ EndR(∆Rp,q), (1.3)
ClC(p, q)→ EndC(∆Cp,q) (1.4)
for an irreducible real resp. complex representation of Cl(p, q) resp. ClC(p, q). Consider-
ing the real and the complex case in common is done with the notation
Cl(V, f)→ EndK(∆p,q),
meaning (1.3), i.e. K = R, V = Rn, f = −⟨⋅, ⋅⟩p,q or (1.4), i.e. K = C, V = Cn, f = −⟨⋅, ⋅⟩Cp,q.
The previous discussion shows that the Clifford module ∆p,q can be realised as vector
space in either case as KN for some N , where K is one of R,C and H.
Remark 1.8 In most cases one considers the standard indefinite scalar product −x21 −
...−x2p +x2p+1 + ...+x2n on Rn. However, we work with this more general notion of Rp,q only
in order to simplify notation and upcoming calculations. The resulting representations of
ClCp,q are equivalent. More precisely, consider Rn with two different scalar products ⟨⋅, ⋅⟩1
and ⟨⋅, ⋅⟩2 of signature (p, q) which both satisfy ⟨ei, ei⟩j = ±1 for i = 1, ..., n, j = 1,2. Let
f ∶ (Rn, ⟨⋅, ⋅⟩1)→ (Rn, ⟨⋅, ⋅⟩2) be an orientation-preserving isometry such that
f(eα) = ±eβ ∀α,β ∈ {1, ..., p + q}
holds. By the universal property, f can be extended to an isomorphism f ∶ ClCp,q,1 ∶=
Cl(Rn,−⟨⋅, ⋅⟩1)C → Cl(Rn,−⟨⋅, ⋅⟩2)C =∶ CCp,q,1. Let Φi be an irreducible complex represen-
tation of CCp,q,i (with Φi(ωC) = 1 if n is odd) on a C−vector space V . Then there is an
isomorphism Φ ∶ V → V such that
Φ1(a) (Φ(v)) = Φ (Φ2(f(a))(v))
holds for all a ∈ Clp,q,1 and v ∈ V . For more details cf. [Kat99].
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The complex spinor representation of Spin(+)(p, q) on ∆Cp,q is the homomorphism
Φ ∶ Spin(+)(p, q)→ GLC(∆Cp,q),
obtained by restricting an irreducible complex representation Φ ∶ ClC(p, q)→ EndC(∆Cp,q)
to Spin(+)(p, q) ⊂ Cl(p, q) ⊂ ClC(p, q). The representation space ∆Cp,q is then referred
to as complex spinor module. Its elements are called complex spinors. We use the same
symbol ∆Cp,q for the Spin
(+)(p, q)- and ClC(p, q)-module. Furthermore, when n is odd,
the representation ∆Cp,q is irreducible, whereas in case n is even, ∆
C
p,q turns out to be the
direct sum of two inequivalent, irreducible complex representations of Spin(+)(p, q):
∆Cp,q = ∆C,+p,q ⊕∆C,−p,q
The spaces ∆C,±p,q are exactly the ±1 eigenspaces to the volume element involution ωC (cf.
[Bau81]). Moreover, using our concrete realisation from Remark 1.5, one sees that ∆Cp,q ≅
C2
⌊n2 ⌋
, and a concrete basis we will work with is given by u(1, ..., m) ∶= u(m)⊗ ....⊗u(1),
where i = ±1 and u(1) ∶= (10) , u(−1) ∶= (01).
The real spinor representation of Spin(+)(p, q) on ∆Rp,q is the homomorphism
ρ ∶ Spin(+)(p, q)→ GLR(∆Rp,q),
obtained by restricting an irreducible real representation ρ ∶ Cl(p, q)→ EndR(∆Rp,q) (with
ρ(ωR) = 1 in case q − p ≡ 3 mod 4) to Spin(+)(p, q) ⊂ Cl(p, q). The representation space
∆Rp,q is referred to as real spinor module. Its elements are called real spinors.
Remark 1.9 We use the same symbol ∆Rp,q for the Spin
(+)(p, q) and Cl(p, q) mod-
ule. If q − p ≡ 0 mod 4, the space ∆Rp,q is a reducible Spin(+)(p, q) module and it
can be decomposed into the sum ∆Rp,q = ∆R,+p,q ⊕ ∆R,−p,q of two irreducible, inequivalent
Spin(+)(p, q)-representations where in analogy to the complex case the spaces ∆R,±p,q are
the ±1 eigenspaces of the involution ωR (cf. [LM89], Prop. 5.10). Action by elements
of Pin(p, q) not being in Spin(p, q) exchange these two summands. If q − p ≡ 1,2 mod
8, the definition of ∆Rp,q turns out to be the sum of two equivalent real representations
of Spin(+)(p, q). If q − p /≡ 0 mod 4 and q − p /≡ 1,2 mod 8, the space ∆Rp,q is an irre-
ducible Spin(+)(p, q)-module. Interchanging p and q yields the same type of real spinor
representation since Spin(p, q) ≅ Spin(q, p).
Having distinguished a -up to equivalence unique- real or complex irreducible representa-
tion χ ∶ Cl(V, f) → End(∆p,q) , we define the Clifford multiplication of a vector x ∈ Rn by
a spinor ϕ ∈ ∆p,q to be
Rn ×∆p,q →∆p,q,(x,ϕ)↦ x ⋅ ϕ ∶= cl(x)(ϕ) ∶= χ(x)(ϕ),
which naturally extends to a multiplication by k-forms: For ω = ∑1≤i1<...<ik≤n ωi1...ike♭i1 ∧
... ∧ e♭ik ∈ Λkp,q and ϕ ∈ ∆p,q we set
ω ⋅ ϕ ∶= ∑
1≤i1<...<ik≤nωi1...ikei1 ⋅ ... ⋅ eik ⋅ ϕ ∈ ∆p,q. (1.5)
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Lemma 1.10 ([Fri00], section 1.5) Given g ∈ Spin(p, q), ω ∈ Λkp,q, ϕ ∈ ∆p,q, it holds that
g ⋅ (ω ⋅ ϕ) = (λ(g)(ω)) ⋅ (g ⋅ ϕ).
Here, we view λ ∶ Spin(p, q) → SO(p, q) ⊂ GL(Rn) as a Spin(p, q) representation on Rn
and then extend this map to a representation on Λkp,q.
1.3 Structures on the space of spinors
Scalar products
We start with the definition of a scalar product on the spinor module in the complex case
following [Bau81]. Our realisation of Clifford representation from Remark 1.4 yields that
C2m = ∆Cp,q, where n = 2m or n = 2m + 1. Let (v,w)C ∶= ∑2mj=1 vjwj denote the standard
scalar product on C2m and introduce another bilinear form on this space by setting
⟨ϕ,φ⟩∆Cp,q ∶= i 12p(p−1)(e1 ⋅ ... ⋅ ep ⋅ ϕ,φ)C (1.6)
for ϕ,φ ∈ ∆Cp,q. If 0 < p < n, the map ⟨⋅, ⋅⟩∆Cp,q is an indefinite Hermitian scalar product of
signature (2m−1,2m−1) on ∆Cp,q. If p ∈ {0, n}, this scalar product is definite.
Proposition 1.11 ([KS12], section 2) Let n = p + q and fix an irreducible real repre-
sentation ρ ∶ Cl(p, q) → EndR(∆Rp,q) fix basisucurly= MN(R), where N = dimR ∆Rp,q. Furthermore,
let ⟨⋅, ⋅⟩ be a real-valued bilinear form on ∆Rp,q such that vectors are self-adjoint up to sign,
that is there is an overall sign ± such that⟨x ⋅ v,w⟩ = ±⟨v, x ⋅w⟩
for all x ∈ Rn and v,w ∈ ∆Rp,q. Then the Gram matrix of ⟨⋅, ⋅⟩ is with respect to the fixed
basis and up to scale one of ρ(e1 ⋅ ... ⋅ ep) or ρ(ep+1 ⋅ ... ⋅ en).
In the following, we choose the bilinear form coming from e1 ⋅...⋅ep. We denote the resulting
inner product on ∆Rp,q by ⟨⋅, ⋅⟩∆Rp,q , i.e. we define in the setting of the last Proposition, where
∆Rp,q ≅ RN for some N (as vector spaces) and where (⋅, ⋅) denotes the standard Euclidean
scalar product on RN ⟨v,w⟩∆Rp,q ∶= (e1 ⋅ ... ⋅ ep ⋅ v,w). (1.7)
As e1 ⋅ ... ⋅ ep ∈ Cl(p, q) is invertible, this bilinear form is nondegenerate. One checks that
(cf. [KS12]) ⟨⋅, ⋅⟩∆Rp,q is symmetric if p = 0,1 mod 4 with neutral signature (p ≠ 0 and q ≠ 0)
or it is definite (p = 0 or q = 0). In case p = 2,3 mod 4, this bilinear form is anti-symmetric,
and thus, (∆Rp,q, ⟨⋅, ⋅⟩∆Rp,q) is a symplectic vector space.
Remark 1.12 One word about notation: As it turns out, the so defined real and
complex inner products (note that we fixed representations to define them) share some
important properties. Therefore, it might be useful to handle both of them with one
common symbol. So we let ⟨⋅, ⋅⟩∆p,q denote ⟨⋅, ⋅⟩∆R,Cp,q on ∆R,Cp,q and also write⟨v,w⟩∆p,q = c1(p)(e1...epv,w), (1.8)
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where the representations are fixed as described above6, (⋅, ⋅) is the standard scalar product
on KN ≅ ∆Kp,q and c1(p) ∶= ⎧⎪⎪⎨⎪⎪⎩i
1
2
p(p−1) K = C,
1 K = R. .
Lemma 1.13 (cf. [Bau81]) The inner products ⟨⋅, ⋅⟩∆p,q on ∆p,q satisfy:
1. For all x ∈ Rp,q and v,w ∈ ∆p,q it holds that
⟨x ⋅ v,w⟩∆p,q + (−1)p⟨v, x ⋅w⟩∆p,q = 0.
In particular, ⟨⋅, ⋅⟩∆p,q is Spin+(p, q)-invariant, i.e ⟨g ⋅ v, g ⋅w⟩∆p,q = ⟨v,w⟩∆p,q for all
v,w ∈ ∆p,q and g ∈ Spin+(p, q).
2. If p, q are even, then ∆±p,q are orthogonal with respect to ⟨⋅, ⋅⟩∆p,q , and if p, q are odd,
then ∆±p,q are totally lightlike with respect to ⟨⋅, ⋅⟩∆p,q (in the real case this of course
only makes sense in signatures q − p ≡ 0 mod 4).
3. Using the explicit realisation of Clifford multiplication from Remark 1.5 with the
inner product ⟨⋅, ⋅⟩p,q on Rp,q given by i = (−i)j for 1 ≤ i ≤ 2p and i = 1 for i > 2p
we have in these cases that
⟨u(1, ..., m), u(δ1, ..., δm)⟩∆Cp,q ≠ 0 iff (1, ..., p, p+1, ..., m) = (−δ1, ...,−δp, δp+1, ..., δm),
(1.9)
and in case that this scalar product is nonzero, it equals some power of i not depend-
ing on i>p.
Remark 1.14 If one does not want to fix a certain representation in order to introduce⟨⋅, ⋅⟩∆Rp,q , one can proceed as in [AC97]: We call a bilinear form β on ∆Rp,q admissible if
it is Spin+(p, q)-invariant, β is symmetric or skew-symmetric, Clifford multiplication is
either β−symmetric or β−skew symmetric, and if ∆Rp,q = ∆R,+p,q ⊕ ∆R,−p,q is reducible, then
∆R,±p,q are either mutually orthogonal or isotropic. The above discussion yields that there
exists always one admissible inner product on ∆Rp,q, and in fact we could as well replace
in the following ⟨⋅, ⋅⟩∆Rp,q by any admissible inner product, which are classified in [AC97].
Real and Quaternionic Structures on ∆Cp,q
Theorem 1.3 makes clear that depending on the number q−p mod 8 the restriction of suit-
able irreducible representations of the real Clifford algebra Cl(p, q) leads to complex, real
or quaternionic representations of Spin(p, q). In physics literature, this leads to the notion
of Majorana and symplectic Majorana spinors, cf. [Far05]. On the other hand, following
[LM89] we get a more uniform treatment of these spinor representations if we consider all
irreducible representations of Cl(p, q) as in Theorem 1.3 as being real. This will be our
standpoint mostly throughout the text.
6Note that one has to fix certain irreducible representations in order to introduce ⟨⋅, ⋅⟩∆. If one fixes a
different irreducible complex representation of ClC(p, q) on ∆Cp,q ≅ CN , the definition and the properties
of the scalar product are analogous but the factor c1(p), which ensures that the product is Hermitian,
might change.
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Depending on the number q − p mod 8, the spinor modules ∆Rp,q and ∆Cp,q are related
by the existence of real or quaternionic structures7 on ∆Cp,q which commute or anticom-
mute with Clifford multiplication, in particular they are Spin−equivariant. This theory
of real and quaternionic structures on the spinor module can be found elsewhere in whole
detail, see [Har90, LM89, Fri00].
Remark 1.15 (At least) In signatures (p, q) with q − p ≡ 0,7 mod 8 (in particular, this
includes the split signatures (p, p) and (p + 1, p)) one obtains a uniform treatment of real
and complex spinor representations in the sense that ∆Cp,q = ∆Rp,q ⊗R C. The link between
∆Cp,q and ∆
R
p,q is given by the existence of real structures α ∶ ∆Cp,q →∆Cp,q commuting with
Clifford multiplication. In this picture, ∆Rp,q = Eig(α,+1) ⊂ ∆Cp,q.
One can for these signatures then also compare the scalar products constructed on ∆Rp,q
and ∆Cp,q. Fix a real Clifford module ρ ∶ Cl(p, q) → EndR(∆Rp,q) ⊂ MN(R) and extend ρ
to a complex representation of ClC(p, q) on ∆Cp,q = CN by complexification. Now form⟨⋅, ⋅⟩
∆C,Rp,q
using these two representations. Then our construction yields
⟨⋅, ⋅⟩∆Rp,q = c ⋅ (⟨⋅, ⋅⟩∆Cp,q)∣∆Rp,q×∆Rp,q ,
where c ∈ C/{0} is a constant.
Decomposition of ∆p+1,q+1
There is an important decomposition of ∆p+1,q+1 into Spin(p, q)−modules. Let (e−, ..., e+)
denote the basis of Rp+1,q+1 with lightlike directions e± ∶= 1√2(en+1 ± e0) as introduced
in Remark 1.1. One then has a decomposition Rp+1,q+1 = Re− ⊕ Rp,q ⊕ Re+ of Rp+1,q+1
into irreducible O(p, q)−modules. We define the annihilation spaces Ann(e±) ∶= {v ∈
∆p+1,q+1 ∣ e± ⋅ v = 0}. For every v ∈ ∆p+1,q+1 there is a unique w ∈ ∆p+1,q+1 such that
v = e− ⋅w + e+ ⋅w ∈ Ann(e−)⊕Ann(e+), leading to a decomposition
∆p+1,q+1 = Ann(e−)⊕Ann(e+) (1.10)
with corresponding projections projAnn(e±) ∶ ∆p+1,q+1 → Ann(e±). As x ⋅ e± = −e± ⋅x for all
x ∈ Rp,q ≅ span(e1, ..., en) ⊂ Rp+1,q+1, we see that Rp,q ⊂ Rp+1,q+1 and Spin(p, q) ⊂ Spin(p +
1, q+1) act on Ann(e±). One can conclude that ∆p,q is isomorphic to Ann(e±) as Spin(p, q)
representation space. In order to make this relation precise, we fix an isomorphism χ ∶
Ann(e−) → ∆p,q of Spin(p, q)-representations. Then there is an induced isomorphism
ζ ∶ Ann(e+)→∆p,q, v ↦ χ(e−v), and an isomorphism
Π ∶ ∆p+1,q+1∣Spin(p,q) ≅ ∆p,q ⊕∆p,q,
v = e+w + e−w ↦ (χ(e−e+w)χ(e−w) ) (1.11)
7Recall that for V be a complex vector space, a real structure on V is an R-linear map α ∶ V → V with
the properties α2 = Id, α(iv) = −iα(v) and a quaternionic structure on V is an R-linear map β ∶ V → V
such that β2 = −Id, β(iv) = −iβ(v). Given a real structure α ∶ V → V , the vector space V can be
decomposed into V = VR ⊕ iVR = Eig(α,1)⊕ iEig(α,1) according to the ±1 eigenspaces of α.
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of Spin(p, q)-modules. One calculates (cf. [HS11a]) that wrt. this decomposition the





)⟩∆p+1,q+1 = − δp√
2
(⟨v1,w2⟩∆p,q + (−1)p⟨w1, v2⟩∆p,q) (1.12)
where vj ,wj ∈ ∆p,q for j = 1,2. The factor δ ∈ K depends on the chosen admissible spin
scalar product only.
Distinguished orbits in ∆p,q
Given an irreducible complex representation Φ ∶ ClC(p, q) → EndC(∆Cp,q) (satisfying
Φ(ωC) = 1 in case n odd), the Clifford multiplication Rn ×∆Cp,q →∆Cp,q can be extended to
a complex bilinear map Cn ×∆Cp,q → ∆Cp,q (by restriction of Φ to Cn). Now one associates
to every spinor v ∈ ∆Cp,q the subspaces
kerCv ∶= {X ∈ Cn ∣X ⋅ v = 0} and ker v ∶= {X ∈ Rn ∣X ⋅ v = 0}.
kerCv is isotropic with respect to the complex linear extension ⟨⋅, ⋅⟩Cp,q of ⟨⋅, ⋅⟩p,q, and in
particular, ker v is isotropic with respect to ⟨⋅, ⋅⟩p,q. Consider a spinor v ∈ ∆p,q and its
associated totally lightlike subspace ker v ⊂ Rp,q. Clearly the dimension of this space
depends on the Spin(p, q)-orbit of v only. In case ker v ≠ {0} we say that v has positive
nullity.
Proposition 1.16 ([TT94]) The set of all spinors of positive nullity is contained in
the set of all spinors w ∈ ∆p,q such that 0 is in the closure of the orbit Spin+(p, q) ⋅w.
This has an immediate consequence: Let us call a continuous function J ∶ ∆p,q → K an
invariant of the Spin+(p, q)-action if J(g ⋅ v) = J(v) for all g ∈ Spin+(p, q) and v ∈ ∆p,q.
If v is a spinor of positive nullity and J is an invariant then clearly J(v) = J(0). In
particular, ⟨v, v⟩∆p,q = 0 for every spinor of positive nullity as ⟨⋅, ⋅⟩∆p,q is an invariant. We
now consider the extremal case of maximal nullity, following [Kat99].
Definition 1.17 A complex spinor v ∈ ∆Cp,q is said to be pure if dimC kerCv = ⌊n2 ⌋, i.e.
if its kernel under (extended) Clifford multiplication is a maximally isotropic subspace.
In the split signatures (m,m) and (m+ 1,m) we call v ∈ ∆Rp,q (real) pure if dimRkerv =m,
i.e. ker v is of maximal dimension.
So in the following, when talking about pure spinors, we mean either the complex case or
real pure spinors in split signature. Using explicit realisations of spinor representations,
one easily shows that there always exist pure spinors. If n = 2m, pure spinors are contained
in ∆+p,q ∪∆−p,q. Moreover, let v,w ∈ ∆p,q be pure spinors, then
⟨v,w⟩∆p,q = 0⇔ ker v ∩ ker w ≠ {0}. (1.13)
Remark 1.18 [Bry00] discusses the orbit structure of real pure spinors under the
Spin+(p, q)-action in more detail. Let (p, q) = (m + 1,m). In this case, the space of pure
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the lowest dimension for a nonzero orbit. In case (p, q) = (m,m), the space of pure spinors
consists of precisely two orbits, contained in ∆±p,q respectively. The dimension of each of
these orbits is 12m(m−1)+1, and again, this is the minimal dimension for a nonzero orbit.
By definition, real pure spinors are in tight relationship to nullplanes in Rp,q. We call an
m−dimensional (maximally) isotropic subspace in Rm,m a m-nullplane.
Proposition 1.19 ([Har90], Thm. 12.100) Let ∆R,purem,m denote the set of all real pure
spinors in signature (m,m) and let N be the space of all m−nullplanes in Rm,m. The map
∆R,purem,m ∋ v ↦ ker v ∈ N
factors to a bijection ∆R,purem,m /R∗ ≅ N .
Remark 1.20 One obtains analogous results in the real split case (m + 1,m) and also
similar statements can be made in the complex case using the theory of projective (pure)
spinors (cf. [Kat99]). Further, note that some authors also call real spinors v ∈ ∆Rp,q in
other signatures pure if ker v is maximally isotropic, i.e. dim ker v = min{p, q}. It is
clear from the representation theory of Clifford algebras that these objects always exist.
However, they miss important properties such as the simple orbit structure or their relation
to maximal nullplanes from Proposition 6.20.
[Kat99] computes the stabilizer of a real pure spinor with respect to the Spin+(p, q) action
on ∆Rp,q in the split case. We only list results for the case (m + 1,m). One obtains results
for signatures (m,m) by omitting the last basis vector, last coordinate etc. We work
with the split signature scalar product ⟨⋅, ⋅⟩split on Rm+1,m satisfying that i = (−1)i and
introduce the basis (f+1 , ...f+m, f−1 , ..., f−m, e2m+1), where
f+i ∶= e2i−1 + e2i , f−i ∶= e2i−1 − e2i for 1 ≤ i ≤m.
The following n×n-matrices are all with respect to this basis. Let v ∈ ∆Rm+1,m be a real pure
spinor and let Stabv ⊂ Spin(m + 1,m) denote the isotropy group of v with respect to the
Spin(m + 1,m) action on ∆Rm+1,m. As −1 ∉ Stabv, the double covering map λ restricts to
an isomorphism λ∣Stabv ∶ Stabv → λ(Stabv) =∶Hv and we denote H+v ∶=Hv∩SO+(m+1,m).
Lemma 1.21 In the above setting, it holds (up to conjugation in SO+(m + 1,m)) that
Hv ≅ R(m + 1,m) ∶= ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩h(A,B,X,Y ) ∶=
⎛⎜⎜⎝
A B X




2BT (AT )−1 + 2A−1B + Y TY = 0
2A−1X + Y T = 0
det A = ±1
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ ,
H+v ≅ R+(m + 1,m) ∶= {h(A,B,X,Y ) ∈Hv ∣ det A = 1} .
(1.14)
R+(m + 1,m) is a semidirect product R+(m + 1,m) = SL(m,R) ⋉N of SL(m,R) and the








T +B + 2XXT = 0,X ∈ Rm⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
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1.4 Associated forms to a spinor
In the Lorentzian case one can associate to every nonzero spinor a nonvanishing vector, the
so called Dirac current (cf. [BL04, Lei01]). Following [AC97] we generalize this construction
as follows: For n = r + s we fix ∆r,s8 together with an admissible inner product ⟨⋅, ⋅⟩∆r,s .
We then define
Γk ∶ ∆r,s ×∆r,s → Λkr,s, (χ1, χ2)↦ αkχ1,χ2 , where⟨αkχ1,χ2 , α⟩r,s ∶= dk,r (⟨α ⋅ χ1, χ2⟩∆r,s) ∀α ∈ Λkr,s. (1.15)
The map dk,r ∶ K→ K is the identity for K = R, whereas for K = C it is defined as follows:
One finds for complex spinors χ ∈ ∆Cp,q that ⟨α ⋅χ,χ⟩∆Cr,s is either real or purely imaginary.
This depends on (r, s) and k as well as the chosen representation and admissible scalar
product, but not on χ. One then chooses dk,r ∈ {Re, Im} so that αχ ∶= αkχ,χis indeed a real
form and -if possible- nontrivial. It is obvious that the algebraic Dirac form αkχ is explicitly
given by the formula
αkχ = ∑
1≤i1<i2<...<il≤n i1 ...il ⋅ dk,r (⟨ei1 ⋅ ...eil ⋅ χ,χ⟩∆r,s) e♭i1 ∧ ... ∧ e♭il . (1.16)
For k = 1 the vector Vχ ∶= (α1χ)♭ appears under the name Dirac current in physics literature.
The construction is nontrivial at least for k = r since αrχ = 0⇔ χ = 0.
Proposition 1.22 For χ ∈ ∆r,s, k ∈ N and g ∈ Spin+(p, q) one has the equivariance
αkg⋅χ = λ(g)(αkχ).
Proof. Using Lemma 1.10 and the Spin+(r, s) invariance of ⟨⋅, ⋅⟩∆r,s , we obtain
⟨αkg⋅χ, α⟩r,s = dk,r (⟨α ⋅ (g ⋅ χ), g ⋅ χ⟩∆r,s) = dk,r (⟨g−1 ⋅ (α ⋅ (g ⋅ χ)), χ⟩∆r,s)= dk,r (⟨(λ(g−1)α) ⋅ g−1 ⋅ (g ⋅ χ), χ⟩∆r,s) = ⟨αkχ, λ(g−1)α⟩r,s = ⟨λ(g)(αkχ), α⟩r,s
for all forms α ∈ Λkr,s, and the assertion follows from the definition of αkg⋅χ. ◻
Remark 1.23 In the real case, i.e. considering ∆Rr,s with admissible inner product, the
map Γk is always totally symmetric or antisymmetric in its arguments, depending on k
and r: We say that σ(Γk) = 1 if Γk is symmetric and −1 if it is antisymmetric. It holds
that (cf. [AC08])
σ(Γk) = (−1)r(r−1)+k⋅(r+1)+ k(k−1)2 . (1.17)
There is an important relation between the structure of αrχ and ker χ, which relates certain
algebraic Dirac forms to distinguished orbits in ∆r,s discussed above.
Lemma 1.24 Let χ ∈ ∆p,q/{0} and let k ∶= dim ker χ(≤ p). Then αpχ can be written as
αpχ = l♭1 ∧ ... ∧ l♭k ∧ α̃, (1.18)
8In this section we change the notation from (p, q) to (r, s) because we will later apply these results in
cases in conformal geometry, where (r, s) = (p, q) and (r, s) = (p + 1, q + 1).
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where lj ∈ Rp,q for 1 ≤ j ≤ k such that span {l1, ..., lk} = ker χ (in particular, this implies
that the lj are lightlike and mutually orthogonal), α̃ ∈ Λp−k ((ker χ))∗ and (1.18) is maxi-
mal in the sense that there exists no lightlike vector lk+1 being orthogonal to li for 1 ≤ i ≤ k
such that αpχ = l♭1 ∧ ...∧ l♭k ∧ l♭k+1 ∧ ̃̃α. Moreover, whenever αpχ can be written as in (1.18) for
mutually orthogonal lightlike vectors l1, ..., lk, it follows that l1, ..., lk ∈ ker χ.
Proof. We may assume that the scalar product on Rp,q is chosen such that i = (−1)j for
j = 1, ...,2p and i = 1 for j > 2p (cf. Remark 1.8). We now fix the complex representation
of ClCp,q from Remark 1.5, introduce the lightlike directions
f+i ∶= e2i−1 + e2i, f−i ∶= e2i−1 − e2i, 1 ≤ i ≤ p (1.19)
and calculate
Φp,q(f+i ) = E ⊗ ...⊗E ⊗ (0 −20 0 )⊗ T ⊗ ...⊗ T´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶(i−1)× ,
Φp,q(f−i ) = E ⊗ ...⊗E ⊗ ( 0 0−2 0)⊗ T ⊗ ...⊗ T´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶(i−1)× .
If the spinor χ is given and H ∶= ker χ, we can always find g ∈ Spin+(p, q) and k ∈ N
such that λ(g)(H) = span(f δ11 , ..., f δkk ) for some δj ∈ {±1} and j = 1, ..., k, and there-
fore, by using the equivariance property from Proposition 1.22, we may assume that
H = span(f δ11 , ..., f δkk ) for some δj = ±1. With respect to the unitary basis u() of ∆p,q,
the spinor χ can be represented as
χ = ∑(ν1,...,νm)∈{±1}m aν1,...,νm ⋅ u(ν1, ..., νm), with aν1,...,νm ∈ C. (1.20)
We have
f δii ⋅ u(ν1, ..., νm) = ⎧⎪⎪⎨⎪⎪⎩0 δi = νi(±2) ⋅ u(ν1, ...,−νi, ..., νm) δi = −νi
and consequently,
χ = ∑(νk+1,...,νm)∈{±1}m−k aνk+1,...,νm ⋅ u(δ1, ..., δk, νk+1, ..., νm). (1.21)
We now work with the basis (f+1 , f−1 , ..., f+p , f−p , e2p+1, ..., en) of Rp,q. Let (b1, ..., bp) be a
p−tuple of ordered basis elements. Using the scalar product formula (1.9) it follows that
⟨b1 ⋅ ... ⋅ bp ⋅ χ,χ⟩∆p,q = 0, unless bj = f−δjj for j = 1, ..., k.
But then it is a direct consequence of the definition of αpχ and the property that ⟨f−δii , bj⟩ ≠
0 iff bj = f δii that αpχ = (f δ11 )♭ ∧ ... ∧ (f δkk )♭ ∧ α̃ for some p − k-form α̃ which lives on H.
Conversely, suppose that for a given spinor χ its associated Dirac-p-form αpχ can be ex-
pressed as in (1.18). Again, by making use of the equivariance property, we may assume
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that αpχ = (f δ11 )♭ ∧ ... ∧ (f δkk )♭ ∧ α̃. We have to show that f δii ⋅ χ = 0. The definition of αpχ
yields that for all η ∈ {±1}p one has that
⟨fη11 ⋅ .... ⋅ fηpp ⋅ χ,χ⟩∆p,q = 0 unless ηj = −δj for j = 1, ..., k. (1.22)
We write χ as in (1.20) and let (η1, ..., ηk) ≠ −(δ1, ..., δk). Then (1.22) translates into
0 = ∑
ν,µ∈{±1}m aνaµ ⋅ ⟨fη11 ⋅ ... ⋅ fηpp u(ν1, ..., νm), u(µ1, ..., µm)⟩∆p,q .
However, ⟨fη11 ⋅ ... ⋅ fηpp ⋅ u(ν1, ..., νm), u(µ1, ..., µm)⟩∆p,q ≠ 0 iff ν = µ and (µ1, ..., µp) =(−η1, ...,−ηp) as follows from the scalar product formula (1.9), and in these cases the value
of the scalar product does not depend on the index tuple ν. Consequently,
0 = ∑(νp+1,...,νm) ∣a−η1,...,−ηp,νp+1,...,νm ∣2.
That is, χ can be expressed as in (1.21) and f δii ⋅χ = 0 for i = 1, ..., k. These two observations
prove the Proposition. ◻
Remark 1.25 The previous two statements generalize well-known facts about the as-
sociated Dirac current Vχ to a spinor χ ∈ ∆1,n−1 in the Lorentzian case from [Lei01]: It
holds that ∣∣Vχ∣∣2 = 0 implies that Vχ ⋅ χ = 0 being is a special case of Lemma 1.24, and Vχ
is always causal. Moreover, all possible algebraic Dirac forms α2ϕ for 0 ≠ ϕ ∈ ∆C2,n−2 have
been classified in [Lei07]. Precisely one of the following cases occurs:
1. α2ϕ = l♭1 ∧ l♭2, where l1, l2 span a totally lightlike plane in R2,n−2.
2. α2ϕ = l♭ ∧ t♭ where l is lightlike, t is a orthogonal timelike vector.
3. α2ϕ = ω (up to conjugation in SO(2, n−2)), where n = 2m is even and ω is equivalent to
the standard Ka¨hler form ω0
9 on R2,n−2. In this case, Stabα2ϕO(2, n−2) ⊂ U(1,m−1).
4. There is a nontrivial Euclidean subspace E ⊂ R2,n−2 such that α2ϕ∣E = 0 and α2ϕ
is equivalent to the standard Ka¨hler form on the orthogonal complement E of
signature (2,2m) (again, this is up to conjugation in SO(2, n − 2)). In this case
Stabα2ϕO(2, n − 2) ⊂ U(1,m) ×O(n − 2(m + 1)).
Lemma 1.24 implies that the first case occurs iff ker ϕ is maximal, i.e. 2-dimensional.
The second case occurs iff this kernel is one-dimensional whereas the last two cases can
only occur if the kernel under Clifford multiplication is trivial. There is no classification
of possible higher order algebraic Dirac forms.
Remark 1.26 More properties of αkχ in an arbitrary pseudo-Riemannian setting are
also discussed in [ACDvP04], where these forms arise in the construction of Lie superal-
gebra extensions of so(p, q).
9By this we mean that there are nonzero constants µi ∈ R such that ω = ∑mi=1 µie♭2i−1 ∧ e♭2i. One obtains
ω0, the standard pseudo-Ka¨hler form for µi = 1 for all i.
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Conformal geometry studies smooth manifolds M equipped with an equivalence class
c = [g] of pseudo-Riemannian metrics, where we call g and g̃ conformally equivalent if there
is a function σ ∈ C∞(M) such that g̃ = e2σg.
2.1 Cartan geometry
Let us briefly introduce our notation for principal bundle theory, following [Bau09]. For
M a connected, smooth manifold, a principal G−bundle P over M will be denoted by(P, pi,M ;G). When no confusion is likely to occur, we just write P. The right-action
of G on P will be denoted by R. Given a representation ρ ∶ G → GL(V ) of G over a
K-vector space V , where K ∈ {R,C}, the factor space E ∶= (P × V )/G under the G-action(p, v) ⋅ g ∶= (p ⋅ g, ρ(g−1)v) together with the natural projection to M turns out to be a
K-vector bundle over M , written as
E = P ×(G,ρ) V,
and it is called the associated vector bundle. Its elements are classes [p, v], where p ∈ P, v ∈
V . Every ρ-invariant bilinear- or sesquilinear form bV ∶ V × V → K on V induces an inner
product bE on E by
bEx(e, ẽ) ∶= bV (v, ṽ),
where e = [p, v], ẽ = [p, ṽ] ∈ Ex for some p ∈ Px. In particular, every ρ−invariant symmetric(K = R) resp. Hermitian (K = C) scalar product ⟨⋅, ⋅⟩V on V defines a bundle metric ⟨⋅, ⋅⟩E
on E and it holds that ⟨⋅, ⋅⟩V and ⟨⋅, ⋅⟩Ex have the same signature.
Let (P, piP ,M ;G) be a principal G−bundle and let λ ∶H → G a Lie group homomorphism.
Then a λ−reduction of P is a pair (Q, f) consisting of a principal H−bundle (Q, piQ,M ;H)
and a smooth, equivariant, fibre preserving map f ∶ Q→ P, i.e.
piP ○ f = piQ and f(q ⋅ h) = f(q) ⋅ λ(h) for all q ∈ Q and h ∈H.
In the special case of H ⊂ G being a Lie subgroup of G and λ = i ∶ H ↪ G being the
inclusion, a λ−reduction of P is also called a H-reduction of P or a reduction of P to H.
Given a connection ω ∈ Ω1(P,g) on the principal bundle (P, pi,M ;G) and a represen-
tation ρ ∶ G → GL(V ) of G over V , a covariant derivative ∇ω ∶ Γ(E) → Γ(T ∗M ⊗E) on
the associated vector bundle E = P ×(G,ρ) V is induced. It is locally given by
(∇ωXσ)∣U = [s,X(v) + ρ∗(ω(ds(X)))v]. (2.1)
Here, σ∣U ∈ Γ(E∣U) and s ∶ U → P is a local section, v ∶ U → V is a smooth function such
that σ∣U = [s, v] and X ∈ X(M). If in addition E carries a bundle metric ⟨⋅, ⋅⟩E induced
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by a ρ-invariant scalar product on V , then ∇ω is metric wrt. ⟨⋅, ⋅⟩E , i.e. it holds for all
sections ϕ,ψ ∈ Γ(E) that
X(⟨ϕ,ψ⟩E) = ⟨∇ωXϕ,ψ⟩E + ⟨ϕ,∇ωXψ⟩E .
Moreover, any connection ω ∈ Ω1(P,g) gives rise to the holonomy group Holu(P, ω) of ω
with respect to u, defined as
Holu(P, ω) ∶= {g ∈ G ∣ ∃ closed path1γ in x s.th. Pωγ (u) = u ⋅ g},
which is a Lie subgroup of G. Here, Pωγ denotes the parallel displacement along γ wrt. ω.
By requiring that γ is null-homotopic, one obtains the reduced holonomy group Hol0u(P, ω)
of ω with respect to u and this turns out to be the identity component of Holu(P, ω). It
makes also sense to omit the reference point u and view Hol(P, ω) as a class of conjugated
subgroups of G since M is connected.
Given a vector bundle E over M with covariant derivative ∇, let P∇γ denote parallel
displacement along a path γ. For x ∈M , the holonomy group of ∇ wrt. x is
Holx(∇) ∶= {P∇γ ∣ γ closed path in x } ⊂ GL(Ex).
If ρ ∶ G → GL(V ) is a representation of G over V , E ∶= P ×(G,ρ) V the associated vector
bundle with induced covariant derivative ∇ω and x ∈M , then any point u ∈ Px gives rise
to a linear fibre isomorphism [u] ∶ v ∈ V → [u, v] ∈ Ex. The holonomy groups Holx(E,∇ω)
and Holu(P, ω), where u ∈ Px, are related by
Holx(E,∇ω) = [u] ○ ρ (Holu(P, ω)) ○ [u]−1.
In particular, if ρ is faithful, these two groups are isomorphic. The holonomy principle
interprets parallel tensors on an associated bundle in terms of tensors invariant under the
holonomy representation, see [Bau09].
We now turn to Cartan geometries, their connections and holonomy groups, following
[CS09]. To this end, let G be a Lie group and P ⊂ G a closed subgroup. [Sha97] interprets
Cartan geometries of type (G,P ) as the curved analogues of a homogeneous model, being
the homogeneous space G/P together with the canonical P−bundle pi ∶ G → G/P and its
Maurer-Cartan form. This can be made precise in the following way:
Definition 2.1 Let G be a Lie group and P a closed subgroup. A Cartan geometry of
type (G,P ) on a smooth manifold M is given by the data (P, pi,M,ω), where pi ∶ P →M
is a principal fibre bundle with structure group P , endowed with a g-valued 1−form ω ∈
Ω1(P,g), called the Cartan connection, such that for all p ∈ P,u ∈ P and X ∈ p:
1. R∗p(ω) = Ad(p−1) ○ ω,
2. ω(X̃) =X, where X̃ ∈ X(P), given by X̃(u) = ddt(u ⋅exp(tX))∣t=0, is the fundamental
vector field generated by X,
3. ω(u) ∶ TuP → g is a linear isomorphism.
1In this thesis, a path γ ∶ [a, b]→M is a piecewise smooth curve.
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Given a Cartan geometry of type (G,P ), there are the so called constant vector fields
ω−1(X) ∈ X(P) for all X ∈ g, given by ω−1(X)(u) ∶= ω(u)−1(X) ∀u ∈ P. These vector
fields lead to a global trivialization of the tangent bundle of P, i.e. TP ≅ P × g, which
can be projected to TM by making use of the mapping pr ∶ P × g → TM , given by(u,X) ↦ dpiu (ω−1(X)(u)). As a direct consequence of the definitions, X ∈ p implies
that ω−1(X) = X̃ and thus, ω−1(X) is vertical in this case, i.e. it lies in the kernel of
dpi. Consequently, pr factors to a map P × g/p → TM , and fixing u ∈ P leads to a
linear isomorphism g/p → Tpi(u)M . As ω is P -equivariant, pr factors further to a mapP ×P g/p→ TM , where P acts on g/p via restriction of the adjoint action Ad of G on this
space2, and this map is seen to be an isomorphism of vector bundles:
TM ≅ P ×P g/p
Similarly, T ∗M ≅ P ×P (g/p)∗, where P acts on (g/p)∗ by (restriction of) Ad∗. As a
direct consequence, dim(M) = dim(G/P ), just as for the homogeneous model. Finally, we
introduce the curvature of the Cartan connection ω to be
Ωω ∶= dω + 1
2
[ω,ω] ∈ Ω2(P,g).
Example 2.2 There is always a flat model for Cartan geometries of type (G,P ): Let
G be a Lie group, P a closed subgroup and let pi ∶ G → G/P be the natural projection.
We denote by ωMCG ∈ Ω1(G,g) the Maurer Cartan form of G, defined by
ωMCG (ζ) ∶= dLg−1(ζ) ∈ TeG ≅ g,
where ζ ∈ TgG and g ∈ G. Then (G,pi,G/P,ωMCG ) is a Cartan geometry of type (G,P ),
and the Maurer Cartan structure equation precisely states that this Cartan geometry
is flat, i.e. Ωω
MC
G = 0. Furthermore, one can show that the curvature of any Cartan
geometry vanishes identically if and only if it is locally isomorphic3 to a restriction of this
homogeneous model ([CS09], Prop. 1.5.2).
Contrary to usual connections, a Cartan connection (1-form) does not allow one to dis-
tinguish a connection on P, i.e. a right invariant horizontal distribution on P. Therefore,
there is in general no natural notion of induced covariant derivatives on associated vector
bundles. However, if the associated vector bundle is formed by restriction of a represen-
tation of the larger group G, this is still possible:
Definition 2.3 Let ρ ∶ G→ GL(V ) be a representation of the large group G on a vector
space V . Restriction to the subgroup P defines the so called (associated) tractor bundleW = P ×(P,ρ) V.
ω induces a covariant derivative on W in the following way: We can canonically extend the
P−principal fibre bundle P to the G−principal fibre bundle P ∶= P ×P G via enlargement,
where P ×P G ∶= {[u, g] ∣ (u, g) ∈ P ×G}, and [u, g] ∶= {(u ⋅ p, p−1g) ∣ p ∈ P} with G-right
action given by [u, a] ⋅ g ∶= [u, ag].
2In what follows, restrictions of the adjoint action or the action on factor spaces induced by the adjoint
action of G will be denoted by the same symbol.
3A morphism between two Cartan geometries (P, pi,M,ω) and (P̃, p̃i, M̃ , ω̃) of type (G,P ) over M is a
principal bundle morphism φ ∶ P → P̃, satisfying φ∗ω̃ = ω.
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Lemma 2.4 ([Feh05], Thm.3.4) For each Cartan geometry (P, pi,M,ω) of type (G,P )
over M , there is a unique principal bundle connection ω ∈ Ω1(P,g) such that i∗ω = ω,
where i ∶ P ∋ u↦ [u, e] ∈ P is the canonical embedding.
Given an associated tractor bundle defined by a representation ρ ∶ G → GL(V ), we con-
clude that W = P ×(P,ρ) V ≅ P ×(G,ρ) V,
and thus any Cartan connection ω ∈ Ω1(P,g) defines a covariant derivative ∇ω on W via
its extension to the principal bundle connection ω on P, namely ∇ω ∶= ∇ω. Using (2.1)
one sees that we have the local formula(∇ωXφ)∣U = [s,X(v) + ρ∗(ω(ds(X)))v], (2.2)
where φ∣U = [s, v] ∈ Γ(W∣U) for a local section s ∶ U → P4 and a smooth function v ∶ U → V .
Also other parts of the theory developed for induced covariant derivatives on associated
vector bundles carry over to this case, and in particular, ∇ω is metric with respect to
bundle metrics on W induced by G−invariant scalar products on V .
If (P, pi,M,ω) is a Cartan geometry of type (G,P ) over M , we define the holonomy
of this geometry as the holonomy of the G−principal bundle connection ω, which is also
very convenient (cf. [Alt12, Feh05, HS11a, HS11b]), i.e.
Holu(P, ω) ∶=Hol[u,e](P, ω).
Remark 2.5 [BJ10] presents a notion of Cartan holonomy, defined via development
maps, using the original data (P, ω) only and also discusses the precise relation between
these two concepts.
2.2 Semi-Riemannian geometry and its conformal behaviour
In this section, let (M,g) be a connected, pseudo-Riemannian manifold of signature (p, q)
and dimension n = p+q ≥ 3. Following [Bau81], TM admits a g−orthogonal decomposition
TM = τ ⊕ ζ, where τ is a rank p subbundle and ζ is a rank q subbundle of TM such that
the restriction of −g to τ and the restriction of g to ζ are both positive definite. (M,g)
is said to be time-orientable, if τ is orientable, and space-orientable, if ζ is orientable. The
GL(n)-frame bundle GL(M) of M admits an O(p, q)−reduction to the O(p, q)-bundle of
all pseudo-orthonormal frames Pg(M) (or shortly Pg), given byPg(M) ∶= {(x, (s1, ..., sn)) ∣ x ∈M, (s1, ..., sn) basis of TxM,g(si, sj) = δiji}.
In case of orientability this bundle can be further reduced.
Theorem 2.6 ([Bau81]) Let (M,g) be a pseudo-Riemannian manifold of signature(p, q) with p > 0 and pseudo-orthonormal frame bundle Pg(M). If (M,g) is both space-
and time-orientable, then Pg has four connected components and is reducible to a principal
SO+(p, q)-bundle Pg+ with connected total space, called the bundle of all space- and time-
oriented pseudo-orthonormal frames.
4We identify P with P ×P {e} ⊂ P and s with the section [s, e] of P.
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The Levi-Civita Connection ∇g ∶ X(M) × X(M) → X(M) of (M,g) yields the curvature
tensor
Rg(X,Y ) ∶= ∇gX∇gY −∇gY∇gX −∇g[X,Y ] for X,Y ∈ X(M).
By means of g, the map Rg can be identified with a (4,0) tensor denoted by the same
symbol. Contraction yields the Ricci tensor Ricg(X,Y ) ∶= trg(Z ↦ Rg(Z,X)Y ), which can
be equivalently viewed as a (1,1) tensor via g(Ricg(X), Y ) = Ricg(X,Y ), and the scalar
curvature R ∶= scalg ∶= trgRicg ∈ C∞(M). In terms of these data, the Schouten tensor Kg
is the (2,0) tensor5
Kg ∶= 1
n − 2 ⋅ ( scalg2(n − 1) ⋅ g −Ricg) ,
and it can also be considered as an endomorphism Kg ∶ TM → T ∗M by Kg(X)(Y ) ∶=
Kg(X,Y ). The anti-symmetrisation of the covariant derivative of the Schouten tensor
defines the (2,1)-Cotton York tensor Cg,
Cg(X,Y ) ∶= ∇gX(Kg)(Y ) −∇gY (Kg)(X).
In conformal geometry, the Weyl tensor plays an important role and is defined as the trace
free part of the Riemannian curvature tensor6,
W g = Rg − g ⊛Kg.
We shall also frequently use the fact that there is an extension of the Levi-Civita connection
(also denoted by ∇g) to smooth tensor fields, uniquely determined by:
1. For α ∈ Ω1(M) and X,Y ∈ X(M) it holds that (∇gXα)(Y ) = ∇gX(α(Y )) − α(∇gXY ).
2. ∇g(ϕ⊗ ψ) = (∇gϕ)⊗ ψ + ϕ⊗∇gψ for tensor fields ϕ ∈ Γ(T r1,s1M), ψ ∈ Γ(T r2,s2M).
For α ∈ Ωr(M),X,X1, ...,Xr ∈ X(M) we obtain
(∇gXα) (X1, ...,Xr) =X(α(X1, ...,Xr)) + r∑
i=1(−1)iα(∇gXXi,X1, ..., X̂i, ...,Xr),
which immediately yields that ∇gX(Y ⨼α) = (∇gXY )⨼α + Y ⨼∇gXα for X,Y ∈ X(M)
The codifferential d∗ is given by d∗∣Ωk(M) = (−1)n(k−1)+p+1 ∗d∗, and the operators d and d∗
are also expressable in terms of ∇g and any pseudo-orthonormal basis (s1, ..., sn) as
d = n∑
i=1 is♭i ∧∇gsi and d∗ = −
n∑
i=1 isi⨼∇gsi . (2.3)
5Note that our reference [BJ10] uses a different sign convention for Kg.
6Here, ⊛ denotes the Kulkarni-Nomizu product: Let b and h be two symmetric (2,0)−tensors. We define
the (4,0)−tensor b⊛ h by
(b⊛ h)(X,Y,Z,V ) ∶= h(X,Z)b(Y,V ) + h(Y,V )b(X,Z) − h(X,V )b(Y,Z) − h(Y,Z)b(X,V ).
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∇g further defines the holonomy group of (M,g) with respect to x ∈M as being
Holx(M,g) ∶=Holx(TM,∇g).
As ∇g is metric, it follows that Holx(M,g) is a Lie subgroup of O(TxM,gx). We may
also consider the tangent bundle as associated bundle TM ≅ Pg ×(O(p,q),ρ) Rn, where
ρ ∶ O(p, q) → GL(Rp,q) is the standard representation, and using this, ∇g corresponds
to a connection ωg ∈ Ω1(Pg, so(p, q)) on Pg. Holx(M,g) and Holu(ωg), where u ∈ Pgx ,
are isomorphic, and if we are only interested in the holonomy group up to conjugation in
O(p, q), we will often not distinguish between these groups.
Let us now elaborate on conformal transformations of pseudo-Riemannian structures:
Definition 2.7 Let M be a smooth manifold of dimension n = p + q. Two pseudo-
Riemannian metrics g and g̃ of signature (p, q) on M are called equivalent if g̃ = f ⋅ g for
some smooth, positive function f ∈ C∞(M). In this situation, we also say that g̃ arises
from g through a conformal change of the metric. A conformal structure c on M is an
equivalence class [g] of metrics. M together with a fixed conformal structure, i.e. the pair(M,c), is called a conformal manifold.
Remark 2.8 In the following, when referring to conformal structures or conformal
manifolds (M,c) , we always assume that n = p + q ≥ 3. Since multiplication by a positive
function does not change the signature of the metric, the signature of [g] is well-defined.
Causality is also preserved by conformal equivalence. Whence, it makes sense to speak
about space-and time oriented conformal structures (M,c).
Given a conformal change of the metric, that is g̃ = e2σg for some function σ ∈ C∞(M),
most curvature tensors show a complicated transformation behaviour (cf. [Fis13]). How-
ever, the Weyl tensor (considered as a (4,0) tensor) changes with the same factor, i.e.
W g̃ = e2σW g, and a pseudo-Riemannian manifold (M,g) of dimension ≥ 4 satisfies W g = 0
if and only if (M,g) is locally conformally flat, i.e. for every x ∈M there is a chart (U,ϕ)
such that ϕ ∶ (U, g) → (ϕ(U), ⟨⋅, ⋅⟩p,q) is a conformal diffeomorphism. In dimension 3 one
has W g = 0 and Cg is the obstruction against conformal flatness. In dimension 2 every
manifold is locally conformally flat.
Given a conformal manifold (M,c), we call a frame (s1, ..., sn) over x ∈ M a conformal
frame if there is g ∈ c such that the vectors s1, ..., sn are pseudo-orthonormal with respect
to this metric. Collecting all these frames, we obtain the conformal frame bundle(P0, pi0,M ;CO(p, q)),
being a principal bundle with structure group the (linear) conformal group
CO(p, q) = {A ∈ GL(n,R) ∣ ∃θ > 0 ∶ ⟨Ax,Ay⟩p,q = θ⟨x, y⟩p,q∀x, y ∈ Rn} ≅ R+ ×O(p, q).
Thus, a conformal structure on M is in terms of G−structures equivalently described as
a reduction of the frame bundle GL(M) of M to the linear conformal group CO(p, q) ⊂
GL(n,R). One could now introduce objects of conformal geometry by defining them
with respect to some metric in the conformal class and then show that this definition is
independent of the chosen metric. However, the tractor machinery, as to be reviewed in
this chapter, shall allow a more elegant approach.
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2.3 Semi-Riemannian spin-geometry and its conformal behaviour
In this section, we consider spin structures on pseudo-Riemannian manifolds from a view-
point of conformal geometry. Main references are [BFGK91, Fri00] (the Riemannian case)
and [Bau81] (the general case). Let (M,g) be a be a connected, space- and time-oriented
pseudo Riemannian manifold of dimension n = p + q ≥ 3. In this case, the bundle Pg
of pseudo-orthonormal frames admits a reduction to the bundle Pg+ of space- and time-
oriented pseudo-orthonormal frames with structure group SO+(p, q).
Definition 2.9 A spin structure on a space- and time-oriented pseudo-Riemannian
manifold (M,g) is a λ−reduction (Qg+, fg) of Pg+, where λ ∶ Spin+(p, q) → SO+(p, q) is
the double covering map, i.e. a Spin+(p, q)-principal bundle Qg+ over M together with a
smooth map fg ∶ Qg+ → Pg+ compatible with projections and group actions in the following
sense:
piPg+ ○ fg = piQg+ ,
fg(u ⋅A) = fg(u) ⋅ λ(A) ∀u ∈ Qg+,A ∈ Spin+(p, q).
(M,g) together with a fixed spin structure (Qg+, fg) is called a spin manifold.
Existence and uniqueness of spin structures on pseudo-Riemannian manifolds is considered
in [Bau81]. In this thesis we mainly deal with local results, and locally there is always a
uniquely determined spin structure. For the rest of this chapter, let a fixed spin manifold(M,g) with spin structure (Qg+, fg) be given. Qg+ is always connected and fg is a double
covering map in each fibre.
Using the spinor representation, we form the (real or complex) spinor bundle
Sg ∶= Qg+ ×Spin+(p,q) ∆p,q,
which is a real (also denoted by SgR) or complex (S
g
C) vector bundle over M , and we call its
elements spinors. Its sections, i.e. elements of Γ(Sg), are called real resp. complex spinor
fields. With the results from the first chapter the spinor bundle splits into Sg = Sg,+⊕Sg,−
according to the half-spinor representations (if they exist), and therefore, we can talk
about half-spinor fields in this case. The spinor algebra as developed before enables us to
define the following objects (for proofs cf. [Bau81]):
 The Levi-Civita connection, viewed as a 1-form ωg ∈ Ω1(Pg+, so(p, q)), admits a







TPg+ ωg // so(p, q)
commutes. Consequently, there is an induced covariant derivative ∇Sg on Sg, the
spinor derivative, locally given as follows: Let s = (s1, ..., sn) be a local section in
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Pg+. Now let ŝ be a lift of s to Qg+. Then each spinor field ψ ∈ Γ(Sg) can locally be
written as ψ = [ŝ, v], and it holds that
∇SgX ψ = ⎡⎢⎢⎢⎢⎣ŝ,X(v) + 12∑i<j ijg(∇gXsi, sj)ei ⋅ ej ⋅ v
⎤⎥⎥⎥⎥⎦ .
From this formula we see that the spinor derivative ∇Sg respects the splitting into
half-spinor bundles (provided that they exist).
 A nondegenerate inner product ⟨⋅, ⋅⟩Sg on the spinor bundle is induced by7⟨⋅, ⋅⟩Sg ∶ Sg × Sg → K, [ŝ, v] × [ŝ, w]↦ [ŝ, ⟨v,w⟩∆p,q].
 We note that TM ≅ Qg+×λRn, and this defines Clifford multiplication, in the following
also denoted by µ or ⋅ or cl, TM⊗RSg → Sg , [q, x]⊗[q, v]↦ [q, x ⋅v]. Due to Lemma
1.10, this is well-defined.
The tuple (Sg, ⟨⋅, ⋅⟩Sg , ⋅,∇Sg) canonically associated to the spin manifold (M,g) satisfies
the following rules and compatibility conditions (cf. [Bau81]):(X ⋅ Y + Y ⋅X) ⋅ ϕ = −2g(X,Y )ϕ,⟨X ⋅ ϕ,φ⟩Sg = (−1)p+1⟨ϕ,X ⋅ φ⟩Sg ,
X⟨ϕ,φ⟩Sg = ⟨∇SgX ϕ,φ⟩Sg + ⟨ϕ,∇SgX φ⟩Sg ,∇SgX (Y ⋅ ϕ) = (∇gXY ) ⋅ ϕ + Y ⋅ ∇SgX ϕ,
(2.4)
for X,Y ∈ X(M), ϕ, φ ∈ Γ(Sg). With the previous definition we can also extend Clifford
multiplication to forms in the obvious way, namely for α ∈ Ωk(M) and ϕ ∈ Γ(Sg) we set
α ⋅ ϕ ∶= ∑
1<i1<...<ik≤n i1 ...ikα(si1 , ..., sik)si1 ⋅ ... ⋅ sik ⋅ ϕ,
where (s1, ..., sn) is some local pseudo-orthonormal frame8. As a generalization of (2.4)
we then have that (cf. [LM89])∇SgX (α ⋅ ϕ) = (∇gXα) ⋅ ϕ + α ⋅ ∇SgX ϕ. (2.5)
Remark 2.10 In signatures (p, q) with q−p ≡ 0,7 mod 8, the discussion from section 1.3,
in particular, Remark 1.15, show us that ∆Cp,q carries a real structure α which commutes
with Clifford multiplication and which therefore induces a real structure α ∶ SgC → SgC on
the complex spinor bundle SgC by setting α([s̃, v]) ∶= [s̃, α(v)]. Consequently, in these
signatures we always think of such a real structure fixed and then obtain an inclusion of
real spinors SgR ⊂ SgC into the space of complex spinors. Let ϕ = ϕRe + i ⋅ ϕIm ∈ Γ(Sg) be
a complex spinor field. Then the local formulas for ∇Sg and Clifford multiplication imply
together with the equivariance properties and linearity of α that (cf. [Lei01])
(∇SgCϕ)Re,Im = ∇SgRϕRe,Im and (X ⋅ ϕ)Re,Im =X ⋅ ϕRe,Im. (2.6)
7In fact, this is the reason for demanding (M,g) to be time- and space-oriented as otherwise there would
be no bundle metric on Sg induced by a scalar product on ∆p,q. Otherwise, one could still define a
spin structure in the oriented case to be a Spin(p, q)-reduction of Pg.
8In the setting of spin manifolds, the term orthonormal frame is always used by us in the sense of time-
and space-oriented pseudo-orthonormal.
40
2.3 Semi-Riemannian spin-geometry and its conformal behaviour
By construction, Riemannian curvature and spinorial curvature are closely related (cf.
[Bau81, LM89]): The endomorphism RS
g(X,Y ) ∶= [∇SgX ,∇SgY ] − ∇Sg[X,Y ] can be expressed
as
RS
g(X,Y )ϕ = 1
2
∑
i<j ijRg(X,Y, si, sj)si ⋅ sj ⋅ ϕ. (2.7)
The composition of ∇Sg with Clifford multiplication defines the Dirac operator
Dg ∶ Γ(Sg) ∇Sg→ Γ(T ∗M ⊗ Sg) g≅ Γ(TM ⊗ Sg) µ→ Γ(Sg).
Locally, Dg is given by Dg = ∑ni=1 isi ⋅ ∇Sgsi , where (s1, ..., sn) is some local pseudo-
orthonormal frame for (M,g). Performing the spinor covariant derivative ∇Sg followed by
orthogonal projection onto the kernel of Clifford multiplication gives rise to a complemen-
tary operator acting on spinor fields, the twistor operator P g
P g ∶ Γ(Sg) ∇Sg→ Γ(T ∗M ⊗ Sg) g≅ Γ(TM ⊗ Sg) projker cl→ Γ(ker cl).
[BFGK91] shows that P g is locally given by
P g = n∑
i=1 isi ⊗ (∇Sgsi + 1nsi ⋅Dg) , (2.8)
where si is a local pseudo-orthonormal frame. A spinor field ϕ ∈ Γ(Sg) is called a twistor
spinor if ϕ ∈ ker P g, that is ϕ satisfies the twistor equation
∇SgX ϕ + 1nX ⋅Dgϕ = 0 ∀X ∈ X(M)
which is the central object of this thesis. It is easy to deduce that ϕ satisfies the twistor
equation iff there is ψ ∈ Γ(Sg) such that
g(X,X)X ⋅ ∇SgX ϕ = ψ for all X ∈ X(M) with g(X,X) = ±1. (2.9)
A spinor field ϕ ∈ Γ(Sg) is called parallel if ∇Sgϕ = 0, and it is called harmonic if Dgϕ = 0.
Consequently, the twistor equation yields that a spinor field is parallel if and only if it is
harmonic and a twistor spinor at the same time. Special solutions of the twistor equation
are given by Killing spinors, being solutions of the field equation ∇SgX ϕ = λX ⋅ ϕ for all
X ∈ TM and some λ ∈ C/{0}. The complex number λ is called the Killing number of ϕ and
turns out to be either real or purely imaginary. Killing spinors are exactly those twistor
spinors which satisfy the eigenvalue equation Dgϕ = −nλϕ (cf. [BFGK91]) for the Dirac
operator.
If n is even (K = C) resp. q − p ≡ 0 mod 4 (K = R) and ϕ = ϕ+ + ϕ− ∈ Γ(Sg) is a
twistor spinor, then ϕ± ∈ Γ(Sg,±) are twistor spinors as well. Moreover, a direct con-
sequence of the formulas (2.6) is that for q − p ≡ 0,7 mod 8 and ϕ ∈ Γ(SgC) a complex
twistor spinor, its real and imaginary part ϕRe, ϕIm ∈ Γ(SgR) (with fixed real structure as
in Remark 2.10) are twistor spinors as well.
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Proposition 2.11 ([BFGK91]) Let ϕ ∈ Γ(Sg) be a twistor spinor, X ∈ X(M) a vector
field and ν ∈ Ω2(M) a 2-form. Then the following integrability conditions and relations to
Riemannian curvature hold:
1. Dg,2ϕ = 14 nn−1Rgϕ
2. ∇SgX Dgϕ = n2Kg(X) ⋅ ϕ
3. W g(ν) ⋅ ϕ = 0
4. W g(ν) ⋅Dgϕ = nCg(ν) ⋅ ϕ
5. (∇gXW g)(ν) ⋅ ϕ =X ⋅Cg(ν) ⋅ ϕ + 2n iXW g(ν) ⋅Dgϕ
Twistor spinors can be interpreted as parallel objects as follows: We introduce the direct
sum bundle Eg ∶= Sg ⊕ Sg together with the covariant derivative
∇EgX ∶= ( ∇SgX 1nX ⋅−n2Kg(X)⋅ ∇SgX ) .
As a direct consequence of the twistor equation and Proposition 2.11 we obtain:
Proposition 2.12 ([BFGK91, Boh99]) A twistor spinor ϕ ∈ Γ(Sg) satisfies ∇Eg ( ϕ
Dgϕ
) =
0. Conversely, if (ϕ
ψ
) is ∇Eg -parallel, then ϕ is a twistor spinor and ψ =Dgϕ.
The curvature RE
g
of ∇Eg satisfies REg(X,Y )(ϕ
ψ
) = 12 ( W g(X,Y ) ⋅ ϕW g(X,Y ) ⋅ ψ + nCg(X,Y ) ⋅ ϕ) ,
(cf. [BFGK91]) and using this formula, we deduce that the spin manifold (M,g) is con-
formally flat if and only if RE
g = 0, yielding the next statement:
Proposition 2.13 ([BFGK91]) The dimension of the space ker P g of twistor spinors
is conformally invariant and bounded by dim ker P g ≤ 2 ⋅ rang Sg = 2⌊n2 ⌋+1 =∶ dn. The
maximal dimension dim ker P g can only occur if (M,g) is conformally flat. Conversely,
if (M,g) is simply-connected and conformally flat, then dim ker P g = dn.
We are interested in the behaviour of twistor spinors under a conformal change g̃ = e2σg of
the metric which means that we have to identify quantities defined in spinor bundles of two
conformally equivalent metrics as presented in [Bau81], chapter 3.2.4. The (connected)
SO+(p, q)-bundles Pg+ and P g̃+ are related by the canonical isomorphism
φσ ∶ Pg+ → P g̃+, (s1, ..., sn)↦ (e−σs1, ..., e−σsn).
It holds that (M,g) is spin iff (M, g̃) is spin. More precisely, it is shown in [Bau81] that
the fixed spin structure (Qg+, fg) of (M,g) induces via φσ a distinguished spin structure(Qg̃+, f g̃) of (M, g̃) and an isomorphism φ̃σ of Spin+(p, q)-principle bundles such that the
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Pg+ φσ // P g̃+
(2.10)
commutes. Using this property, we obtain natural identifications
∶̃ Sg → S g̃, ϕ = [q̂, v] ↦ [φ̃σ(q̂), v] = ϕ̃,∶̃ TM → TM, X = [q, x] ↦ [φσ(q), x] = e−σX,
where the second map is an isometry wrt. g and g̃. With these identifications, the covariant
derivative on the spinor bundle, the Dirac operator and the twistor operator transform in
the following way (cf. [Bau81]):
∇S̃
X̃
ϕ̃ = e−σ∇̃SXϕ − 12e−2σ(X ⋅ grad(eσ) ⋅ ϕ + g(X,grad(eσ)) ⋅ ϕ)̃,
D̃ϕ̃ = e−n+12 σ (D(en−12 σϕ))̃ ,
P̃ ϕ̃ = e−σ2 (P (e−σ2ϕ))̃ .
(2.11)
As a consequence, we notice here the conformal covariance of the twistor equation implied
by equation (2.11): Obviously, ϕ ∈ Γ(Sg) is a twistor spinor with respect to g if and only if
the rescaled spinor e
σ
2 ϕ̃ ∈ Γ(S g̃) is a twistor spinor with respect to g̃. Therefore, the right
setting of investigating the twistor equation is not a pseudo-Riemannian spin manifold but
rather a conformal spin manifold. In order to make this notion more precise, we introduce
the conformal spin group
CSpin(p, q) ∶= R+ × Spin(p, q)
with the obvious group structure and its identity component CSpin+(p, q) = R+×Spin+(p, q).
This group comes together with a double covering map
λ0 ∶ CSpin(p, q)→ CO(p, q) , λ0 ∶= id × λ. (2.12)
Definition 2.14 Let (M,c) be a space- and time-oriented conformal manifold of signa-
ture (p, q) with n = p + q ≥ 3. A conformal spin structure of (M,c) is a λ0-reduction of the
bundle P0+, i.e. a CSpin+(p, q) principal bundle (Q0+, p̃i0,M ;CSpin+(p, q)) together with a
smooth map f0 ∶ Q0+ → P0+ compatible with projections and group actions in the sense that
f0(q ⋅A) = f0(q) ⋅ λ0(A) ∀q ∈ Q0+,A ∈ CSpin+(p, q),
pi0 ○ f0 = p̃i0.
(M,c) together with a fixed conformal spin structure is called a conformal spin manifold.
Lemma 2.15 ([BJ10]) (M,c) is a conformal spin manifold if and only if (M,g) is a
spin manifold for every metric g ∈ c.
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Proof. Let (Q0+, f0) be a conformal spin structure of (M,c). By reduction, this induces
a metric spin structure (Qg+, fg) for g ∈ c:Qg+ ∶= (f0)−1(Pg+) and fg ∶= f0∣Qg+ .
On the other hand, given a spin structure for g ∈ c and using the fact that P0+ ≅ Pg+×SO+(p,q)
CO+(p, q), this metric spin structure induces a conformal spin structure of (M,c) by
enlargement: Q0+ ∶= Qg+ ×Spin+(p,q) CSpin+(p, q) and f0 ∶= fg × λ. ◻
Remark 2.16 Let (M,c) is a conformal spin manifold, g and g̃ ∈ c. If we consider the
resulting metric spin structures for g and g̃ as in the last Proposition, it is clear from the
above construction that they are related by the commutative diagram (2.10).
2.4 The first prolongation of a conformal structure
The subsequent construction for conformal structures has been studied intensively in the
literature, either in a very explicit approach (cf. [BJ10, Feh05]), or within the general
framework of parabolic geometries as in [CS09]. We mainly follow the first method:
The aim of this section is to model conformal structures of signature (p, q) as Cartan
geometries of type (B,P ) for some group B with Lie algebra b and closed subgroup P .
We start with investigating the flat model for conformal structures in terms of Cartan
geometries. As a reference see [BJ10], section 2.2.1 and references therein or chapter 5
in [Feh05]. In the Riemannian case, the flat models (B,P ) for conformal Riemannian
structures are the groups of all conformal diffeomorphisms of Sn and the stabilizer of a
point. This can be generalized to arbitrary signatures by making use of the following
construction: Consider the isotropic cone
Cp,q ∶= {x ∈ Rp+1,q+1/{0} ∣ ⟨x,x⟩p+1,q+1 = 0}
and the projectivization Qp,q ∶= PCp,q, equipped with a conformal structure
c ∶= [µ∗⟨⋅, ⋅⟩p+1,q+1]
of signature (p, q), where µ ∶ Qp,q → Cp,q+ is an arbitrary section into a fixed component
of the cone. c does not depend on the choice of this section ([Feh05], chapter 5.1). The
conformal manifold (Qp,q, c) is called Mo¨bius sphere of signature (p, q), and as elaborated
in [Lei01, Fis13], it is conformally diffeomorphic to (Sp ×Sq)/Z2, equipped with the (pro-
jection of) the conformal class [−gp + gq], where gk is the Riemannian standard metric on
Sk. This turns out to be a conformal compactification of Rp,q. In order to describe Qp,q
in terms of Cartan geometries, the Mo¨bius group B ∶= PO(p+ 1, q + 1) ∶= O(p+ 1, q + 1)/Z2
comes into play and it is isomorphic to the group Conf(Qp,q, c) of all conformal diffeo-
morphisms of the Mo¨bius sphere and acts transitively and effectively on Qp,q. We denote
by Stabp∞B ⊂ B the stabilizer of the isotropic line p∞ ∶= Re− ∈ Qp,q with respect to this
action, and one shows that this (parabolic) subgroup can also be realised as subgroup of
O(p + 1, q + 1). It holds that Qp,q ≅ B/P . Thus, one has:
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Proposition 2.17 ([Feh05], Cor. 5.1) Letting pi ∶ B → Qp,q denote the canonical pro-
jection, it holds that (B,pi,Qp,q;P ) is a P−principal bundle over Qp,q and (Qp,q, c) is a
conformally flat homogeneous space.
In light of this result, the pair (B,P ) can be viewed as the flat model of conformal geometry
(cf. Example 2.2). [CS09] shows that every conformal structure over M can be equivalently
described in terms of a (parabolic) Cartan geometry of type (B,P ) over M with B being
the Mo¨bius group. Given a conformal structure over a smooth manifold M , we want
to present an explicit construction of this associated parabolic geometry of type (B,P )
by making use of a process called first prolongation of the conformal frame bundle (cf.
[Feh05], chapter 5). This needs some algebraic preparation. Again, we work with the
basis (e−, e1, ..., en, e+) of Rp+1,q+1 introduced in Remark 1.1.
The semisimple Lie algebra b ∶= o(p + 1, q + 1) is ∣1∣-graded:
b = b−1 ⊕ b0 ⊕ b1 (2.13)
In terms of matrices, this grading is given by





⎞⎟⎠ ∣ x ∈ (R
n)∗, y ∈ Rn
a ∈ R,A ∈ o(p, q)
⎫⎪⎪⎪⎬⎪⎪⎪⎭ ,
b−1 = {M(y, (0,0),0) ∣ y ∈ Rn} ≅ Rn,
b0 = {M(0, (a,A),0) ∣ a ∈ R,A ∈ o(p, q)} ≅ o(p, q)⊕R ≅ co(p, q),
b1 = {M(0, (0,0), x) ∣ x ∈ (Rn)∗} ≅ (Rn)∗.
(2.14)
In this picture, the commutators [⋅, ⋅] are given by ([Feh05], Thm. 4.2)
[⋅, ⋅] ∶ b0 × b0 → b0, [(A,a), (B, b)] = ([A,B]o(p,q),0),[⋅, ⋅] ∶ b0 × b−1 → b−1, [(A,a), y] = Ay + ay,[⋅, ⋅] ∶ b1 × b0 → b1, [x, (A,a)] = xA + ax,[⋅, ⋅] ∶ b−1 × b1 → b0, [y, x] = (yx − Jp,q(yx)TJp,q, xy).
In particular, one has that [bi,bj]b ⊂ bi+j . In terms of matrices, the stabilizer subgroup
P = StabRe−B is isomorphic, under the projection O(p + 1, q + 1) → B to the subgroup
StabR+e−O(p + 1, q + 1) of O(p + 1, q + 1):
P ≅ ⎧⎪⎪⎪⎨⎪⎪⎪⎩Z(a,A, v) ∶=
⎛⎜⎝






A ∈ O(p, q)
v ∈ (Rn)∗
⎫⎪⎪⎪⎬⎪⎪⎪⎭ ⊂ O(p + 1, q + 1). (2.15)
This is a parabolic subgroup of B with Lie algebra p = b0⊕b1. It can be further decomposed
into a semidirect product P = B0 ⋉ρ B1, with LA(B0) = b0, LA(B1) = b1 and
B0 = {X(a,A) ∶= Z(a,A,0) ∣ a ∈ R+,A ∈ O(p, q)} ≅ R+ ×O(p, q) ≅ CO(p, q) ⊂ P,
B1 = {Y (y) ∶= Z(0,0, y) ∣ y ∈ Rn} ≅ Rn.
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Here, ρ ∶ B0 → Aut(B1) is the conjugation, i.e. ρ(b0)(b1) ∶= b0b1b−10 . In particular, we
obtain an embedding
ic ∶ CO(p, q)↪ O(p + 1, q + 1), (a,A)↦X(a,A). (2.16)
Geometrically, projecting from P to B0 ≅ P /B1 corresponds to the mapping{φ ∈ Conf(Qp,q, c) ∣ φ(Re−) = Re−} ∋ f ↦ dfRe− ∈ CO(TRe−Qp,q).
Under B0 ≅ CO(p, q) and b−1 ≅ Rp,q, the adjoint action of B0 on b−1 equals the standard
action of CO(p, q) on Rp,q: Let b0 =X(a,A) ∈ B0 and v ∈ b−1, then Ad(b0)v = aAv.
These technical preparations enable us to describe conformal structures as Cartan ge-
ometries of type (B,P ) as follows: Let (M,c) be a conformal manifold of signature (p, q)
with n = p + q and let pi0 ∶ P0 → M be the associated CO(p, q)−conformal frame bundle.
We obtain an identification
TM ≅ P0 ×CO(p,q) Rn ≅ P0 ×(B0,Ad) b−1,
with fibre isomorphisms [u] ∶ b−1 → TxM, v ↦ [u, v], for u ∈ P0x, which give rise to the
displacement form θ ∈ Ω1(P0,b−1), defined by
θu(X) ∶= [u]−1dpi0u(X).
As θ∣H ∶ H → b−1 is an isomorphism for every horizontal space9 H ⊂ TuP0, we can define
the torsion t of P0,
t ∶ {H ∣H ⊂ TuP0 horizontal for some u ∈ P0}→ Λ2(b−1)∗ ⊗ b−1,
t(H)(v,w) ∶= dθu((θ∣H)−1(v), (θ∣H)−1(w))
and call a horizontal space H ⊂ TuP0 torsion free if t(H) = 0, The first prolongation of the
conformal frame bundle P0 is then the set
P1 ∶= {H ⊂ TuP0 ∣ u ∈ P0,H horizontal, t(H) = 0},
which comes together with natural projections
pi+ ∶ P1 → P0, H ↦ u for H ⊂ TuP0,
pi1 ∶ P1 →M, pi ∶= pi0 ○ pi+.
Lemma 2.18 ([Feh05], Thm. 5.6) pi1 ∶ P1 → M is a principal bundle with structure
group P and pi+ ∶ P1 → P0 is a principal bundle with structure group B1. Here, the action
of P on P1 is given by
H ⋅ p ∶= {dRb0((θ∣H)−1(Ad(b0) ○ θ(X))) + ̃[Z, θ(X)]b(u ⋅ b0) ∣X ∈H} ⊂ Tu⋅b0P0, (2.17)
where H ⊂ TuP0, H ∈ P1 and p = (b0, exp(Z)) ∈ P ≅ B0 ⋉B1.
Remark 2.19 The geometric meaning of (2.17) is that an action by b0 ∈ B0 transports
H ⊂ TuP0 to the point u ⋅ b0, whereas exp(Z) ∈ B1 rotates H inside TuP0.
9By a horizontal subspace H ⊂ TuP0 we mean a subspace that is complementary to the vertical tangent
space ker dpi0u ⊂ TuP0.
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2.5 The normal conformal Cartan connection
It is possible to distinguish a Cartan connection on the principal bundle P1 in order to
obtain a Cartan geometry which equivalently describes our underlying conformal structure.
Let ω ∈ Ω1(P1,b) be any Cartan connection. It splits with respect to the grading of b,
ω = ω−1 ⊕ ω0 ⊕ ω1.
Definition 2.20 A Cartan connection ω ∈ Ω1(P1,b) is called admissible if its compo-
nents satisfy the following conditions:
1. ω−1 = (pi+)∗θ, where θ is the displacement form on P0.
2. dpi+H(ζ) − ̃(ω0)H(ζ)(u) ∈H ⊂ TuP0 =H ⊕ dpi0uP0 for all ζ ∈ THP1.
Imposing an additional trace condition on the curvature Ωω ∈ Ω2(P1,b) distinguishes a
unique admissible Cartan connection. To this end, consider the codifferential operator
∂∗ω ∶ Ω2(P1,b)→ Ω1(P1,b),
given by (∂∗ωη)H (X) ∶= ∑ni=1 [v∗i , η (X,ω−1H (vi))]g, where H ∈ P1, X ∈ THP1, (v1, ..., vn) is
a basis in b−1 ≅ Rn and (v∗1 , ..., v∗n) denotes the dual basis in b1 ≅ (Rn)∗.
Proposition 2.21 ([Feh05], chapter 6) There is a unique admissible Cartan connec-
tion ωnc ∈ Ω1(P1,b) such that ∂∗ωncΩωnc = 0. ωnc is called the normal conformal Cartan
connection (nc-Cartan connection).
Remark 2.22 In the language of [CS09] we started with a conformal structure c on M
and constructed a normal, regular parabolic geometry (P1, pi,M,ωnc) of type (B,P ) over
M which, as shown in [CS09], equivalently describes this structure in the following sense:
Given a normal parabolic geometry (P, pi,M,ω) of type (B,P ), we can use the theory of
infinitesimal flag structures as developed in [CS09] to see that there is a conformal structure
on M associated to this parabolic geometry with P0 = P/B1, and by construction, these
two directions are inverse to each other (up to isomorphism in the category of parabolic
geometries), for details cf. [CS09].
Remark 2.23 In what follows, we view ωnc as a Cartan connection of type (O(p+1, q+
1), P ). This can be done because of the following: By definition, a Cartan connection of
type (B,P ) depends on the data P and b only. Our chosen parabolic subgroup P in
O(p + 1, q + 1)/Z2 can also be realised as a closed subgroup P of O(p + 1, q + 1) as seen
before. Explicitly, P is given as the stabilizer of the isotropic ray R+e− in O(p + 1, q + 1).
Consequently, we may also consider conformal structures as parabolic geometries of type(O(p + 1, q + 1), P ), and we therefore redefine B = O(p + 1, q + 1). The resulting new flat
model Q̂p,q ≅ B/P is then a double cover of Qp,q and it can be viewed as the set of null
rays in Rp+1,q+1 equipped with a natural and flat conformal structure ĉ. For concrete
calculations we use a realisation of this flat model presented in [Lei01]: Q̂p,q is naturally
embedded in Rp+1,q+1, where n = p + q, via
i ∶ Q̂p,q ↪ Rp+1,q+1, where R+ ⋅ x↦√ 2⟨x,x⟩n+2 ⋅ x (2.18)
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and where ⟨⋅, ⋅⟩n+2 denotes the standard Euclidean inner product. One checks that i(Q̂p,q) =
Sp × Sq ⊂ R0,p+1 × R0,q+1. It holds that ĉ = [i∗⟨⋅, ⋅⟩p+1,q+1]. Thus, the conformally flat
manifold Ĉp,q = (Q̂p,q, ĉ) can be identified with (Sp ×Sq, [−gp + gq]). Note that Q̂p,q is not
connected for p = 0, n and not simply-connected for p = 1, n − 1.
Remark 2.24 Following [BJ10], section 2.2.3, fixing g ∈ c defines a B0 ≅ CO(p, q)
equivariant smooth section ηg ∶ P0 → P1, u ↦ ker ωgu in the B1-bundle (P1, pi+,P0;B1)
and an O(p, q) equivariant smooth section
σg ∶ Pg → P1, u↦ ηg(ιg(u))
in the P−bundle (P1, pi,M ;P ). Here, ωg ∈ Ω1(Pg, o(p, q)) is the Levi-Civita connection
corresponding to ∇g (more precisely, we consider its extension to a torsion free connection
on P0) and ιg ∶ Pg ↪ P0 is the canonical inclusion. Via ηg and ιg, every metric g ∈ c defines
a ic ∶ CO(p, q)↪ O(p+1, q+1)-reduction of P1 and P0 to the bundle Pg. Furthermore, one
has the following transition formula, which can be found in the proof of Proposition 2.2.5
in [BJ10]: Let g̃ = e2σg be a rescaled metric and let u = (s1, ..., sn) and ũ = (e−σs1, ..., e−σsn)
be local pseudo-orthonormal bases for g resp. g̃ over U ⊂ M . Then the transformation
formula for the Levi-Civita connection and the definition of the P−action on P1 show that
σg(u) = σg̃(ũ) ⋅ ⎛⎜⎝




Finally, let x ∈ M , u = (s1, ..., sn) ∈ Pgx and X ∈ TuPg. Then the local form of ωnc with
respect to the fixed metric g is given by
((σg)∗ωnc)u(X) = θu(X) + ωgu(X) + n∑
i=1 iKgx(dpi0u(X), si)s♭i. (2.20)
Remark 2.25 Given the grading (2.13) of o(p + 1, q + 1), note that there are other
possible choices of associated Lie groups. One of them corresponds to oriented conformal
structures, namely in the setting of the previous section we could as well choose
B+ ∶= SO+(p + 1, q + 1),
P + ∶= P ∩B+,
B+0 ∶= B0 ∩B+ ≅ CO+(p, q),
B+1 ∶= B1 ∩B+,
(2.21)
where CO+(p, q) = R+×SO+(p, q) is the identity component of CO(p, q). We will in general
assume (M,c) to be space- and time-oriented. In this case, the conformal frame bundleP0 admits a reduction to the bundle (P0+, pi0,M ;CO+(p, q)) of time- and space-oriented
conformal frames with structure group CO+(p, q), and for every metric g ∈ c the bundlePg admits a reduction to Pg+. With the choice (2.21), the theory of first prolongation
works completely analogous, where we replace Pg and P0 by Pg+ and P0+ respectively, and
the the first prolongation P1 is replaced by the P +-bundleP1+ ∶= {H ∣ u ∈ P0+,H ⊂ TuP0+ horizontal , t(H) = 0}.
Similarly to the non-oriented case, we will view the normal conformal Cartan connection
as a Cartan connection of type (SO+(p + 1, q + 1), P +).
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Given a conformal structure c on M with first prolongation P1 and a representation
ρ ∶ O(p + 1, q + 1) → GL(V ), we can form the associated tractor bundle E = P1 ×(P,ρ) V
over the conformal manifold (M,c), and ωnc induces a covariant derivative ∇nc on E in
the usual way. We will mainly apply this to ρ being the natural action of O(p + 1, q + 1)
on Rp+1,q+1 or Λk+1p+1,q+1 , yielding the standard tractor bundle,
T (M) ∶= P1 ×P Rp+1,q+1,
and the tractor (k+1)-form bundle,
Λk+1T M ∶= P1 ×P Λk+1p+1,q+1,
respectively, where Λ1TM = T ∗M . In the maximally oriented case we will always further
reduce to P1+. The standard scalar product ⟨⋅, ⋅⟩p+1,q+1 on Rp+1,q+1 induces bundle metrics⟨⋅, ⋅⟩T on T (M) and Λk+1T , and it turns out that ∇nc on T (M) is metric wrt. ⟨⋅, ⋅⟩T , i.e.
X(⟨φ,ψ⟩T ) = ⟨∇ncX φ,ψ⟩T + ⟨φ,∇ncX ψ⟩T ,
for all sections φ,ψ ∈ Γ(T (M)) and X ∈ X(M). In this sense, ∇nc can be viewed as
conformal analogue of the Levi-Civita connection, making it reasonable to define the
conformal holonomy Hol(M,c) of (M,c) in terms of this connection, i.e. for x ∈M we set
Holx(M,c) ∶=Holx(T (M),∇nc) ⊂ O(Tx(M), ⟨⋅, ⋅⟩T ) ≅ O(p + 1, q + 1).
For a general associated tractor bundle E = P1 ×(P,ρ) V , fixing a metric g ∈ c leads to
a reduction of P1 to Pg and an isomorphism E ≅ Pg ×(O(p,q),ρ) V . We want to find the
description of ∇nc under this isomorphism. To this end, let W be any of the bundles
TM ≅ Pg ×(O(p,q),Ad) b−1 , T ∗M ≅ Pg ×(O(p,q),Ad) b1 or so(TM,g) ≅ Pg ×(O(p,q),Ad) so(p, q).
We define an action ρg ∶W → End(E) by
ρg(Θ)t ∶= [u, ρ∗ ([u]−1Θ) [u]−1t] ∈ Ex, (2.22)
where u ∈ Pgx , t ∈ Ex and Θ ∈Wx. This does not depend on the choice of the frame u.
Lemma 2.26 ([BJ10], Prop. 2.2.4) The covariant tractor derivative ∇nc ∶ Γ(E) →
Γ(T ∗M⊗E) on E = P1×(P,ρ)V and its curvature endomorphism Rnc(X,Y ) ∶= [∇ncX ,∇ncY ]−∇nc[X,Y ] are wrt. a metric g ∈ c and the resulting isomorphism E ≅ Pg ×(O(p,q),ρ) V given by
∇ncX = ∇gX + ρg(X) + ρg (Kg(X)) ,
Rnc(X,Y ) = ρg(W g(X,Y )) − ρg(Cg(X,Y )).
Let us apply this again to T (M), i.e. ρ ∶ O(p+1, q+1)→ GL (Rp+1,q+1) being the standard
representation. Restricting ρ to O(p, q) gives rise to the splitting
Rp+1,q+1 ≅ R⊕Rp,q ⊕R,
ae− + Y + be+ ↦ (a, Y, b)
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into threeO(p, q)-representation spaces, whereO(p, q) acts trivially on the two 1-dimensional
subspaces and by matrix action on Rp,q. Thus, fixing g ∈ c leads to a vector bundle iso-
morphism
Φg ∶ T (M) ≅ I− ⊕ TM ⊕ I+ =∶ T (M)g, (2.23)[σg(u), ae− + y + be+]↦ (a, [u, y], b),
where I± ≅ M are trivial line bundles over M which admit globally totally lightlike
sections s± . In particular, we can use Φg to identify sections of T (M) with triples(α,Y, β), where α,β ∈ C∞(M) and Y ∈ X(M). Under this identification, the bundle
metric ⟨(α1, Y1, β1), (α2, Y2, β2)⟩T is given by⟨(α1, Y1, β1), (α2, Y2, β2)⟩T = α1β2 + α2β1 + g(Y1, Y2). (2.24)
We call Φg the g-trivialization of T (M) which allows metric representations of tractors.
Lemma 2.27 ([BJ10], Prop. 2.2.6) Let g ∈ c . Under the identification (2.23), the







X(α) +Kg(X,Y )∇gXY + αX − βKg(X)♯
X(β) − g(X,Y )
⎞⎟⎠ , (2.25)








W g(X1,X2)Y + βCg(X1,X2)♯
0
⎞⎟⎠ . (2.26)
For different metrics g ∈ c the resulting g-trivializations can be identified as follows:
Lemma 2.28 ([BJ10], Prop. 2.2.5) Under a conformal change g̃ = e2σg, transformation












e−σ(α − Y (σ) − 12β ⋅ ∣∣gradgσ∣∣2g
e−σ(Y + β ⋅ gradgσ)
eσβ
⎞⎟⎠ . (2.27)
We now turn to the tractor (k+1)-form bundle Λk+1T (M) and seek for a similar description
of ∇nc ∶ Γ(Λk+1T (M)) → Γ(T ∗M ⊗ Λk+1T (M)) wrt. a metric. As it turns out, having fixed
a metric g ∈ c, allows us to describe tractor forms in terms of usual differential forms
with the help of the following algebraic construction, using the decomposition Rp+1,q+1 ≅
Re− ⊕Rp,q ⊕Re+. Clearly, every form α ∈ Λk+1p+1,q+1 decomposes into
α = e♭+ ∧ α+ + α0 + e♭− ∧ e♭+ ∧ α∓ + e♭− ∧ α− (2.28)
for uniquely determined forms α−, α+ ∈ Λkp,q, α0 ∈ Λk+1p,q and α∓ ∈ Λk−1p,q . Using this decom-
position, the restriction of ρ ∶ O(p + 1, q + 1) → GL (Λk+1p+1,q+1) to O(p, q)↪O(p + 1, q + 1)
defines an isomorphism of O(p, q)-modules,
Λk+1p+1,q+1 ≅ Λkp,q ⊕Λk+1p,q ⊕Λk−1p,q ⊕Λkp,q.
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Consequently, fixing a metric g ∈ c leads to a vector bundle isomorphism
Λk+1T (M) ≅ Pg ×Op,q (Λkp,q ⊕Λk+1p,q ⊕Λk−1p,q ⊕Λkp,q) ≅ (Pg ×Op,q Λkp,q)⊕ ...⊕ (Pg ×Op,q Λkp,q) ,
and thus to a natural g-metric representation of the tractor (k + 1)-form bundle:
ΦgΛ ∶ Λk+1T (M) g→ Λk(M)⊕Λk+1(M)⊕Λk−1(M)⊕Λk(M) =∶ Λk+1T (M)g.
Applying this pointwise yields that each tractor (k+1)-form α ∈ Ωk+1T (M) ∶= Γ (Λk+1T (M))
uniquely corresponds via g ∈ c to a set of differential forms,
ΦgΛ (α) = (α+, α0, α∓, α−) ∈ Ωk(M)⊕Ωk+1(M)⊕Ωk−1(M)⊕Ωk(M). (2.29)
We further introduce the g-dependent projections
projgΛ,+ ∶ Ωk+1T (M)→ Ωk(M)
α ↦ α+, where ΦgΛ (α) = (α+, α0, α∓, α−)
An equivalent way of expressing the g−metric representation is pointwise application of
the isomorphism (2.28) such that
α = s♭− ∧ α− + α0 + s♭− ∧ s♭+ ∧ α∓ + s♭+ ∧ α+, (2.30)
where s± are the lightlike sections in I± induced via g and e±.
Lemma 2.29 Let (M,c) be a conformal manifold with tractor (k + 1)-form bundle
Λk+1T (M) and g ∈ c. The operator ΦgΛ ○ ∇nc ○ (ΦgΛ)−1, i.e. the description of ∇nc ∶
Γ(Λk+1T (M)) → Γ(T ∗M ⊗ Λk+1T (M)) with respect to the identification (2.29) is given by
the following matrix expression:
∇ncX α g=
⎛⎜⎜⎜⎜⎝
∇gX −X⨼ −X♭∧ 0−Kg(X)∧ ∇gX 0 X♭∧− (Kg(X))♯ ⨼ 0 ∇gX −X⨼








Proof. This is an direct application of Lemma 2.26. Let α ∈ Ωk+1T (M) and y ∈ M . We
may write
α(y) = [σg(u), e♭+ ∧ α̂+ + α̂0 + e♭− ∧ e♭+ ∧ α̂∓ + e♭− ∧ α̂−]
for some u ∈ Pgy and a form α̂ ∈ Λk+1p+1,q+1 decomposed as in (2.28). By definition, we
have for κ ∈ {+,0,∓,−} that ακ(y) = [u, α̂κ]. Next, we note that the natural action ○ of
so(p + 1, q + 1) ≅ Λ2p+1,q+1 on ∈ Λk+1p+1,q+1 yields the formulas (cf. [Lei05])
(e♭+ ∧ x♭) ○ (e♭+ ∧ α̂+) = 0,(e♭+ ∧ x♭) ○ α̂0 = −e♭+ ∧ (x⨼α̂0),(e♭+ ∧ x♭) ○ (e♭− ∧ e♭+ ∧ α̂∓) = −e♭+ ∧ x♭ ∧ α̂∓,(e♭+ ∧ x♭) ○ (e♭− ∧ α̂−) = x♭ ∧ α̂− − e♭− ∧ e♭+ ∧ (x⨼α̂+),
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which (2.14) identifies with x ∈ Rp,q, and similarly
(e♭− ∧ z) ○ (e♭+ ∧ α̂+) = z ∧ α̂+ + e♭− ∧ e♭+ ∧ (z♯⨼α̂+),(e♭− ∧ z) ○ α̂0 = −e♭− ∧ (z♯⨼α̂0)(e♭− ∧ z) ○ (e♭− ∧ e♭+ ∧ α̂∓) = e♭− ∧ z ∧ α̂∓,(e♭− ∧ z) ○ (e♭− ∧ α̂−) = 0,





identifies with −z ∈ (Rp,q)∗. Now let X = [u,x] ∈ TM ≅ Pg×(O(p,q),Ad)b−1 and x ∈ b−1 ≅ Rn.
It follows that Kg(X) = [u, z] ∈ T ∗M ≅ Pg ×(O(p,q),Ad) b1 for some z ∈ b1 ≅ (Rn)∗. With
these preparations, we now have by (2.22) that
ρg(X)α(y) = [u,x ∧ α̂− − e♭− ∧ e♭+ ∧ (x⨼α̂+) − e♭+ ∧ (x⨼α̂0) − e♭+ ∧ x♭ ∧ α̂∓] ΦgΛ= ⎛⎜⎜⎜⎝




ρg(Kg(X))α(y) = [e♭− ∧ (z♯⨼α̂0) − e♭− ∧ z ∧ α̂∓ − z ∧ α+ − e♭− ∧ e♭+ ∧ (x⨼α̂+)]
ΦgΛ= ⎛⎜⎜⎜⎝
0−Kg(X) ∧ α+−(Kg(X))♯⨼α+
Kg(X)♯⨼α0 −Kg(X) ∧ α∓
⎞⎟⎟⎟⎠(y).
From these formulas, the Proposition follows immediately with Lemma 2.26. ◻
Finally, we give the behaviour of projgΛ,+ under a conformal change:
Lemma 2.30 Let α ∈ Ωk+1T (M) be a tractor (k + 1)−form on (M,c). Fix g ∈ c and
g̃ = e2σg ∈ c and let α+ = projgΛ,+α, α̃+ = proj g̃Λ,+α ∈ Ωk(M). These forms are related by
α̃+ = e(k+1)σα+.
Proof. Using the standard tractor metric, one dualizes the map (2.27) T (g, σ) ∶ T (M)g →T (M)g̃ from Lemma 2.28 to T ∗(g, σ) ∶ T ∗(M)g → T ∗(M)g̃, and extends this naturally to
TΛ,k+1(g, σ) ∶ Λk+1T (M)g → Λk+1T (M)g̃. The construction and (2.27) yield that
α̃+ = proj g̃Λ,+ (TΛ,k+1(g, σ)(s♭+ ∧ α+)) .
The claim follows by straightforwardly unwinding these definitions. ◻
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2.7 First prolongation of a conformal spin structure
We now assume that (M,c) is a conformal spin manifold and the aim of this section is
to present a spinorial analogue of the first prolongation of the conformal frame bundle,
being a first prolongation of the conformal spin bundle Q0+. We again first consider the flat
model for conformal spin structures in signature (p, q). To this end, let B̃+, P̃+, B̃+0 , B̃+1
denote the preimages of the groups (2.21) under λ ∶ Spin+(p+ 1, q + 1)→ SO+(p+ 1, q + 1).
In particular, B̃+ = Spin+(p + 1, q + 1) and B̃0+ ≅ CSpin+(p, q). The Lie algebras of
these groups are isomorphic to those from the corresponding groups (2.21). Here, P̃ + is a
parabolic subgroup with respect to the ∣1∣-grading of so(p+1, q+1) and it is isomorphic to
CSpin+(p, q) ⋉Rn. The pair (B̃+, P̃ +) is the flat model of conformal spin geometry, and
we have B̃+/P̃ + ≅ B+/P+ ≅ Q̂p,q. Therefore, the Cartan geometry (B̃ → B̃/P̃ ≅ Q̂p,q, ω̃MC)
can be viewed as the conformally flat space Ĉp,q equipped with a natural conformal spin
structure (cf. [Lei07]).
Remark 2.31 We view CSpin+(p, q) as a subgroup of Spin+(p+1, q+1) because there is
a uniquely defined embedding (cf. [Lei01], chapter 2) ics ∶ CSpin+(p, q)↪ Spin+(p+1, q+1)









// SO+(p + 1, q + 1)
Given a conformal spin structure (Q0+, p̃i0,M ;CSpin+(p, q)) of (M,c), the first prolongation
is defined to be the set
Q1+ ∶= {H ∣H ⊂ TuQ0+, u ∈ Q0+, df0u(H) ∈ P1+},
and it is equipped with a natural P̃ +-action, given by
H ⋅ p̃ ∶= (df0
u⋅b̃0)−1 (df0u(H) ⋅ λ(p̃)) ⊂ Tu⋅̃b0Q0+,
where H ∈ Q1+, H ⊂ TuQ0+, and p̃ = (̃b0, b̃1) ∈ P̃ + = B̃+0 ⋉ B̃+1 . Moreover, Q1+ comes together
with natural projections
p̃i+ ∶ Q1+ → Q0+, H ↦ u if H ⊂ TuQ0+,
p̃i1 ∶ Q1+ →M, p̃i1 ∶= p̃i0 ○ p̃i+,
and a map
f1 ∶ Q1+ ∋H ↦ df0(H) ∈ P1+.
Lemma 2.32 ([BJ10], section 2.6) The above definitions give rise to a P̃ +-principal




Clearly, Every Cartan connection ω ∈ Ω1(P1+,b) on P1+ uniquely defines a Cartan connec-
tion ω̃ ∈ Ω1(Q1+, spin(p + 1, q + 1)) by
ω̃ ∶= λ−1∗ ○ ω ○ df1. (2.31)
In particular, the normal conformal Cartan connection ωnc on P1+ defines in this way
the normal conformal spin connection ω̃nc on Q1+. Note that this construction is completely
analogous to the metric setting forQg+. In summary, the first prolongation in the conformal
spin setting yields for every g ∈ c the following embeddings and double coverings:
(Qg+;Spin+(p, q)) ↪ (Q0+;CSpin+(p, q)) 1. Prol.↔ (Q1+, ω̃nc) of type (B̃, P̃ )
fg ↓ f0 ↓ f1 ↓ λ ↓(Pg+;SO+(p, q)) ↪ (P0+;CO+(p, q)) 1. Prol.↔ (P1+, ωnc) of type (B,P )
In analogy to Remark 2.24, fixing g ∈ c defines a B̃+0 ≅ CSpin+(p, q) equivariant section
η̃g ∶ Q0+ → Q1+, given by η̃g(q) ∶= ker (ω̃gq) ∈ Q1+, where ω̃g ∈ Ω1(Qg+, spin(p, q)) is canonically
extended to Q0+. Moreover, the choice of g yields a Spin+(p, q) ↪ CSpin+(p, q) reduction
of (Q0+, f0) to (Qg+, fg) with reduction map ι̃g ∶ Qg+ ↪ Q0+ which covers ιg. The composition
then leads to a Spin+(p, q)-equivariant section
σ̃g ∶ Qg+ → Q1+, σ̃g = η̃g ○ ι̃g, (2.32)
which is a ics ∶ Spin+(p, q) → Spin+(p + 1, q + 1)-reduction of Q1+ to Qg+. By construction,






Pg+ σg // P1+
2.8 Spin tractor bundles
Let (M,c) be a conformal spin manifold. Via the real or complex standard spinor repre-
sentation ρ ∶ Spin+(p + 1, q + 1)→ GL(∆p+1,q+1) we obtain an associated tractor bundle,
S(M) ∶= Q1+ ×P̃+ ∆p+1,q+1,
called the (real or complex) spin tractor bundle of (M,c). In complete analogy to the
metric case from section 2.3, one can naturally associate to this bundle a triple
(⟨⋅, ⋅⟩S , cl,∇nc).
Here, ∇nc is induced by ω̃nc as explained for general Cartan geometries10, ⟨⋅, ⋅⟩S is defined
using the Spin+(p+1, q+1)-invariance of ⟨⋅, ⋅⟩∆p+1,q+1 , and the identification of T (M) with a
bundle associated toQ1+ gives rise to the (pointwise) Clifford multiplication X ⋅ψ of sections
10We use the same notation for this covariant derivative as for the covariant derivative on T (M) when no
confusion is likely to occur.
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X ∈ Γ(T (M)) and spinor fields ψ ∈ Γ(S(M)). Compatibility conditions analogous to (2.4)
hold in this case for X,Y ∈ Γ(T (M)), φ,ψ ∈ Γ(S(M)) and Z ∈ X(M):
(X ⋅ Y + Y ⋅X) ⋅ φ = −2⟨X,Y ⟩T ⋅ φ,⟨X ⋅ φ,ψ⟩S = (−1)p+2⟨φ,X ⋅ ψ⟩S ,
Z⟨φ,ψ⟩S = ⟨∇ncZ φ,ψ⟩S + ⟨φ,∇ncZ ψ⟩S ,∇ncZ (Y ⋅ φ) = (∇ncZ Y ) ⋅ φ + Y ⋅ ∇ncZ φ.
In analogy to the treatment from section 2.3, one sees that if half-spinors exist, the spin
tractor bundle decomposes into S(M) = S+(M) ⊕ S−(M), and ∇nc respects this decom-
position as follows from the local formula (2.2), applied to our case.
Fixing g ∈ c yields a reduction ofQ1+ toQg+, leading to an isomorphism S(M) ≅ Qg+×Spin+(p,q)
∆p+1,q+1. This allows a decomposition of S(M) wrt. the metric g ∈ c: Let Q1+ denote the
enlarged Spin+(p + 1, q + 1)-principal bundle. As S(M) ≅ Q1+ ×Spin+(p+1,q+1) ∆p+1,q+1, we
may use g to identify
Qg+ ×ρ○ics ∆p+1,q+1 ≅ S(M),[l, v]↦ [[σ̃g(l), e], v],
where ics ∶ Spin+(p, q)↪ Spin+(p+1, q+1) denotes the natural inclusion, and e ∈ Spin+(p+
1, q + 1) is the neutral element. The decomposition (1.11) of ∆p+1,q+1 induces projections
projg± ∶ S(M) → Q1+ ×Spin+(p,q) Ann(e±), [[σg(l), e], v] ↦ [[σg(l), e], projAnn(e±)v] and a
vector bundle isomorphism
Φ̃g ∶ S(M)→ Sg(M)⊕ Sg(M) = S(M)g,[[σg(l), e], e−w + e+w]↦ [l, ζ(e+w)] + [l, χ(e−w)], (2.33)
which we call the g-metric representation of S(M).
We seek for a description of ∇nc ∶ Γ (S(M)) → Γ (T ∗M ⊗ S(M)) wrt. this identifica-
tion. To this end, let W be one of the bundles TM,T ∗M or so(TM,g). Analogously to
(2.22), W acts on S(M) via
ρ̃g(Θ)t ∶= [ũ, ρ∗ (λ−1∗ ([u]−1Θ)) [ũ]−1t] ∈ Sx(M), (2.34)
where Θ ∈ Wx, t ∈ Sx(M), ũ ∈ Qgx and u = fg(ũ) ∈ Pgx . The spinorial analogue of Lemma
2.26 then reads as follows:
Lemma 2.33 ([BJ10]) The covariant derivative ∇nc ∶ Γ (S(M)) → Γ (T ∗M ⊗ S(M))
and its curvature are wrt. a metric g ∈ c given by
∇ncX = ∇SgX + ρ̃g(X) + ρ̃g (Kg(X)) ,
Rnc(X,Y ) = ρ̃g(W g(X,Y )) − ρ̃g(Cg(X,Y )). (2.35)
We give a more explicit description:
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Proposition 2.34 The g-metric representation of the covariant derivative ∇nc onS(M), i.e. the map Φ̃g ○ ∇nc ○ (Φ̃g)−1 is given by
∇ncX (ϕφ) = ( ∇SgX −X ⋅1
2K
g(X)⋅ ∇SgX )(ϕφ) .
Proof. It is known from [Fis13] that the inverse of λ∗ ∶ spin(p+ 1, q + 1)→ so(p+ 1, q + 1)
applied to x ∈ b−1 ≅ Rp,q and z ∈ b1 ≅ (Rp,q)∗ is
λ−1∗ (x) = −12x ⋅ e+,
λ−1∗ (z) = +12z ⋅ e−.
Let X = [u,x] ∈ TM ≅ Pg ×Ad b−1 for some u ∈ Pgy and x ∈ b−1. Then there is z ∈
T ∗M ≅ Pg ×Ad b1 with Kg(X) = [u, z]. Let (ϕφ) ∈ Γ(Sg ⊕ Sg). We find w ∈ ∆p+1,q+1 such
that ϕ(y) = [ũ, ζ(e+ ⋅ w)] and φ(y) = [ũ, χ(e− ⋅ w)], where fg(ũ) = u, i.e. we have for
ψ ∶= (Φ̃g)−1 ((ϕ
φ
)) that ψ(y) = [[σ̃g(ũ), e], e− ⋅w + e+ ⋅w]. It follows that
ρ̃g(X)ψ(y) = [ũ,−1
2
x ⋅ e+ ⋅ (e− ⋅w + e+ ⋅w)] = [ũ,−1
2
x ⋅ e+ ⋅ e− ⋅w] ,
ρ̃g(Kg(X))ψ(y) = [ũ, 1
2
z ⋅ e− ⋅ (e− ⋅w + e+ ⋅w)] = [ũ, 1
2
z ⋅ e− ⋅ e+ ⋅w] .
Consequently, ρ̃g(X) + ρ̃g(Kg(X)) = [ũ,−12 ⋅ (e+ + e−) ⋅ (e− ⋅ x ⋅w − e+ ⋅ z ⋅w)], and thus
Φ̃g((ρ̃g(X) + ρ̃g(Kg(X)))ψ) = ([ũ,−12 ⋅ χ(e− ⋅ e+ ⋅ e− ⋅ x ⋅w)][ũ, 12χ(e− ⋅ e+ ⋅ z ⋅w)] ) = ([ũ,−x ⋅ χ(e− ⋅w)][ũ, 12z ⋅ ζ(e+ ⋅w)])= ( −X ⋅ φ1
2 ⋅Kg(X) ⋅ ϕ) .
From this and Lemma 2.33 the desired formula follows immediately. ◻
The spinorial analogue of Lemma 2.30 reads as follows:
Lemma 2.35 ([Fis13]) Let ψ ∈ Γ(S(M)) be a spin tractor on a conformal manifold(M,c). Fix g ∈ c and g̃ = e2σg ∈ c and let ϕ = Φ̃g(projg+ψ) and φ = Φ̃g̃(proj g̃+ψ) denote the
spinor fields corresponding to ψ with respect to g and g̃. Then these spinors are related by
φ = eσ2 ϕ̃,
and their Dirac operators satisfy
Dg̃φ = e−σ2 (n
2
⋅ gradgσ ⋅ ϕ +Dgϕ)̃ .
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Throughout this whole chapter, let (M,c) denote a space-and time oriented conformal
spin manifold with g ∈ c a metric in the conformal class. The aim of this chapter is
the proof of a (partial) classification result for pseudo-Riemannian geometries admitting
twistor spinors in arbitrary signature. In the Riemannian case this problem can be viewed
as solved:
Theorem 3.1 ([BFGK91]) Let (Mn, g) be a Riemannian spin manifold of dimension≥ 3 admitting a nontrivial twistor spinor ϕ ∈ Γ(Sg). Then the following hold:
1. The zero set zero(ϕ) is a discrete subset of M and (M/zero(ϕ), g̃ = 1∣ϕ∣4 g) is an
Einstein manifold of non-negative scalar curvature scalg̃. If scalg̃ = 0, then 1∣ϕ∣ ϕ̃ is
parallel on (M/zero(ϕ), g̃). This is the case if zero(ϕ) ≠ ∅. In case scalg̃ > 0, the
spinor ϕ has no zeroes and 1∣ϕ∣ ϕ̃ is a sum of two Killing spinors.
2. Let (M,g) be a compact Riemannian spin manifold. Then there is a rescaled metric
g̃ of constant scalar curvature such that under the canonical map ∶̃ Sg → S g̃ twistor
spinors precisely correspond to (linear combinations of) Killing spinors on (M, g̃).
There are further important classification results in the Lorentzian case ([BL04, Lei01,
Lei07]), which we are going to recall in this chapter, and some results about twistor
spinors in low dimensions (cf. [DW07, HS11a, HS11b]). Apart from this, the classification
problem for twistor spinors is widely open. Clearly, every parallel spinor on (M,g) is
a twistor spinor. Geometries admitting parallel spinors have been widely studied. In
general, if ϕ ∈ Γ(Sg) is a parallel spinor, we have that (cf. [Bau81])
Ric(X) ⋅ ϕ = 0 ∀X ∈ X(M). (3.1)
In particular, (M,g) is Ricci-isotropic, i.e. the image of Ricg ∶ TM → TM is totally
lightlike.
Theorem 3.2 ([Kat99]) Let (Mp,q, g) be a simply-connected, non locally symmetric,
irreducible pseudo-Riemannian spin manifold of dimension n = p + q and let K be the
dimension of the space of parallel spinors in Γ(SgC) of M . Then K > 0 iff the holonomy
representation of (M,g) is (up to conjugation in SO(p, q)) one of the following1:
1. SU(r, s) ⊂ SO(2r,2s), n = 2(r + s), p = 2r⇒K = 2
2. Sp(r, s) ⊂ SO(4r,4s), n = 4(r + s), p = 4r⇒K = r + s + 1
3. G2 ⊂ SO(7), n = 7, p = 0⇒K = 1
1For definitions of the groups appearing in this Theorem and realizations as subgroups of SO(p, q), we
refer to [Kat99, Bau09] and references therein.
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4. G2,2 ⊂ SO(4,3), n = 7, p = 4⇒K = 1
5. GC2 ⊂ SO(7,7), n = 14, p = 7⇒K = 2
6. Spin(7) ⊂ SO(8), n = 8, p = 0⇒K = 1
7. Spin+(4,3) ⊂ SO(4,4), n = 8, p = 4⇒K = 1
8. Spin(7)C ⊂ SO(8,8), n = 16, p = 8⇒K = 1
Moreover, one can give the chiral and causal type of the parallel spinors.
Furthermore, [Kat99] discusses parallel pure spinors in split signature and [BLL12] de-
scribes full holonomy groups of Lorentzian manifolds with parallel null spinor. Our first
goal in the classification of geometries admitting twistor spinors is to distinguish those
twistor spinors which are parallel wrt. some metric in the conformal class. The further
study of such geometries is then reduced to the investigation of pseudo-Riemannian ge-
ometries admitting parallel spinors which is not the main purpose of this thesis. We are
more interested in conformal admitting true twistor spinors, i.e. twistor spinors which can-
not be rescaled to parallel spinors (not even locally).
To this end, we show how the classification problem for twistor spinors is related to the
classification problem for conformal holonomy groups Hol(M,c). We then prove a classi-
fication result for reducible conformal holonomy representations which applied to twistor
spinors precisely distinguishes those which are equivalent to parallel spinors. Finally, we
give a partial classification result for manifolds admitting true twistor spinors in terms of
conformal holonomy.
3.1 Twistor spinors and parallel tractors
We have introduced twistor spinors ϕ ∈ ker P g wrt. a metric g and studied their elemen-
tary properties in the previous chapter. Propositions 2.34 and 2.12 immediately yield an
important reinterpretation of twistor spinors in terms of conformal Cartan geometry:
Theorem 3.3 Let (M,c) be a connected, space- and time-oriented conformal spin man-
ifold of dimension n ≥ 3. For any metric g ∈ c, the vector spaces of twistor spinors
ker P g ⊂ Γ(Sg) and parallel sections in Γ(S(M)) are naturally isomorphic via
Φ̃ker P g ∶ ker P g → Γ(Sg(M)⊕ Sg(M)) (Φ̃g)−1≅ Γ(S(M))
ϕ↦ ( ϕ− 1nDgϕ) (Φ̃
g)−1↦ ψ ∈ Par(S(M),∇nc),
i.e. a spin tractor ψ ∈ Γ(S(M)) is parallel iff for one (and hence for all) g ∈ c, it holds
that ϕ ∶= Φ̃g (projg+ψ) ∈ ker P g, and in this case one has Φ̃g (projg−ψ) = − 1nDgϕ.
We will henceforth always identify for a fixed metric the spaces Par(S(M),∇nc) and
ker P g by means of Theorem 3.3. There is a canonical way of associating other parallel
tractors to a twistor spinor which we shall exploit in this section. First, let ϕ1,2 ∈ Γ(Sg)
and ψ1,2 ∈ Γ(S(M)) be arbitrary spinor fields. The algebraic construction from section 1.4
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can be made global by defining the following forms αkψ1,ψ2 ∈ ΩkT (M) and αkϕ1,ϕ2 ∈ Ωk(M)
for every k ∈ N (as done in [Lei05, Lei09]):
⟨αkψ1,ψ2 , α⟩T ∶= dk,p+1 (⟨α ⋅ ψ1, ψ2⟩S) ∀ α ∈ ΩkT (M),
g(αkϕ1,ϕ2 , α) ∶= dk,p (⟨α ⋅ ϕ1, ϕ2⟩Sg) ∀ α ∈ Ωk(M). (3.2)
Remark 3.4 The maps d ∶ K → K are to be interpreted as in section 1.4. We set
αkψ ∶= αkψ,ψ. Furthermore, if ψ ∈ Γ(S(M)) is locally given by ψ(x) = [ũ(x), η(x)] for a
local section ũ ∶ U → Q1+ and a smooth map η ∶ U → ∆p+1,q+1, then αkψ is locally given
by αkψ(x) = [u(x), αkη(x)], where u = f1 ○ ũ. Note moreover that the algebraic properties
of algebraic Dirac forms from section 1.4 directly translate into corresponding pointwise
properties of αkψ and α
k
ϕ.
Proposition 3.5 Let (Mp,q, c) be a conformal spin manifold and let ψ1,2 ∈ Par(S(M),∇nc).
Then for each k ∈ N, the tractor k−form αkψ1,ψ2 is parallel wrt. ∇nc.
Proof. Let X ∈ X(M) be arbitrary. We have for all α ∈ ΩkT (M) that
X⟨αkψ1,ψ2 , α⟩T = dk,p+1 (X⟨α ⋅ ψ1, ψ2⟩S)= dk,p+1 (⟨(∇ncX α) ⋅ ψ1, ψ2⟩S + ⟨α ⋅ ∇ncX ψ1, ψ2⟩S + ⟨α ⋅ ψ1,∇ncX ψ2⟩S)= dk,p+1 (⟨(∇ncX α) ⋅ ψ1, ψ2⟩S) ,
where the constant is nonzero. Consequently,
⟨∇ncX αkψ1,ψ2 , α⟩T + ⟨αkψ1,ψ2 ,∇ncX α⟩T = dk,p+1 (⟨(∇ncX α) ⋅ ψ1, ψ2⟩S) . (3.3)
We now fix x ∈M . The fact that ∇nc⟨⋅, ⋅⟩T = 0 allows the choice of a pseudo-orthonormal
basis frame (s0..., sn+1) in T (M) around x which is parallel in x. It follows that also∇ncX (s♭i1 ∧ ... ∧ s♭ik) = 0 at x. Then, (3.3) reads ⟨∇ncX αkψ1,ψ2 , s♭i1 ∧ ... ∧ s♭ik⟩T (x) = 0 for all
1 ≤ i1 < ... < ir ≤ n, and therefore ∇ncX αkψ1,ψ2(x) = 0. ◻
Remark 3.6 A completely analogous proof reveals the well-known fact that on a
pseudo-Riemannian spin manifold (M,g) admitting a parallel spinor ϕ ∈ Γ(Sg) the forms
αkϕ are parallel for every k ∈ N.
In general, we call every parallel tractor (k + 1)-form α ∈ Par(Λk+1T (M),∇nc) ⊂ Ωk+1T (M),
i.e ∇ncα = 0, a twistor-(k + 1)-form. Proposition 3.5 motivates us to study general prop-
erties of twistor forms. As a direct consequence of Lemma 2.29 we note that for every
g ∈ c the requirement ∇ncα = 0 is equivalent to the following conditions on ΦgΛ (α) =(α+, α0, α∓, α−) ∈ Ωk(M)⊕Ωk+1(M)⊕Ωk−1(M)⊕Ωk(M):∇gXα+ −X⨼α0 −X♭ ∧ α∓ = 0,−Kg(X)♭ ∧ α+ +∇gXα0 +X♭ ∧ α− = 0,−Kg(X)⨼α+ +∇gXα∓ −X⨼α− = 0,
Kg(X)⨼α0 −Kg(X)♭ ∧ α∓ +∇gXα− = 0.
(3.4)
As it turns out, all these forms can be expressed in terms of α+ only, namely a straight-
forward calculation as carried out in [Lei05] yields
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dα+ = (k + 1)α0,
d∗α+ = −(n − k + 1)α∓,
α− = ◻kα+, (3.5)
whereby we have set
◻k ∶= ⎧⎪⎪⎨⎪⎪⎩
1




k+1(d∗d + dd∗) +∑ni=1 i (si⨼(Kg(si)♭ ∧ ⋅) − s♭i ∧ (Kg(si)⨼⋅))) , n = 2k.
Here, s = (s1, ..., sn) is a local section of Pg and ∇∗ denotes the formal adjoint of ∇ = ∇g.
With the so derived expressions for the components of a normal twistor form with respect
to a metric, we can can express the conformally covariant equations (3.4) in terms of α+
only: ∇gXα+ − 1k + 1X⨼dα+ + 1n − k + 1X♭ ∧ d∗α+ = 0,−Kg(X)♭ ∧ α+ + 1
k + 1∇gXdα+ +X♭ ∧ ◻kα+ = 0,
Kg(X)⨼α+ + 1
n − k + 1∇gXd∗α+ +X⨼ ◻k α+ = 0,
1
k + 1Kg(X)⨼dα+ + 1n − k + 1K(X)♭ ∧ d∗α+ +∇gX ◻k α+ = 0.
(3.6)
A differential form α+ ∈ Ωk(M) is called a normal conformal Killing k-form (or shorty, a
nc-Killing form), if it satisfies the equations (3.6). We denote the set of these forms by
Ωknc,g(M) . Only considering the first equation in (3.6) leads to conformal Killing forms
as studied in great detail in [Sem01]. A conformal Killing form which is closed for some
metric g ∈ c is called a Killing form for (M,g). In summary, one has a relation between
twistor (k+1)-forms and nc-Killing k−forms wrt. g ∈ c which can be viewed as the analogue
of Theorem 3.3 on the space of forms.
Theorem 3.7 Let (Mp,q, c) be a conformal manifold. The choice of g ∈ c leads to a
natural isomorphism
Par (Λk+1T (M),∇nc)→ Ωknc,g(M),
α ↦ projgΛ,+(α),
where the inverse is given by α+ ↦ (ΦgΛ)−1 (α+, 1k+1dα+,− 1n−k+1d∗α+,◻kα+).
The existence of nontrivial twistor forms has many interesting implications on the (local)
geometry of M . This is elaborated on in full detail in [Lei05] and [Lei07]. We later need
the following result: We say that a (nontrivial) form σ ∈ Λrp,q is totally lightlike, if it is
decomposable, i.e. σ = σ1 ∧ ...∧ σr, and the σi are mutually orthogonal and can be chosen
to be lightlike2.
Lemma 3.8 ([Lei05]) Let αk+1 ∈ Ωk+1P1 (M) be a decomposable twistor (k + 1)-form with
totally lightlike nc-Killing form αk+ = projgΛ,+(α)3. Then there is locally around each point
a metric g̃ ∈ c with ∇g̃α̃k− = 0.
2Clearly, these properties do not depend on the particular choice of the σi
3Note that by Lemma 2.30 this requirement does not depend on the choice of g ∈ c
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We turn again to twistor spinors. Let ψ ∈ Par (Λk+1T (M)), g ∈ c and ϕ ∶= Φ̃g (projg+ψ) ∈
ker P g. It has been shown in [Lei09]4 that there are constants cik,p ≠ 0 for i = 1,2 such that
projgΛ,+ (αk+1ψ ) = c1k,p ⋅ αkϕ and projgΛ,− (αk+1ψ ) = c2k,p ⋅ αkDgϕ. (3.7)
In particular, (3.7) reveals that for every twistor spinor ϕ ∈ ker P g, the forms αkϕ are nc-
Killing forms. Together with the conformal transformation behaviour from Lemma 2.30
and 2.35 under a change g̃ = e2σg, this may be visualized in the following commutative
diagram:
ϕ ∈ ker P g (Φ̃g○projg+)−1//
nc-Killing






2 ϕ̃ ∈ ker P g̃
nc-Killing

c1k,p ⋅ αkϕ ∈ Ωknc,g(M)(projgΛ,+)−1// αk+1ψ ∈ Ωk+1T (M) projg̃Λ,+// c1k,p ⋅ e(k+1)σαkϕ ∈ Ωknc,g̃(M)
Remark 3.9 Consider the special case of a twistor 2-form α ∈ Ω2T (M). Then (3.6)
yields that for g ∈ c, the vector field Vα ∶= Vα+ ∶= (projgΛ,+α)♯ is a normal conformal vector
field, i.e. the dual of a nc-Killing 1-form. By Lemma 2.30, Vα does not depend on the
choice of g ∈ c. We denote the space of all normal conformal vector fields on (M,g) by
Xnc(M). [Raj06] shows that for a vector field V being normal conformal is equivalent to
being conformal, V ∈ Xc(M), and to satisfy in addition that
V ⨼W g = 0, V ⨼Cg = 0. (3.8)
If α = α2ψ1,ψ2for parallel spin tractors ψ1, ψ2, we obtain in this way the conformal vector
field Vϕ1,ϕ2 associated to ϕ1,2 ∶= Φ̃g(projg+ψ1,2) ∈ ker P g, which is locally given by
Vϕ1,ϕ2 = n∑
i=1 id1,p (⟨si ⋅ ϕ1, ϕ2⟩Sg) si.
Properties of Vϕ and their relations to Lorentzian conformal structures admitting twistor
spinors have been intensively studied in [Lei01, BL04, Lei07], for instance.
3.2 Holonomy reductions imposed by a twistor spinor
Let (M,c) be a conformal spin manifold with first prolongation f1 ∶ Q1+ → P1+. De-
note by Q1+ and P1+ the extended bundles with structure group Spin+(p + 1, q + 1) and
SO+(p + 1, q + 1), respectively. f1 naturally extends to a double covering f1 ∶ Q1+ → P1+,
yielding a λ−reduction of P1+ to Q1+. Further, denote by ωnc ∈ Ω1 (P1+, so(p + 1, q + 1)) and
ω̃
nc ∈ Ω1 (Q1+, spin(p + 1, q + 1)) the principal bundle connections naturally induced by the
normal conformal Cartan connection ωnc. The following Proposition can be viewed as a
conformal analogue of a similar fact in the metric case as known from [Kat99].
4In fact, the reference proves (3.7) only for the Lorentzian case, but a generalization to arbitrary signature
is straightforward.
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Proposition 3.10 Let ũ ∈ Q1+ and let u ∶= f1(ũ) ∈ P1+. Then the associated holonomy
groups are related by
Holu (ωnc) = λ (Holũ (ω̃nc)) .
Proof. For x ∈ M and γ ∶ [a, b] → M a loop which closes in x, let γ∗̃u ∶ [a, b] → Q1+
and γ∗u ∶ [a, b] → P1+ denote the horizontal lifts with starting points ũ and u = f1(ũ),
respectively. We claim that f
1 (γ∗̃u) = γ∗u. To this end, we observe that
1. piP1+ (f1 (γ∗̃u(t))) = piQ1+ (γ∗̃u(t)) = γ(t) for all t ∈ [a, b],
2. f
1 (γ∗̃u(a)) = f1(ũ) = u,
3. ωnc ( ddtf1 (γ∗̃u) (t)) = ωnc (df1 ( ddtγ∗̃u(t))) = λ∗ (ω̃nc ( ddtγ∗̃u(t))) = 0.
Consequently, the claim concerning γ∗u follows from the uniqueness of the horizontal lift.
Now we consider parallel displacement P along γ. By definition, we have that
Pω
nc
γ (u) = γ∗u(b) = f1 (γ∗̃u(b)) = f1 (P ω̃nc(ũ)) ,
i.e. Pω
nc
γ ○ f1 = f1 ○ P ω̃ncγ . Consequently,
P ω̃
nc
γ (ũ) = ũ ⋅ g̃⇔ Pωncγ (u) = f1(ũ ⋅ g̃) = u ⋅ λ(g̃).
With the definition of the holonomy groups the claim follows immediately. ◻
Remark 3.11 The holonomy principle leads to an isomorphism
Par (S(M),∇nc) ≅→ Vũ ∶= {v ∈ ∆p+1,q+1 ∣Holũ (ω̃nc) v = v}.
Moreover, holũ (ω̃nc) Prop. 3.10= λ−1∗ holu (ωnc), and if M is simply-connected, we deduce that
Vũ = Vhũ ∶= {v ∈ ∆p+1,q+1 ∣ (λ−1∗ holu (ωnc)) (v) = 0}. (3.9)
Using that Holx(M,c) ≅ Holũ (ω̃nc), where u ∈ P1x, this opens up a conceptual way to
determine the space of twistor spinors on a given conformal spin manifold: For given (M,c)
the space of parallel spin tractors (or twistor spinors when g ∈ c is fixed) is in bijection
to the space of spinors which are fixed by the lift of Hol(M,c) to Spin+(p + 1, q + 1), and
in case of M being simply-connected this space can be identified -up to conjugation- with
the kernel
Vhol(M,c) ∶= {v ∈ ∆p+1,q+1 ∣ (λ−1∗ hol(M,c)) ⋅ v = 0}. (3.10)
(3.10) indicates a strong relation between the classification problem for geometries admit-
ting twistor spinors and the classification of possible conformal holonomy groups. Unfor-
tunately, there is except from the Riemannian case (cf. [Arm07]) no complete classification
of possible conformal holonomy groups available.
However, let us now apply the above strategy in order to determine the space of twistor
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spinors to a situation where all possible holonomy groups are known: To state this, note
that the standard matrix action of a subgroup H ⊂ O(p+1, q+1) induces a natural action
on the conformal Mo¨bius sphere Qp,q, the projectivized null-cone in Rp+1,q+1. We call a
conformal holonomy group transitive if this action is transitive (cf. [Alt12], chapter 1).
Theorem 3.12 ([Alt12, ASL14]) Let H = Hol(M, [g]) ⊂ O(p + 1, q + 1) be a connected
conformal holonomy group for a conformal manifold of signature (p, q), n = p + q ≥ 3, and
assume that H acts transitively on the conformal Mo¨bius sphere. If H acts irreducibly on
Rp+1,q+1, then it is isomorphic to one of the following:
1. SO+(p + 1, q + 1) for all p, q
2. SU(k + 1,m + 1) for p = 2k + 1, q = 2m + 1
3. Sp(1)Sp(k + 1,m + 1) for p = 4k + 3, q = 4m + 3
4. Sp(k + 1,m + 1) for p = 4k + 3, q = 4m + 3
5. Spin+(1,8) for p = q = 7
6. Spin+(4,3) for p = q = 3
7. G2,2 for p = 3, q = 2
We can completely describe the space of complex twistor spinors ker P g ⊂ Γ(SgC) for these
special conformal holonomies:
Theorem 3.13 Let (M,c) be a simply-connected conformal spin manifold of signature(p, q) with p + q ≥ 3. Assume that Hol(M,c) acts transitively on Qp,q and irreducibly on
Rp+1,q+1. Let g ∈ c. Then N ∶=dim ker P g > 0 if and only if the conformal holonomy
representation H ∶=Hol(M,c) of M is (up to conjugation in SO+(p+ 1, q + 1)) one in the
list given below:
1. H = SU(k + 1,m + 1) for p = 2k + 1, q = 2m + 1. Then N = 2. There exists a basis{ϕ1, ϕ2} of ker P g such that ϕ1, ϕ2 ∈ Γ(Sg+) or ϕ1, ϕ2 ∈ Γ(Sg−) if k + m is even,
ϕ1 ∈ Γ(Sg+), ϕ2 ∈ Γ(Sg−) if k +m is odd.
2. H = Sp(k+1,m+1) for p = 4k+3, q = 4m+3. Then N = k+m+3. We have moreover
that ker P g ⊂ Γ(Sg+) or ker P g ⊂ Γ(Sg−).
3. H = Spin+(4,3) for p = q = 3. Then N = 1. There is a nontrivial real twistor
half-spinor ϕ satisfying ⟨ϕ,Dgϕ⟩Sg = const. ≠ 0.
4. H = G2,2 p = 3, q = 2. Then N = 1 and there is a nontrivial real twistor spinor ϕ
satisfying ⟨ϕ,Dgϕ⟩Sg = const. ≠ 0.
Proof. The proof is a direct application of the procedure we have just described: All
one has to do is to go through the list from Theorem 3.12 and determine the kernel
Vhol(M,c) ⊂ ∆Cp+1,q+1 (cf. (3.10)). This leads to computations which are pure linear algebra,
in fact they have already been carried out in the proof of Theorem 3.2 in [Kat99] for
the pseudo-Riemannian Berger list when studying pseudo-Riemannian holonomy groups
admitting parallel spinors. One finds that
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1. Vso(p+1,q+1) = {0}.
2. Vsu(k+1,m+1) is 2-dimensional. If k+m is even, we have that Vsu(k+1,m+1) is contained
in either ∆C,+p+1,q+1 or ∆C,−p+1,q+1, whereas in case k+m odd, Vsu(k+1,m+1) contains spinors
of both chiralities.
3. Vsp(1)⊕sp(k+1,m+1) = {0}.
4. Vsp(k+1,m+1) is k +m + 3−dimensional and contained in either ∆C,+p+1,q+1 or ∆C,−p+1,q+1.
5. Vspin(1,8) = {0}. This case is not covered by [Kat99]5 and verified by a direct
straightforward calculation using the realisation of the maximal compact subgroup
Spin(8) ⊂ Spin(1,8) ⊂ SO(8,8) from [Bry00].
6. Vspin(4,3) is one-dimensional. There is a real structure on ∆C4,4 and Vspin(4,3) contains
a nonzero real spinor ψ ∈ ∆R,±4,4 which additionally satisfies ⟨ψ,ψ⟩∆R4,4 ≠ 0.
7. Vg2,2 is one-dimensional. There is a real structure on ∆
C
4,3 and Vg2,2 contains a
nonzero real spinor ψ ∈ ∆R4,3 which additionally satisfies ⟨ψ,ψ⟩∆R4,3 ≠ 0.
Remark 3.11 and the holonomy principle directly translate these algebraic properties of the
holonomy representation into the existence of twistor spinors as claimed in the Theorem.
The fact that the real twistor spinors ϕ ∈ Γ(Sg) in the last two cases satisfy ⟨ϕ,Dgϕ⟩Sg =
const. ≠ 0 is proved in [HS11a]. ◻
Remark 3.14 The geometric meanings of the conformal holonomy groups appearing in
Theorem 3.13 are well-understood: Special unitary conformal holonomy means that there
is locally a Fefferman spin space over a strictly pseudoconvex spin manifold in the confor-
mal class (cf. [BJ10, Lei07]) for which the existence of global twistor spinors is well-known
and can also be derived without using conformal tractor calculus (cf. [Bau99]). Conformal
structures with Hol(M,c) ⊂ Sp(k+1,m+1) were studied in detail in [Alt08]. The models
of such manifolds are S3-bundles over a quaternionic contact manifold equipped with a
canonical conformal structure. Moreover, conformal holonomy sitting in G2,2 is studied in
[HS11a]. These geometries can be equivalently characterized by the existence of a generic
2-distribution on a 5-dimensional manifold. Similarly, the case Hol(M,c) ⊂ Spin+(4,3)
which is discussed in [HS11a, Bry00] is completely described in terms of a generic 3-
distribution on a 6-dimensional manifold M of split signature. We will elaborate on the
last two cases in chapter 5 where we also present solutions to non-generic cases, i.e. ge-
ometries admitting twistor spinors satisfying ⟨ϕ,Dgϕ⟩ = 0, in these signatures.
Remark 3.15 A complete classification of irreducibly acting conformal holonomy groups
is hindered by the circumstance that hol(M,c) does not satisfy helpful algebraic proper-
ties, such as being a Berger algebra as in case of metric holonomy algebras, which could
reduce the classification problem to a finite list of possible algebras.
5Note that Spin+(1,8) ⊂ SO+(8,8), cf. [Alt12] for more details, does not appear in the pseudo-
Riemannian Berger list. It is yet unclear whether it can be realized as conformal holonomy group.
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3.3 Reducible conformal holonomy
So far we have only considered irreducible conformal structures admitting twistor spinors.
Let us now turn to a special situation where Hol(M,c) acts reducible with a fixed totally
lightlike subspace and describe possible local geometries in these cases. To this end, let
ψ ∈ Γ(S(M)) be a parallel spin tractor. We set
ker ψ(x) ∶= {v ∈ Tx(M) ∣ v ⋅ ψ(x) = 0}. (3.11)
Performing this for every point yields a totally lightlike distribution ker ψ ⊂ T (M). It is
moreover parallel wrt. ∇nc, and henceforth of constant rank, since Y ∈ Γ(ker ψ) and X ∈
X(M) implies that 0 = ∇ncX (Y ⋅ψ) = (∇ncX Y ) ⋅ψ. In terms of conformal holonomy, this can
be equivalently expressed as follows: Let ũ ∈ Q1+ and v ∈ ∆p+1,q+1 ∈ Vũ be the Holũ (ω̃nc)-
invariant spinor associated to ψ. It follows that ker v = {l ∈ Rp+1,q+1 ∣ t ⋅ v = 0} ⊂ Rp+1,q+1 is
Hol
f
1(ũ) (ωnc)-invariant, and by parallel displacement, this holonomy invariant subspace
precisely gives us ker ψ. We now consider the case where this construction is nontrivial,
i.e. we assume that
ker ψ ≠ {0}. (3.12)
Consequently, every parallel spin tractor ψ satisfying (3.12), naturally gives rise to a
distinguished totally lightlike subspace fixed by the holonomy representation,
Holx(M,c) ker ψ(x) ⊂ ker ψ(x), (3.13)
and we want to understand the geometric implications of (3.13).
As a digression, (3.13) motivates us to consider and classify the more general situation of
conformal manifolds admitting reducible conformal holonomy6. Let us first review some
known facts:
Theorem 3.16 ([BJ10], Prop. 2.3.2) Let (M,c) be a simply-connected conformal man-
ifold of dimension ≥ 3 and suppose that there is a Holx(M,c)-invariant 1-dimensional
subspace V 1 ⊂ Tx(M) ≅ Rp+1,q+1. Then we distinguish the following cases:
 V 1 is spacelike: There exists an Einstein metric g ∈ c∣M̃ on an open dense subset
M̃ ⊂M with scalg < 0.
 V 1 is timelike: There is an Einstein metric g ∈ c∣M̃ on an open dense subset M̃ ⊂M
with scalg > 0.
 V 1 is lightlike: There is a Ricci-flat metric in c at least outside a singular set.
Conversely, if there is an Einstein metric g in the conformal class, then there exists a
Hol(M,c)-invariant vector v ∈ Rp+1,q+1/{0} with sgn ⟨v, v⟩p+1,q+1 = −sgn scalg.
In view of Theorem 3.16, we review an ambient metric construction for Einstein spaces
which relates their conformal holonomy to metric holonomy, following [BJ10, Lei01]: Let
6In the following results concerning conformal holonomy, the manifold need not be conformally spin.
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(M,g) be an Einstein space of dimension n = p+ q ≥ 3 with scalar curvature scalg ≠ 0, and
let (C(M), gC) denote the metric cone C(M) ∶= R+ ×M over (M,g) with the Ricci-flat
metric
(gC)(t,x) ∶= sgn(scalg)( scalg
n(n − 1) t2gx + dt2) . (3.14)
We then have that
Holx(M, [g]) ≅Hol(1,x)(C(M), gC) ⊂ O(p + 1, q + 1). (3.15)
If (M,g) is a Ricci-flat Einstein space, it holds that
Holx(M, [g]) =Holx(M,g) ⋉Rn−k ⊂ O(p + 1, q + 1), (3.16)
where k denotes the number of linearly independent parallel vector fields on (M,g).
There is the following conformal analogue of the local de Rham splitting Theorem for
pseudo-Riemannian manifolds:
Theorem 3.17 ([Lei07],chapter 1;[BJ10],Thm.2.3.2) Let (M,c) be a simply-connected
conformal manifold of signature (p, q) with n = p + q ≥ 3 and suppose that there is a
k−dimensional, nondegenerate, Holx(M,c) invariant subspace V k ⊂ Tx(M) ≅ Rp+1,q+1,
where 2 ≤ k ≤ n. Then there is an open, dense subset M̃ ⊂M , satisfying that for all z ∈ M̃
there is a neighbourhood U(z) and a metric g ∈ c∣U(z) such that (U(z), g) is isometric to
a product (M1, g1) × (M2, g2) of Einstein spaces of dimensions k − 1 and n − (k − 1). If
k ≠ 2, n, then the scalar curvatures are related by
scalg1 = − (k − 1)(k − 2)(n − k + 1)(n − k)scalg2 ≠ 0.
Let (Mi, gi) have signature (pi, qi) and assume that dim Mi ≥ 3. Assume moreover wlog.
that scalg1 > 0. Then the following holds up to conjugation in O(p + 1, q + 1):
Hol(U(z), c) ≅ Hol(M1, [g1])´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶⊂O(p1,q1+1)⊂O(p1+1,q1+1)× Hol(M2, [g2])´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶⊂O(p2+1,q2)⊂O(p2+1,q2+1) .
Remark 3.18 The last statements together with the algebraic fact that the only con-
nected Lie subgroup of SO(1, n + 1) acting irreducible on R1,n+1 is SO+(1, n + 1) are the
starting points for classification of conformal holonomy groups of simply-connected con-
formal manifolds in the Riemannian case: If Hol0(M,c) ≠ SO+(1, n + 1), there must be a
Hol(M,c) invariant subspace. We can then apply one of the last statements and in the
end one has to classify the conformal holonomy groups of Einstein spaces (M,g) such that[g] cannot be represented by a product metric. This classification is given in [Arm07].
Finally [Lei06] and [LN12a] studies the situation where the conformal holonomy represen-
tation fixes a totally lightlike subspace of dimension 2 and calls the occurring geometries
conformal pure radiation metrics with parallel rays.
Theorem 3.19 Let (M,c) be a pseudo-Riemannian conformal structure of dimension
n ≥ 3. Then Holx(M,c) fixes a totally lightlike nullplane if and only if on an open and
dense subset of M , there is a metric g ∈ c and a null line L ⊂ TM such that L is parallel
wrt. ∇g and Ricg(TM) ⊂ L.
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Consequently, we see that the most involved situation when dealing with non-irreducibly
acting conformal holonomy occurs when Holx(M,c) fixes a totally lightlike subspace of
dimension ≥ 3, as it may occur in the case of parallel spin tractors by (3.13) if p ≥ 2. Up
to now there is no geometric description of this situation. In view of this, the next two
statements close this gap, and together with Theorems 3.16, 3.17 and 3.19 they give a
complete geometric description of conformal structures admitting non-irreducibly acting
conformal holonomy7:
Proposition 3.20 Let (M,c) be a conformal manifold of dimension n ≥ 3 and letH ⊂ T (M) be a totally lightlike distribution of dimension k ≥ 1 which is parallel wrt. the
Cartan connection ∇nc. Then there is an open, dense subset M̃ ⊂M such that for every
point x ∈ M̃ there is an open neighbourhood Ux ⊂ M̃ and a metric g ∈ c∣Ux such that wrt.
the metric identification Φg(cf. (2.23)) H is locally given by

















for lightlike vector fields Ki ∈ X(Ux) which define a conformally invariant distribution
L = span (K1, ...,Kk−1) ⊂ TUx of rank k − 1 on Ux.
Proof. If k = 1,2, this statement is proved in [BJ10] and [LN12a], respectively8. Conse-
quently, we may assume that k ≥ 3. As a preparation, consider for arbitrary g ∈ c the map
Φg ∶ T (M)→ I−⊕TM ⊕I+ = T (M)g. We set I− =∶ I and observe from the transformation
formula (2.27) that this tractor null line which defines the conformal structure does not
depend on the choice of g ∈ c. In this proof, we will for fixed g always identify T (M) withT (M)g without writing Φg explicitly. Moreover, we introduce the g−dependent projection
prTM ∶ T (M) g= I− ⊕ TM ⊕ I+ → TM . Note however, that by (2.27), for every subbundleV ⊂ I− g= I− ⊕ TM , the image prTM (V) ⊂ TM does not depend on the choice of g ∈ c.
We set L ∶= I ∩ H, where  is taken wrt. the standard tractor metric. By (2.24) we






⎫⎪⎪⎪⎬⎪⎪⎪⎭. It follows that
L ∶= prTML ⊂ TM is conformally invariant. With these introductory remarks in mind, the
proof goes as follows:
Step 1: We claim that there is an open, dense subset9 M̃ ⊂M such that rk L∣M̃ = k − 1:
Note that L ≠ {0} as otherwise H would have rank 1. Assume that there is an open set
U in M on which rk L∣U = k. We fix an arbitrary metric g ∈ c. By definition of L, we
have that H ∩ I = L = H on U from which H∣U ⊂ I∣U g= (I− ⊕ TM)∣U follows. Now let
7Note that in case of non-irreducibly acting conformal holonomy with invariant subspace V ⊂ Rp+1,q+1
one either has that V is nondegenerate, which is covered by the previous statements, or one can pass
to a totally lightlike, nontrivial subspace Ṽ ∶= V ∩ V  which is also fixed by the conformal holonomy
representation. This case is solved in full generality in this section.
8Parts of the notations in this proof follow [LN12a].
9In this proof, in order to keep notation short, whenever we restrict our considerations to an open, dense
subset of M we again call it M .
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⎞⎟⎠ ∈ Γ(HU) be an arbitrary section of H. As H is parallel, we must have that∇ncX L ∈ Γ(H∣U) ⊂ Γ(I∣U) for all X ∈ TU . However, by (2.25) we get that
∇ncX L = ⎛⎜⎝
∗∗−g(X,Y )
⎞⎟⎠ ∀X ∈ TU,
which means that Y = 0 and k =rk H = 1. Consequently, there is an open, dense subset
(which we again call M) over which 0 < rk L < k. Now let x ∈M and fix a basis L1, ..., Ls




⎞⎟⎠ ∈ Tx(M) for 1 ≤ l ≤ k − s
such that L1, ..., Ls, Z1, ..., Zk−s is a basis of of Hx. We know that k − s ≥ 1. If k − s > 1 we
may form new basis vectors Z1 +Z2 and Z1 −Z2. However, Z1 −Z2 ∈ Lx. Thus, k − s = 1,
which shows that rk Lx = k − 1.
Step 2: We claim that also L ∶= prTML has rank k − 1 locally around each point
x ∈M . To this end, let g ∈ c be arbitrary. Then we choose generators of L around x such











⎞⎟⎠. As k > 2, we may assume that K̃1(x) ≠ 0. We
may then at the same time also assume that σ1(x) ≠ 0. Otherwise, we find f ∈ C∞(M)
with K̃1(f)(x) ≠ 0 and consider the metric g̃ = e2fg instead (cf. (2.27)). Moreover, we
may by multiplying the generators with nonzero functions assume that there is a neigh-
bourhood U of x on which σ1 ≡ 1 and ∣σi∣ < 1 for i = 2, ..., k − 1. By applying elementary
linear algebra to the generators, we then see that there are lightlike vector fields Ki ∈ X(U)
for i = 1, ..., k − 1 with K1(x) ≠ 0 such that wrt. g on U





















⎞⎟⎠ ∈ L ⊂H. However, as




⎞⎟⎠ not lying in L, this contradictsH being totally lightlike. Consequently, there is an open neighbourhood of x in M such
that the so constructed vectors K1, ...,Kk−1 are linearly independent and as pointwise
L = span(K1, ...,Kk−1) this shows that there is an open and dense subset of M on which
the rank of L is maximal.
Step 3: It follows directly from the various definitions that
prTM (L ∩ I) = L. (3.18)
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Moreover, note that I ⊂ L. By definition, L ⊂ H, from which H ⊂ L follows. As by
Step 1 L = H ∩ I has codimension 1 in H, the line I cannot lie in H, i.e. H ∩ I = {0}.
A dimension count thus shows that L =H ⊕ I. (3.19)
(3.18) and (3.19) imply that
L = prTM (H ∩ I) .
Step 4: In the setting of Step 2 we again fix x ∈ M , consider the local representation
(3.17) of L wrt. some fixed g around x and set L′ ∶= span (K2, ...,Kk−1)10. Both L and
L′ are integrable distributions. To see this, let i, j ∈ {2, ..., k − 1}. As H is parallel and







⎞⎟⎠ ∈ Γ(L). Switching the roles of i




⎞⎟⎠ ∈ Γ(L). Thus [Ki,Kj] ∈ L′. Similarly,
one shows with the same argument that even[K1, L′] ⊂ L′. (3.20)
In particular, L is integrable, too.
Step 5: We now apply Frobenius Theorem to L ⊂ TM : For every (fixed) point y
of (an open and dense subset of ) M we find a local chart (U,ϕ = (x1, ..., xn)) centered at
y with ϕ(U) = {(x1, ..., xn) ∈ Rn ∣ ∣xi∣ < } such that the leaves Ack,...,cn = {a ∈ U ∣ xk(a) =
c1, ..., xn(a) = cn} ⊂ U are integral manifolds for L for every choice of cj with ∣cj ∣ < . It
holds that LU = span ( ∂∂x1 , ..., ∂∂xk−1 ) and moreover the coordinates may be chosen such
that K1 = ∂∂x1 over U (cf. [War71]). After applying some linear algebra to the generators
of L′, where L′ is chosen wrt. some g ∈ c as in Step 4 and restricting U if necessary, we
may assume that generators of L′ are given on U by





for certain smooth functions αi ∈ C∞(U) for i = 2, ..., k − 1. The integrability condition
(3.20) implies that [ ∂∂x1 , αi ∂∂x1 + ∂∂xi ] = ∂αi∂x1 ⋅ ∂∂x1 ∈ L′, giving that
∂αi
∂x1
= 0 for i = 2, ..., k − 1. (3.22)













= 0 for i, j = 2, ..., k − 1. (3.23)
10Note that in contrast to L, the distribution L′ depends on the choice of g ∈ c.
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For fixed ck, ..., cn as above we consider the submanifold Ack,...,cn and the differential form
αck,...,cn ∶= − k−1∑
i=1 αidxi ∈ Ω1 (Ack,...,cn) , (3.24)
where the αi≥2 are restrictions of the functions appearing in (3.21) to Ack,...,cn and we set
α1 ≡ −1. (3.22) and (3.23) precisely yield that dαck,...,cn = 0. Whence, there exists by the
Poincare´ Lemma (applied to a sufficiently small simply-connected neighbourhood) a unique







= −αi for i = 2, ..., k − 1.







= −αi for i = 2, ..., k − 1. (3.25)
Step 6: The construction of the generators Ki (3.21) and the properties (3.25) of σ
imply that on U we have K1(σ) = 1 and Ki(σ) = 0 for i = 2, ..., k − 1. We now consider the
rescaled metric g̃ = e2σg on U . The transformation formula (2.27) and (3.25) then show

























that K ∈ L as H is totally lightlike. By step 3 there exists a smooth function b on U









⎞⎟⎠ ∈ H. As H is lightlike, (2.24) yields that β + g(K,K) = 0




⎞⎟⎠ ∈ H over U . However,


















In the following steps we will improve the fixed metric g satisfying (3.26) within the
conformal class further in such a way that K can be chosen to be zero. This goes as
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yielding ∇gTX ∈ Γ(L) for T ∈X and for perpendicular directions∇gZX = l −K (3.28)
for some l ∈ L, where g(X,Z) = 1. Thus, if g ∈ c can be chosen such that (3.26) and
additionaly ∇gYX ∈ Γ(L) hold for every Y ∈ TM , it holds that K ∈ L and we can obviously
rearrange the generators in (3.27) such that the Proposition follows. Steps 8 and 9 are a
preparation for the construction of this desired metric.




⎞⎟⎠ ∈ Γ (H ∩ I). Further, let
X ∈ Γ(L) be nonzero and let Z be a vector field with g(X,Z) = 1. As H is parallel and
lightlike, we have









⎞⎟⎠⟩T = −ρ + g(∇gZX,V ). (3.29)














⎞⎟⎠ ∈ Γ (H ∩ I) leads to
0 = −ρ ⋅ g(U,∇gZX) + g(∇gU∇gZX,V ) +Kg(U,V ) +Kg(X,Z) ⋅ g(U,V ). (3.30)
It follows from (3.29) and (3.30) that the bilinear form
Γ(L) × Γ(L) ∋ (U,V )↦ g(∇gU∇gZX,V ) (3.31)
is symmetric.
Step 9: Let g ∈ c be a metric satisfying (3.26). Locally, we have that L = span (K1, ...,Kk−1)
and L = span (K1, ...,Kk−1,E1, ...,El), where l = n − 2k + 2 and the Ei are vector fields
on U ⊂ M which are orthogonal to the Ki and satisfy g(Ei,Ej) = ±1 ⋅ δij . L is an inte-




⎞⎟⎠ ∈ Γ (H ∩ I) to TM for j = 1, ..., n − 2k + 2. As also H is parallel, (2.25) yields for









⎞⎟⎠ ∈ Γ (H ∩ I) .
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It follows that ∇gEiEj ∈ L. With the same argumentation, one finds that also ∇gEiKj ,∇gKjEi ∈
L for i = 1, ..., n − k + 1, j = 1, ...k − 1. This yields together with integrability of L and
torsion-freeness of ∇g the integrability of L.
Step 10: As L ⊂ L and both are integrable distributions, we can by Frobenius Theorem
(cf. Step 5) applied first to L and then to each leaf of L find around every point local
coordinates (U,ϕ = (x1, ..., xk−1, y1, ..., yn−2k+2, z1, ..., zk−1))
such that (x1, ..., xk−1) parametrizes integral manifolds for L and (x1, ..., xk−1, y1, ..., yn−2k+2)
parametrizes integral manifolds for L.
Let σ ∈ C∞(U) be an arbitrary function depending on (y1, ..., yn−2k+2, z1, ..., zk−1) only and









⎞⎟⎠ ∈ Γ(L) for some X̃ ∈ L. This means that
also g̃ satisfies (3.26).
We set X ∶= ∂∂x1 ∈ Γ(L) and fix a vector field Z such that g(X,Z) = 1, g( ∂∂xi>1 , Z) =
g( ∂∂yj , Z) = 0. We want to show that
g(∇g̃ZX,Y ) = 0 for every Y ∈ L, (3.32)
from which ∇g̃ZX ∈ Γ(L) follows. To this end, we calculate with the well-known transfor-
mation formula ∇g̃BA = ∇gBA + dσ(B)A + dσ(A)B − g(A,B) ⋅ gradgσ for the Levi-Civita
connection that
g(∇g̃ZX,Y ) = g(∇gZX,Y ) + dσ(Z) g(X,Y )´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=0 +dσ(X)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=0 g(Z,Y ) − g(grad
gσ,Y )
= (g(∇gZX, ⋅) − dσ) (Y ), (3.33)
where Y ∈ L. On the other hand, we calculate for U,V ∈ Γ(L)
d(g(∇gZX, ⋅))(U,V ) = U(g(∇gZX,V )) − V (g(∇gZX,U)) − g(∇gZX, [U,V ])= g(∇gU∇gZX,V ) − g(∇gV∇gZX,U) (3.31)= 0. (3.34)
To evaluate this further, we introduce θ ∶= g(∇gZX, ⋅) ∈ Ω1(U). As moreover g(∇gZX, l) = 0
for every l ∈ L (cf. (3.28)), there exist local functions αi, βj ∈ C∞(U) such that θ =∑i αidyi + ∑j βjdzj . Let us define θ̃ ∶= ∑i αidyi and let θ̃Ac1,...,ck−1 denote its restric-
tion to the leaf Ac1,...,ck−1 ∶= {ϕ(x1, ..., xk−1, y1, ..., yn−2k+2, c1, ..., ck−1) ∣ ci = const.} of L.
Obviously, (3.34) is equivalent to d (θ̃Ac1,...,ck−1) = 0 for all ci. Thus, by applying the
Poincare´ Lemma again on a sufficiently small neighbourhood, we conclude that there are
unique γc1,...,ck−1 ∈ C∞(Ac1,...,ck−1) such that γc1,...,ck−1(ϕ−1(0, ...,0, c1, ..., ck−1)) = 0 and
dγc1,...,ck−1 = θ̃Ac1,...,ck−1 . We now specify σ ∈ C∞(U) by setting
σ(ϕ−1(x1, ...., yn−2k+2, z1, ..., zk−1)) ∶= γz1,...,zk−1(ϕ−1(x1, ...., yn−2k+2, z1, ..., zk−1)).
This construction yields for Y ∈ L
dσ(Y ) = θ̃(Y ) = θ(Y ) = g(∇gZX,Y ).
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Letting Y = ∂∂xi and using ∇gZX ∈ Γ(L), cf. (3.28), yields ∂σ∂xi = 0, i.e. σ does not depend
on (x1, ..., xk−1). Consequently, we get from (3.33) for this choice of σ that (3.32) holds.
However, as remarked at the end of Step 7, this already proves the Proposition. ◻
We study some consequences. In the setting of Proposition 3.20 we have that H is parallel
iff H is parallel. Locally, we have wrt. the metric g and the distribution L appearing in





⎞⎟⎠ ∣X ∈ L







Kg(X,Y )∇gYX − τKg(Y )
Y (τ) − g(X,Y )
⎞⎟⎠ ∈ Γ(U,H)
for all X ∈ Γ(U,L) and Y ∈ X(U). Clearly, this is equivalent to parallelism of L and
Kg(X,Y ) = 0 for all X ∈ L, i.e. Kg(TU) ⊂ L. Together with the next Lemma, these two
conditions are equivalent to parallelism of L and Ricg(TU) ⊂ L.
Lemma 3.21 Assume that for a pseudo-Riemannian manifold (M,g) one has a non-
trivial totally lightlike (k − 1)−dimensional distribution L ⊂ TM for which Kg(TM) ⊂ L.
Then scalg = 0.
Proof. For fixed x ∈ M we introduce a basis (X1, ...,Xk−1,X ′1, ...,X ′k−1,E1, ...,El) of
TxM , where Lx = span{X1, ...,Xk−1}, g(Xi,X ′j) = δij , g(X ′i ,X ′j) = 0, g(Ei,Ej) = iδij and
g(Ei,X(′)j ) = 0. It follows that
scalg(x) = 2 k−1∑
j=1Ricg(Xj ,X ′j) +
l∑
i=1 iRicg(Ei,Ei). (3.35)
By definition of the Schouten tensor, we have that Ricg = 12(n−1) ⋅ scalg − (n − 2) ⋅ Kg.
Inserting this into (3.35) yields
scalg(x) = 1
n − 1(k − 1) ⋅ scalg(x) − 2(n − 2) ⋅ k−1∑j=1Kg(Xj ,X ′j)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=0
+ 1
2(n − 1) ⋅ (n − 2(k − 1)) ⋅ scalg(x) − (n − 2) l∑j=1 iKg(Ei,Ei)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=0= n
2(n − 1) ⋅ scalg(x),
i.e. scalg(x) = 0. ◻
Finally, we have seen in the proof of Proposition 3.20 that L = prTML ⊂ TM is a well-
defined distribution of constant rank on M̃ ⊂ M open and dense. As L is on M̃ locally
parallel wrt. certain metrics in the conformal class, this implies by the torsion-freeness of∇g as a global consequence that L is integrable on M̃ . Thus, altogether we have proved
the following:
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Theorem 3.22 If on a conformal manifold (M,c) there exists a totally lightlike, k-
dimensional parallel distribution H ⊂ T (M), then there is an open and dense subset M̃
of M on which the totally lightlike distribution L ∶= prTM(H ∩ I−) ⊂ TM is of constant
rank k−1 and integrable. Every point x ∈ M̃ admits a neighbourhood U = Ux and a metric
g ∈ cU such that on U :
Ricg(TU) ⊂ L,
L is parallel wrt. ∇g, i.e. Holx(U, g)Lx ⊂ Lx. (3.36)
Conversely, let (U, c) be a conformal manifold. Suppose that there is g ∈ c and a (k − 1)-
dimensional totally lightlike distribution L ⊂ TU such that (3.36) holds. Then L gives rise









⎞⎟⎠ in T (U).
Thus, one has a totally lightlike, parallel distribution in the standard tractor bundle if and
only if one has locally a totally lightlike and parallel distribution of one dimension less in
the tangent bundle with respect to some metric in the conformal class which additionally
satisfies the curvature condition (3.36). Up to now there is no complete classification of
metric holonomy groups satisfying (3.36).
Remark 3.23 If in the setting of Theorem 3.22 on (M,c) a totally lightlike, parallel
subbundle H ⊂ T (M) with associated totally lightlike distribution L ∶= prTM(H ∩ I−) ⊂
TM of constant rank on an open and dense subset M̃ of M is given, one proves precisely as
in [LN12a], Remark 2, that one obtains the conformally invariant integrability condition
W g(L,L, ⋅, ⋅) = 0
for the Weyl tensor for arbitrary metric g ∈ cM̃ .
Remark 3.24 Theorem 3.22 provides a natural generalization of the third case from
Theorem 3.16 (L = 0 in this case which yields Ricci-flatness) and Theorem 3.19, where dim
L = 1. Moreover, Theorem 3.22 also naturally generalizes results from [Lei05] where the
statement is proved under the additional condition that the totally lightlike distributionH ⊂ T (M) arises from a decomposable, totally lightlike twistor k−form11. However,
as elaborated on in [LN12a], in general not every holonomy-invariant totally lightlike
k−dimensional subspace gives rise to a holonomy-invariant totally lightlike k−form. Thus
we get the same geometric structures as discussed in [Lei05] in the presence of totally
lightlike twistor forms but under weaker assumptions.
Remark 3.25 It is a common feature of all statements about reducible conformal
holonomy that one always has to leave out a certain set of singular points, i.e. restrict
to some open and dense subset M̃ ⊂M , as was also necessary in the proof of Proposition
3.22. The deeper reason for this has recently been discovered in [CGH14], and it is closely
related to so called curved orbit decompositions of arbitrary Cartan geometries. At least in
the case of a holonomy-invariant line which is the situation in Theorem 3.16, the reference
can with this method also describe the geometry of the singular set M/M̃ .
11By this we mean that there is a holonomy-invariant form l1 ∧ ...∧ lk where the li span a totally lightlike
k−dimensional subspace in Rp+1,q+1. Clearly, this space is then also holonomy-invariant
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Let us study the local geometries occurring in Theorem 3.22 in more detail: Pseudo-
Riemannian geometries admitting parallel, totally lightlike distributions are called Walker
manifolds and have been studied in [VRG09], for instance. As the geometries from Theorem
3.22 will occur quite frequently in the classification procedure for twistor spinors, we shall
give them a special name.
Definition 3.26 A pseudo-Riemannian manifold (M,g) admitting a parallel, totally
lightlike distribution L ⊂ TM of rank r, satisfying additionally that Ricg(TM) ⊂ L is
called Ricci-isotropic pseudo-r-Walker manifold.
In general, for every n−dimensional Walker manifold (M,g) with parallel, r−dimensional,







where A is a symmetric (n − 2r) × (n − 2r) matrix, B is a symmetric r × r matrix and H
is a (n − 2r) × r matrix. Moreover, A and H do not depend on (x1, ..., xr), and in these
coordinates, L is given by






Example 3.27 Let ϕ be a parallel spinor on a pseudo-Riemannian spin manifold(M,g). Then L ∶= ker ϕ = {X ∈ TM ∣X ⋅ϕ = 0} ⊂ TM is totally lightlike and parallel. (3.1)
translates into Ricg(TM) ⊂ L. For small dimensions all Ricci-isotropic pseudo-r-Walker
metrics arising in this way have been classified in [Bry00]. The orbit structure of ∆p,q
encodes which values for r =dim L are possible in these cases.
3.4 A holonomy-description of twistor spinors equivalent to
parallel spinors
The previous results regarding conformal holonomy naturally apply to the case of twistor
spinors on conformal spin manifolds. Let ψ ∈ Γ(S(M)) be a parallel spin tractor on(Mp,q, c) and for g ∈ c let ϕ ∶= Φ̃g(projg+ψ) ∈ Γ(Sg) be the associated twistor spinor. We
consider the totally lightlike and ∇nc−parallel distribution ker ψ ⊂ T (M) as introduced in
(3.13). In complete analogy, if even ϕ is parallel wrt. some g ∈ c, we get a totally lightlike,
parallel distribution ker ϕ ⊂ TM . One then has the following important consequence from
Proposition 3.20:
Proposition 3.28 If ψ ∈ Γ(S(M)) is a parallel spin tractor with ker ψ ≠ {0}, then
there is an open and dense subset M̃ ⊂ M such that on M̃ the associated twistor spinor
ϕ ∶= Φ̃g (projg+ψ) is locally conformally equivalent to a parallel spinor. Conversely, if
ϕ ∈ Γ(Sg) is a parallel spinor for some g ∈ c, then ψ ∶= (Φ̃g ○ projg+)−1ϕ ∈ Par(S(M),∇nc)
satisfies ker ψ ≠ {0}. In both cases, it holds that the constant(!) dimensions of the
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distributions ker ψ ⊂ T (M̃) and ker ϕ ⊂ TM̃ are on M̃ related by
dim ker ψ = dim ker ϕ + 1. (3.37)
Proof. We notice that Proposition 3.20 applied to H =ker ψ yields the desired M̃ and





⎞⎟⎠ ∈ ker ψ∣U . If we decompose ψ on U wrt. the metric g as in Theorem 3.3, i.e.
ψ∣U = [[σ̃g(ũ), e] , e− ⋅w + e+ ⋅w] for some function w ∶ U → ∆p+1,q+1 and a local section
ũ ∶ U → Qg+, the condition s+ ⋅ψ = 0 yields that e+ ⋅ e− ⋅w = 0 on U which by multiplication
with e− implies that e− ⋅ w = 0. However, by Theorem 3.3 it follows that on U we have
Dgϕ = −n ⋅ Φ̃g(projg−(ψ)) = 0. Thus, ϕ is on U both harmonic and a twistor spinor and
therefore parallel wrt. g. Conversely, by the same argumentation every parallel spinor
ϕ ∈ Γ(Sg) satisfies s+ ∈ ker ψ. (3.37) follows directly from the local metric description of
ker ψ from Proposition 3.22: Let K ∈ TM ⊂ T (M)g with K ⋅ ψ = 0, then K ⋅ s± = −s± ⋅K
implies that already K ⋅ Φ̃g(projg±ψ) = 0, i.e. K ∈ ker ϕ. Thus, one has in the language of
Proposition 3.22 that L = prTM(ker ψ ∩ I−) = ker ϕ from which (3.37) follows. ◻
Remark 3.29 Proposition 3.28 yields (locally) an equivalent characterization of those
twistor spinors which are (locally) conformally equivalent to parallel spinors in terms of
conformally invariant objects, i.e. on a local level one has the following correspondences:
ϕ ∈ ker P g ⇔ v ∈ ∆p+1,q+1 with λ−1∗ (hol(M, [g)]) ⋅ v = 0⇓ reduces to
ϕ ∈ ker P g parallel ⇔ v ∈ ∆p+1,q+1 with λ−1∗ (hol(M, [g])) ⋅ v = 0,ker v ≠ {0}
In particular, this shows that Hol(M,c) never acts irreducibly if there is a metric with
parallel spinor in the conformal class.
Remark 3.30 In terms of the original data, i.e. without using tractor notation, Propo-
sition 3.28 can be rephrased as follows: Note that wrt. the decomposition (2.33) ofS(M) ≅ Sg(M)⊕ Sg(M), the requirement ker ψ(x) ≠ {0} is equivalent to say that there
is x ∈M , g ∈ c and a nontrivial triple (α,X,β) ∈ R⊕ TxM ⊕R = Tx(M)g such that
X ⋅ ϕ(x) + α ⋅Dgϕ(x) = 0,
X ⋅Dgϕ(x) + β ⋅ ϕ(x) = 0.
This description allows several important consequences. If, for example, Dgϕ vanishes
at some point for some metric in the conformal class, then the twistor spinor is already
locally equivalent to a parallel spinor locally around every(!) point (up to a singular set).
Proposition 3.28 admits several further consequences and applications which contribute
to the classification problem for local geometries admitting twistor spinors on pseudo-
Riemannian manifolds. We first describe how it is related to and generalizes previous
results obtained for the Riemannian and Lorentzian case:
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Remark 3.31 For a Riemannian spin manifold (Mn, g) with twistor spinor ϕ one has
that M/Zϕ = {x ∈M ∣ ϕ(x) ≠ 0} is dense in M and (M/Zϕ, g̃ = 1∣∣ϕ∣∣4 ) is an Einstein space
of nonnegative scalar curvature R̃. If R̃ > 0, then the rescaled spinor decomposes into a
sum of two Killing spinors whereas in case R̃ = 0 one has a Ricci-flat metric with parallel
spinor. Proposition 3.28 precisely describes this last Ricci-flat case in which dim ker ψ = 1
is maximal (cf. also Theorem 3.16).
For the Lorentzian case, Lemma 1.24 yields a relation between Proposition 3.28 and the
classification results for twistor spinors on Lorentzian manifolds which were obtained using
the nc-Killing form theory in [Lei07]. To this end, note that given a parallel spin tractor
ψ ∈ Γ(S(M)), the parallel tractor 2-form α2ψ ∈ Ω2T (M) must be (pointwise) of one of the
generic types from Remark 1.2512 where we consider the last two types in common and
call them Ka¨hler type.
Theorem 3.32 ([Lei07]; Thm.10) Let ϕ = Φ̃g(projg+ψ) ∈ Γ(SgC) be a complex twistor
spinor on a Lorentzian spin manifold (M1,n−1, g) of dimension n ≥ 3. Then one of the
following holds on an open and dense subset M̃ ⊂M :
1. α2ψ = l♭1 ∧ l♭2 for standard tractors l1, l2 which span a totally lightlike plane.
In this case, ϕ is locally conformally equivalent to a parallel spinor with lightlike
Dirac current Vϕ on a Brinkmann space.
2. α2ψ = l♭ ∧ t♭ where l is a lightlike, t is an orthogonal, timelike standard tractor.(M,g) is locally conformally equivalent to (R,−dt2) × (N1, h1) ×⋯× (Nr, hr), where
the (Ni, hi) are Ricci-flat Ka¨hler, hyper-Ka¨hler, G2-or Spin(7)-manifolds.
3. α2ψ is of Ka¨hler-type at every point (cf. Remark 1.25).
The following cases can occur:
a) The dimension n is odd and the space is locally equivalent to a Lorentzian
Einstein-Sasaki manifold on which the spinor is a sum of Killing spinors.
b) n is even and (M,g) is locally conformally equivalent to a Fefferman space.
c) There exists locally a product metric g1×g2 ∈ [g] on M , where g1 is a Lorentzian
Einstein-Sasaki metric on a space M1 of dimension n1 = 2 ⋅ rk(α1(ϕ)) + 1 ≥ 3
admitting a Killing spinor and g2 is a Riemannian Einstein metric with Killing
spinor on a space M2 of positive scalar curvature scal
g2 = (n−n1)(n−n1−1)n1(n1−1) scalg1.
Applying Lemma 1.24 to α2ψ reveals that ker ψ ≠ {0} occurs exactly in the first two cases
of Theorem 3.32 in which we get a parallel spinor by our Proposition 3.28 as also follows
from the preceding Theorem. In the third case of Theorem 3.32, it holds by Lemma 1.24
that dim ker ψ = {0} and thus by Proposition 3.28 the spinor cannot be rescaled to a
parallel spinor. In particular, combining Theorem 3.32 and Proposition 3.28 yields:
Proposition 3.33 Twistor spinors in even dimension which define a special unitary
conformal holonomy reduction, i.e. a Fefferman metric in the conformal class, or Killing
12Note that as α2ψ is parallel, its SO
+(p + 1, q + 1)-orbit type is constant over M .
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spinors in odd dimension which define a Lorentzian Einstein Sasaki structure are never
locally conformally equivalent to parallel spinors.
In summary, Proposition 3.28 is in accordance with previous classification results in the
Riemannian and Lorentzian case.
We describe further geometric consequences implied by Proposition 3.28. In the nota-
tion and under the assumptions of this Proposition, the fact that ϕ can locally be rescaled
to a parallel spinor and the vanishing of the torsion of ∇g for every g ∈ c imply as a global
consequence that ker ϕ ⊂ TM is an integrable distribution on M̃ . Now fix x ∈ M̃ and
let U ⊂ M̃ be an open neighbourhood with metric g ∈ c∣U such that ϕ is parallel wrt. g
on U . In case that k ∶= dim ker ϕ∣U > 0, Hol(U, g) acts reducible with a fixed totally
lightlike k−dimensional subspace. Let us assume that p ≤ q. If k = p, i.e. ker ϕ is of
maximal dimension on U , it follows from Lemma 1.24 that even a totally isotropic k−form
is fixed by the holonomy representation. If k = p − 1, Hol(U, g) fixes a p−form of type
αpϕ = l♭1 ∧ ... ∧ l♭p−1 ∧ t♭, where t is not lightlike and orthogonal to the li. As Hol(U, g) acts
by orthogonal transformations, it follows that even the totally lightlike form l♭1 ∧ ... ∧ l♭p−1
is fixed by the holonomy representation. If k = 0 it follows from Proposition 3.28 or
Ricg(TU) ⋅ϕ = 0 that g is a Ricci-flat metric on U . There is a complete list of possible ir-
reducible, non locally symmetric holonomy groups for this case as to be found in Theorem
3.2. We summarize these results as follows:
Proposition 3.34 Let ψ be a parallel spin tractor with ker ψ ≠ {0} and for g ∈ c let
ϕ be the associated twistor spinor. Then there is an open, dense subset M̃ ⊂M such that
ker ϕ is an integrable distribution of dimension dim ker ψ-1 on M̃ . Moreover, any x ∈ M̃
admits an open neighbourhood U ⊂ M̃ and a metric g ∈ c∣U such that ϕ is a parallel spinor
on (U, g) and one has precisely one of the following local geometries:
1. k ∶= dim ker ϕ ≠ 0. In this case, Hol(U, g) acts reducible with fixed k−dimensional
totally lightlike subspace L and Ricg(TU) ⊂ L. Moreover, if k = p, p − 1 there is a
totally isotropic parallel k−form.
2. k ∶= dim ker ϕ = 0. The space (U, g) is Ricci-flat. If it is not locally symmetric and
Hol(U, g) acts irreducible, then it is one of the list in Theorem 3.2.
In this sense, the conformally invariant integer dim ker ψ encodes, if > 0, the possible local
geometries with parallel spinor off the open, dense subset M̃ .
Remark 3.35 We can view the subcase in Proposition 3.34 in which one has a totally
lightlike, parallel p−form as a higher-signature analogue of parallel spinors on Lorentzian
manifolds with lightlike, parallel Dirac currents which yield Brinkmann spaces as local
geometries. We further remark that similar integrability conditions to those in Proposition
3.34 for pure twistor spinors have been derived independently in [TC13a] and [TC13b].
For our last application of Proposition 3.28 we consider split signatures (m + 1,m) or(m,m) where ∆Cm+1,m admits a real structure and we can thus restrict ourselves to real
spinor fields. Geometries admitting real, parallel and (pointwise) pure spinor fields in
these signatures have been classified:
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Theorem 3.36 ([Kat99], Thm. 8.2) Let (M,h) be a pseudo-Riemannian spin mani-
fold of split signature (m + 1,m) admitting a real pure parallel spinor field in Γ(M,ShR).
Then one can find for every point in M local coordinates (x, y, z) , x = (x1, ..., xm),
y = (y1, ..., ym) around this point such that
h = −dz2 − 4 m∑
i=1dxidyi − 4
m∑
i,j=1 gijdyidyj , (3.38)
where gij are functions depending on x, y and z and satisfying




= 0 for k = 1, ...,m. (3.39)
Conversely, if one uses (3.38) and (3.39) to define a metric h on a connected open set U ⊂
R2m+1, then (U,h) is spin and admits a real pure parallel spinor. Hol(U,h) is contained
in the image under the double covering λ of the identity component of the stabilizer of
a real pure spinor which is R+(m + 1,m) = SL(m) ⋉N as given Lemma 1.21. h is not
necessarily Ricci-flat. Similar statements hold in case (p, q) = (m,m), where one has to
omit the last coordinate etc.
At the beginning of this chapter, we have studied conformal holonomy under the additional
condition that the holonomy group acts irreducibly on Rp+1,q+1 and transitively on Qp,q
and classified geometries admitting twistor spinors. We now turn to the other extremal
situation: We consider split-signature conformal holonomy groups admitting a totally
lightlike invariant subspace of maximal rank, derive an equivalent characterization for the
existence of twistor spinors in terms of curvature quantities and completely describe the
occurring geometries: The following Theorem reverses the mapping
ψ ∈ Γ(M,S) parallel ⇒ H = ker ψ ⊂ T (M) lightlike and parallel
for a special case.
Theorem 3.37 Let (Mm,m, c) be a simply-connected split-signature conformal spin
manifold and let H ⊂ T (M) be a (m + 1)−dimensional totally lightlike distribution . Let
L ∶= prTM(H∩I−) ⊂ TM denote the conformally invariant projection, let g ∈ c and suppose
that 13
1. H is ∇nc-parallel,
2. tr W g(X,Y )∣L = 0 for all X,Y ∈ X(M).
Then (M,c) admits on an open, dense subset M̃ ⊂ M a parallel, real spin tractor ψ ∈
Γ(M̃,SR(M̃)) with H = ker ψ which is uniquely determined up to multiplication with a
constant. Moreover, there is an open, dense subset M̃ ⊂M on which the conformal class
is locally represented by a metric g as in Theorem 3.36, and it holds locally wrt. this g
that ϕ = Φ̃g(projg+ψ) is a parallel, real pure spinor on (U, g).
Conversely, if (Mm,m, c) admits a parallel spin tractor ψ such that dim ker ψ = m + 1,
then H ∶= ker ψ satisfies the conditions 1. and 2.
13Clearly, by the conformal transformation behaviour of the Weyl tensor, the following curvature property
does not depend on the choice of g ∈ c
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Remark 3.38 The above statement can be viewed as a conformal analogue for real
pure parallel spinor fields on pseudo-Riemannian manifolds in [Kat99] where a totally
lightlike ∇g-parallel distribution in TM which satisfies an additional trace condition for
Rg yields parallel spinors. Also the first part of the proof runs through the same lines.
Moreover, we remark that our proof can be easily carried over to an analogous statement
for split signatures (m + 1,m).
Proof. We first prove that the conditions 1. and 2. on (M,c) and H are equivalent
to the existence of a parallel pure spin tractor: By applying Proposition 1.19 pointwise,
we see that SH ∶= {ψ ∈ S(M) ∣ H ⋅ ψ = 0} ⊂ S±R(M) is a real, 1-dimensional bundle over
M . As H is parallel, the Cartan connection ∇nc restricts to a covariant derivative ∇nc
on SH. Clearly, a globally defined parallel section in SH would give the desired parallel
spin tractor and yield that for the curvature we have R∇nc,SH = 0. Conversely, as M
is simply-connected, the vanishing of the curvature of this line bundle would also give a
globally defined parallel section. Thus , assuming 2., it suffices to show that
R∇nc,SH(X,Y ) = 0⇔ tr W g(X,Y )∣L = 0. (3.40)
We assume that SH ⊂ S+R(M), the proof for SH ⊂ S−R(M) is similar. We choose the
representation of Cl(m + 1,m + 1) from Remark 1.5 with 2j−1 = −1 and 2j = 114 and




) = u(1, ...,1) ∈ ∆R,+m+1,m+1. By Proposition
6.20 and as pure spinors constitute a single half-spinor orbit, we can find around each
x ∈M a local section ũ ∶ U → Q1+ such that SH(x) = R ⋅ [ũ, v]. Consider the local section
Θ ∶= [ũ, v] of SH. Moreover, let (s1, ..., sn+2) denote the local pseudo-orthonormal frame
in T (M) defined by si = [f1 (ũ) , ei] for i = 1, ..., n + 2. Note that H is spanned over U by
s2j−1 + s2j as these tractors annihilate Θ. Then the curvature formula from Proposition
3.41 which is proved below yields that for X,Y ∈ X(M) we have
R∇nc,S(X,Y )Θ = 1
2
∑
i<j ij⟨R∇nc,T (M)(X,Y )si, sj⟩T si ⋅ sj ⋅Θ= 1
2
∑
i<j ij⟨R∇nc,T (M)(X,Y )si, sj⟩T [ũ, ei ⋅ ej ⋅ v] .
As SH is parallel, we must have that R∇nc,S(X,Y )Θ = f ⋅Θ for some function f = fX,Y ∶
M → R. However, using the explicit form of the real Clifford representation from Remark
1.5, it is a straightforward algebraic calculation that for i < j we have ei ⋅ ej ⋅ v ∝ v
iff (i, j) = (2k − 1,2k) for k = 1, ...m + 1, and in this case we have e2k−1 ⋅ e2k ⋅ v = v.
Consequently,
R∇nc,S(X,Y )Θ = −1
2
m+1∑
j=1 ⟨R∇nc,T (M)(X,Y )s2j−1, s2j⟩T ⋅Θ. (3.41)
On the other hand, as ∇nc is metric wrt. ⟨⋅, ⋅⟩T , we have that ⟨R∇nc,T (M)(X,Y )si, sj⟩T =−⟨R∇nc,T (M)(X,Y )sj , si⟩T from which follows that
R∇nc,T (M)(X,Y )(s2j−1 + s2j) = 2 ⋅ ⟨R∇nc,T (M)(X,Y )s2j−1, s2j⟩T (s2j−1 + s2j) +∑
k≠j rk(s2k−1 + s2k)
14Note that with these choices, in split signature this representation descends to a real representation
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for some rk ∈ R. Hence,
tr R∇nc,T (M)(X,Y )∣H = 2 ⋅m+1∑
j=1 ⟨R∇nc,T (M)(X,Y )s2j−1, s2j⟩T .
Thus, together with (3.41) we have to show that
tr R∇nc,T (M)(X,Y )∣H = 0⇔ tr W g(X,Y )∣L = 0. (3.42)
We will actually show that these two traces are always equal: Proposition 3.32 yields the
existence of M̃ ⊂M such that for every x ∈ M̃ , there is g ∈ c∣M̃ 15 such that at x we have

















for lightlike vectors Ki ∈ TxM which together span L = prTM(H ∩ I). The g−metric



























R∇nc,T (M)(X,Y )∣H = (W g(X,Y )∣L Cg(X,Y )♯0 0 ) .
From this, (3.42) follows immediately. Thus there is by the preceding remarks a parallel
spin tractor ψ and it is clear from the construction that H = ker ψ.
We prove the further assertions. It is clear by Proposition 1.19 that if ψ1,2 are spin tractors
with ker ψ1,2 =H we must have that ψ1 = f ⋅ψ2 for some smooth function f without zeroes.
If ψ1,2 are parallel, f has to be constant. Thus, ψ is unique up to multiplication with
nonzero constants. Moreover, Proposition 3.28 implies that there is locally on M̃ a metric
g such that ϕ = Φ̃g (projg+ψ) is a real, parallel pure spinor. By Theorem 3.36 this leads to
a local normal form for g. If conversely (Mm,m, c) admits a parallel pure spin tractor, it
is clear that H = ker ψ satisfies 1. and 2. follows from (3.40). ◻
Remark 3.39 A slight modification of the above proof reveals that if in the notation of
Theorem 3.37 we impose only the first condition on H but not the tr W g-condition, then
there is a recurrent spin tractor ψ ∈ Γ(M̃,S), i.e. ∇ncX ψ = θ(X) ⋅ ψ for a 1-form θ ∈ Ω1(M̃)
and one finds locally a metric g such that ϕ = Φ̃g(projg+ψ) ∈ Γ(M,Sg) is recurrent on(M,g) as well. Such spinor fields have been studied recently in [Gal13].
15In the proof of Proposition 3.32 we constructed an explicit local conformal change e2σ around x in order
to obtain locally around x the desired metric. We can simply multiply σ by a cut-off-function in order
to obtain a metric which is defined on all of M̃ .
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Remark 3.40 Note that every parallel (pointwise) pure spin tractor ψ on (M,c) of
signature (m,m) does not only give rise to a (m + 1)-dimensional totally lightlike and
parallel distribution ker ψ ⊂ T (M) but by Lemma 1.24 also to a totally lightlike and
decomposable twistor (m + 1)−form α ∶= αm+1ψ ∈ Ωm+1T (M). One can now also use the
nc-Killing form theory, concretely Lemma 3.28 to deduce that there is a local metric g ∈ c
such that projgΛ,+α = αmϕ is parallel and from this it is easy to deduce that the spinor itself
is parallel. This gives an alternative proof of Proposition 3.8 for this special case.
It remains to prove the curvature formula used in the proof of Theorem 3.37:
Proposition 3.41 For a pseudo-Riemannian conformal spin manifold (Mn, c), the
curvatures R∇nc,S of (S(M),∇nc) and R∇nc,T of (T (M),∇nc) are related by
R∇nc,S(X,Y )Θ = 1
2
∑
1≤i<j≤n+2 ij⟨R∇nc,T (X,Y )si, sj⟩T si ⋅ sj ⋅Θ,
where X,Y ∈ X(M), Θ ∈ Γ(S(M)) and (s1, ..., sn+2) is any local frame in T (M) which is
pseudo-orthonormal wrt. ⟨⋅, ⋅⟩T .
Proof. We begin with recalling some general facts regarding the curvature of principal
bundle connections (cf. [Bau09]): Let (P, pi,M ;G) be any principal bundle with structure
group G and connection ω ∈ Ω1(P,g) with curvature Fω = dω + 12[ω,ω] ∈ Ω2(P,g). Here,
if ω = ∑ri=1 ωiai for a basis (a1, ..., ar) of g and ωi ∈ Ω1(P), then the bracket is given by[ω,ω] ∶=∑
i,j
(ωi ∧ ωj)[ai, aj]g ∈ Ω2(P,g).
Assume that ρ ∶ G → GL(V ) is a representation of G over a vector space V and consider
the associated vector bundle E ∶= P ×(G,ρ) V with induced covariant derivative ∇ ∶= ∇ω ∶
Γ(E)→ Γ(T ∗M⊗E) and curvature endomorphism R∇(X,Y ) ∶= ∇X∇Y −∇Y∇X −∇[X,Y ] ∈
End(E) for X,Y ∈ X(M). Fix x ∈ M . For arbitrary p ∈ Px and associated fibre isomor-
phism [p] ∶ V → Ex, v ↦ [p, v], the curvatures R∇(X,Y ) and Fω are related by
R∇x (X,Y ) = [p] ○ ρ∗ (Fωp (Xω, Y ω)) ○ [p]−1. (3.44)
Here, for X ∈ X(M), the vector field Xω ∈ X(P) denotes the horizontal lift of X wrt. ω
which is uniquely determined by the requirements Xω(p) ∈ ker ω(p) and dpip(Xω(p)) =
X(pi(p)) for all p ∈ P.
We now apply this notion to our original setting, i.e. (P, pi,M ;G) being one of the princi-
pal bundles (P1+, piP ,M ;SO+(p + 1, q + 1)) or the (f1, λ) reduction (Q1+, piQ,M ;Spin+(p +
1, q + 1)), and principal bundle connections ωnc and ω̃nc, respectively. We first claim that
in this setting
F ω̃
nc(Z1, Z2) = λ−1∗ (Fωnc(df1(Z1), df1(Z2)))
for Z1, Z2 ∈ X(Q1+). To this end, let ai be a basis of so(p+1, q+1) such that ωnc = ∑ri=1Wiai
for 1-forms Wi ∈ Ω1(P1+). It follows together with
ω̃
nc = λ−1∗ ○ ωnc ○ df1 (3.45)
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that
F ω̃
nc(Z1, Z2) = d (λ−1∗ ○ ωnc ○ df1) (Z1, Z2) + 12 [λ−1∗ (ωnc(df1)) , λ−1∗ (ωnc(df1))]spin (Z1, Z2)= λ−1∗ (d(ωnc) (df1(Z1), df1(Z2))) + 12∑i,j W i(df1(Z1)) ⋅W j(df1(Z2)) ⋅ λ−1∗ ([ai, aj]so)= λ−1∗ (Fωnc(df1(Z1), df1(Z2))) .
We now let x ∈ M and u ∈ Q1x such that si(x) = [f1(u), ei] ∈ Tx(M). Further, consider
a spinor Θ ∈ Sx(M). Then there is v ∈ ∆p+1,q+1 with Θ = [u, v]. Let X,Y ∈ X(M) and
let X∗ ∈ X(P1+) denote the horizontal lift of X wrt. ωnc and X̃∗ ∈ X(Q1+) the horizontal
lift wrt. ω̃
nc
. As a direct consequence of (3.45), we have that X∗ = df1 (X̃∗). Finally,
let ρ ∶ Spin(p + 1, q + 1) → ∆p+1,q+1 denote the standard spinor representation. We find




1(u)(X∗, Y ∗) =∑
i<j Fij ⋅Eij ∈ so(p + 1, q + 1).
Putting all this together, yields by definition that
R∇nc,S(X,Y )Θ = [u] (ρ∗ (F ω̃ncu (X̃∗, Ỹ ∗)) v)= [u] (ρ∗ (λ−1∗ (Fωncf1(u)(df1(X̃∗), df1(Ỹ ∗)))) v)
= [u] ⎛⎝ρ∗ ⎛⎝∑i<j λ−1∗ (FijEij)⎞⎠(v)⎞⎠
= ⎡⎢⎢⎢⎢⎣u, 12∑i<j Fij ⋅ ei ⋅ ej ⋅ v
⎤⎥⎥⎥⎥⎦ = 12∑i<j Fijsi ⋅ sj ⋅Θ.
In order to determine the Fij , we again apply (3.44) to obtain







which immediately implies that ⟨R∇nc,T (X,Y )si, sj⟩T = ijFij and inserting this proves
the Proposition. ◻
Remark 3.42 Clearly, Proposition 3.41 is the conformal analogue to (2.7), which re-
lates the curvatures of ∇g and ∇Sg by a resembling formula. If one applies Proposition
3.41 to ψ ∈ Par(S(M),∇nc), one recovers the integrability conditions W g(X,Y ) ⋅ ϕ = 0
and W g(X,Y ) ⋅Dgϕ = nCg(X,Y ) ⋅ ϕ for g ∈ c, ϕ = Φ̃g(projg+ψ) ∈ ker P g and X,Y ∈ TM
from Proposition 2.11.
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3.5 A partial classification result
We now apply and summarize the previous constructions and statements in order to obtain
the following partial classification result for conformal structures in arbitrary signature
admitting twistor spinors expressed in terms of conformal holonomy:
Theorem 3.43 Let ψ ∈ Par(S(M),∇nc) be a parallel spin tractor on a conformal
spin manifold (M,c) of signature (p, q) and dimension n = p + q ≥ 3. For g ∈ c let
ϕ = Φ̃g(projg+ψ) ∈ kerP g denote the associated twistor spinor. Exactly one of the following
cases occurs:
1. It is ker ψ ≠ {0}. In this case, ϕ can locally be rescaled to a parallel spinor on an
open, dense subset M̃ ⊂ M , and ker ϕ ⊂ TM is an integrable distribution on M̃ .
In case that the respective metric holonomy acts irreducible and the space is not
locally symmetric, it is one of the list in Theorem 3.2. Otherwise, one has a par-
allel spinor on a Ricci-isotropic pseudo Walker manifold. The conformal holonomy
representation Hol(M,c) is never irreducible but fixes a nontrivial totally lightlike
subspace.
2. It is ker ψ = {0}. The spinor ϕ cannot be locally rescaled to a parallel spinor.
Depending on the conformal holonomy representation, exactly one of the following
cases occurs:
a) Hol(M,c) fixes a totally lightlike subspace. In this case, there is locally around
each point a metric in the conformal class such that ϕ is a twistor spinor which
is not Killing on a Ricci-isotropic pseudo Walker manifold. If Hol(M,c) fixes
an isotropic line, then there is a Ricci-flat metric g ∈ c on which Dgϕ is non-
trivial and parallel.
b) Hol(M,c) acts reducible and fixes only nondegenerate subspaces. In this case,
there is around each point of an open, dense subset M̃ ⊂M an open neighbour-
hood U and a metric g ∈ cU such that either
 (U, g) is an Einstein space with scalg ≠ 0 and ϕ decomposes into the sum
of two Killing spinors.
 (U, g) isom.≅ ±dt2 × (V, g′), where the last factor is an Einstein space with
scalg ≠ 0 admitting a Killing spinor.
 (U, g) isom.≅ (H,h)×(V, g′), where the first factor is a two dimensional space
and (V, g′) is as above.
 (U, g) isom.≅ (M1, g1)×(M2, g2), where (Mi, gi) are Einstein spaces of dimen-
sions ≥ 3. (M1, g1) admits a real Killing spinor to the Killing number λ ≠ 0
and (M2, g2) admits an imaginary Killing spinor to i ⋅ µ, where ∣λ∣ = ∣µ∣.
c) Hol(M,c) acts irreducible. If in addition the action on the conformal Mo¨bius
sphere is transitive, then Hol(M,c) is one of the groups listed in Theorem 3.13.
If there exists a metric g ∈ c satisfying both Cg = 0 and ∇W g ≠ 0, i.e. (M,g) is
a Cotton space and not conformally symmetric, then Hol(M,c) is also one of
the groups in Theorem 3.13.
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Proof. We have already proved 1. in Proposition 3.28 and the first part of 2.a) follows
directly from Theorem 3.22. The fact that the spinor cannot be a Killing spinor in this sit-
uation follows since a manifold admitting a Killing spinor always has nonvanishing scalar
curvature. Moreover, if ker ψ = {0} and Hol(M,c) fixes an isotropic line, we have (at
least locally) a Ricci-flat metric g in the conformal class admitting a nonparallel twistor
spinor. It follows directly from Kg = 0 that Dgϕ is parallel.
We now prove 2.b): By assumption, there is a Hol(M,c)-invariant, nondegenerate sub-
space E ⊂ Rp+1,q+1. If dim E = 1, it follows from Theorem 3.16 that there is locally an
Einstein scale g with scalg ≠ 0 in the conformal class. [Boh99] shows that every twistor
spinor on an Einstein space decomposes into the sum of two Killing spinors.
If dim E=2, we have by Theorem 3.17 that there is around each point a local metric
splitting ±dt2 × (V, g′) in the conformal class where the last factor is an Einstein space.
Clearly, the spin structure on (M,g) induces a spin structure on (V, g′). The well-known
formulas for the restriction of spin structures to hypersurfaces (cf. [BGM05]) yield for this
situation that (∇M,SgX ϕ)∣V = ∇V,Sg′X ϕ∣V for X ∈ TV , where the spinor bundles of (M,g)
and (V, g′) are suitably identified along V , which immediately yields that ϕ∣V is a twistor
spinor on the Einstein manifold (V, g′) which therefore again decomposes into the sum of
Killing spinors.
For the case dim E=3 one uses the same argument and the formula for induced spinor
derivatives in codimension 2 from [Lei01]. More precisely, Theorem 3.17 yields that there is
a local metric g on U ⊂M in the conformal class and a splitting into (U, g) = (H,h)×(V, g′)
in the conformal class, where the second factor is an Einstein space. By restricting U to
a smaller set, if necessary, we may assume that TH can be trivialized by a h-orthonormal
frame field. Then there is a naturally induced spin structure on (V, g′). Moreover, one
can identify Sg∣V ≅ Sg′ ⊕Sg′ , and under this identification the spinor derivative behaves for
ϕ = ϕ1 + ϕ2 as (cf. [Lei01])
∇SgX ϕ∣V = ∇Sg′X ϕ1 +∇Sg′X ϕ2,
where X ∈ TV . If ϕ = ϕ1 + ϕ2 is the twistor spinor on (U, g), the spinor φ = φ1 + φ2 ∶=
g(X,X) ⋅X ⋅∇SgX ϕ does not depend on the choice of X ∈ TU with g(X,X) = ±1. It follows
that ψi = g′(X,X)⋅X ⋅∇Sg′X ϕi does not depend on the choice of X ∈ TV with g′(X,X) = ±1,
i.e. ϕi are (possibly linearly dependent) twistor spinors on V for i = 1,2.
If dim E > 3, we may also assume that dim E > 3, as otherwise one of the previous cases
applies to E. The local metric splitting into Einstein spaces M1 ×M2 is then a direct
consequence of Theorem 3.17. From the holonomy formula of the same Theorem we obtain
that there are parallel spinors on the cones C(Mi) (also cf. [Lei07]): To see this, one uses
that the lift of Hol(M,c) to Spin+(p + 1, q + 1) is contained in the product of the spin
groups with signatures of the two cones C(Mi). [Lei04] shows that in such an algebraic
situation there is a fixed spinor in ∆p+1,q+1 iff both factors admit a fixed spinor. These
correspond to Killing spinors on the base manifolds Mi by a well-known construction from
Ba¨r, cf. [Ba¨r93]. Theorem 3.17 relates the scalar curvatures of the Einstein factors and by
the well-known relation scalg = 4n(n−1)λ2 between Killing number λ and scalar curvature,
the claim regarding the Killing numbers follows.
It remains to consider the case of irreducibly acting conformal holonomy. The situation
where the action on the conformal Mo¨bius sphere is transitive was already studied in
Theorem 3.13. [AL06] studies an ambient metric construction which under the condition
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Cg = 0 for some g ∈ c associates a manifold (M̃, h) of signature (p+1, q+1) to (M,c) which
- under a canonical identification TM̃ ≅ T (M)g - satisfies that Hol(M,c) =Hol(M̃, h). It
follows that (M̃, h) admits a parallel spinor iff (M,g) admits a twistor spinor, and (M̃, h)
has irreducibly acting holonomy as this is assumed for (M,c). Moreover the curvature
formulas from [AL06] directly yield that (M̃, h) is not locally symmetric in case ∇gW g ≠ 0.
Thus, one can apply Theorem 3.2 to Hol(M,c) = Hol(M̃, h). It follows from the list in
Theorem 3.2 that Hol(M,c) is either one of the groups which have already appeared for
the transitive case in Theorem 3.13 or it is GC2 ⊂ SO+(7,7) or Spin(7)C ⊂ SO+(8,8).
However, [Alt08] shows that the last two groups do not appear as conformal holonomy
groups. ◻
Remark 3.44 A generation principle for geometries of type 2.b) admitting twistor
spinors is discussed in [Lei07]: One takes a Riemannian Einstein space (M1, g1) of positive
scalar curvature admitting a real Killing spinor ϕ1 to the Killing number λ (cf. [Ba¨r93])
and a negative-definite Einstein space (M2, g2) admitting an imaginary Killing spinor ϕ2
to the Killing number −iλ. Then, under appropriate identification of the spinor bundles
(cf. [Lei04]), the spinor ϕ1 ⊗ ϕ2 is a zero-free twistor spinor for (M1 ×M2, [g1 × g2]).
Furthermore, the twistor equation on products (M×R, g+dt2), where (M,g) is an Einstein
space with scalg ≠ 0 admitting Killing spinors has been discussed in [BFGK91].
Moreover, we have already discussed geometries of type 2.c) in Remark 3.14. Thus, all
these cases from Theorem 3.43 really occur as local geometries admitting twistor spinors.
Geometries occurring in the last case of Theorem 3.43, i.e. those with Cg = 0 are so
called conformal C-spaces which are also of interest in physics and have been studied in
[GN07, Lei06].
The interesting new case compared to previous classification results for the Riemannian
and Lorentzian case is the situation 2.a): There is (locally) a Ricci-isotropic pseudo-Walker
metric in the conformal class admitting a twistor spinor which cannot be rescaled to a
parallel spinor. Let us first consider a non-trivial example for this situation:
Example 3.45 For n1 = p+q1 even let Hp,q1 ∶= {x ∈ Rp+1,q1 ∣ ⟨x,x⟩p+1,q1 = −1} equipped
with the induced metric g1 be the pseudo-Riemannian model-space of constant negative
sectional curvature for signature (p, q1). Furthermore, let (M2, g2) be a odd-dimensional
complete, non-conformally flat and simply-connected Riemannian spin manifold of dimen-
sion q2 carrying a real Killing spinor to Killing number
1
2 , cf. [Ba¨r93] for a classification.
We set (M,g) = (Hp,q1 ×M2, g1 × g2).
The first factor admits imaginary Killing spinors to the Killing numbers ± i2 . Thus, Theo-
rem 3.17 applies, yielding that
Hol(M, [g]) = {Id} ×Hol(C(M2), g2,C) ⊂ SO+(p + 1, q1) × SO+(0, q2 + 1)⊂ SO+(p + 1, q1 + q2 + 1), (3.46)
where (C(M2), g2,C) denotes the metric cone over (M2, g2). In particular, (M,c) is not
conformally flat, as otherwise M2 ≅ Sq1 . It follows that
Hol(S(M),∇nc) ⊂ Spin+(p + 1, q1) × Spin+(0, q2 + 1),
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which acts on ∆p+1,q1+q2+1. However,
∆p+1,q1+q2+1∣Spin+(p+1,q1)×Spin+(0,q2+1) ≅ ∆p+1,q1 ⊗∆0,q2+1,
which can be seen as follows: Let ρ1 ∶ Cl(p+1, q1)→∆p+1,q1 and ρ2 ∶ Cl(0, q2+1)→∆0,q2+1
be irreducible complex representations. As q2 + 1 is even, the complex volume element
ωC ∈ Cl(0, q2 + 1) squares to 1 and anticommutes under Clifford multiplication with every
vector in Rq2+1. We set
Φ ∶ Rp+1,q1+q2+1 = Rp+1,q1 ×R0,q2+1 → GL(∆p+1,q1 ⊗∆0,q2+1),
uniquely determined by
Φ((X,Y ))(v1 ⊗ v2) = (X + Y ) ⋅ (v1 ⊗ v2) ∶= (ρ1(X)(v1))⊗ ωC ⋅ v2 + v1 ⊗ (ρ2(Y )(v2)).
(3.47)
Φ extends to an irreducible representation of Cl(p + 1, q1 + q2 + 1).
Let us now specialize the situation to the case p = q1 = 3. The parallel spinors on the flat
timelike cone over H3,3 are in one-to-one-correspondence to spinors in ∆C4,3. The latter
spinor module has been investigated in [Kat99]. It follows that there exists a parallel spinor
ψ1 on the cone over H
3,3 with the additional property X ⋅ ψ /∝ ψ for X ∈ TC(H3,3)/{0}
because the reference shows on an algebraic level that such a spinor exists in ∆C4,3.
Furthermore, the real Killing spinor on (M2, g2) corresponds to a parallel spinor ψ2 on(C(M2), g2,C). It follows with the above identifications that ψ ∶= ψ1 ⊗ ψ2 ∈ Γ(M,S(M))
is a parallel spin tractor. Let (X,Y ) ∈ T (M) ≅ TC(H3,3)⊕ TC(M2). By (3.47) we have
that (X,Y ) ⋅ ψ = 0 implies that X ⋅ ψ1 = α ⋅ ψ1 for some α which is not possible by choice
of ψ1 unless X = 0. It follows that ker ψ = {0}. That is, the spin tractor ψ does not give
rise to a parallel spinor for any local metric in the conformal class.
Moreover, by (3.46), Hol(M, [g]) fixes a 3-dimensional totally lightlike subspace. Whence,
there is at least locally a Ricci-isotropic pseudo-2-Walker metric g̃ ∈ [g] admitting a twistor
spinor ϕ = Φ̃g̃(proj+ψ) which is not conformally equivalent to a parallel spinor.
Remark 3.46 We do not know whether there are examples of Ricci-isotropic pseudo-
Walker manifolds admitting non-parallel twistor spinors whose conformal holonomy repre-
sentation does not fix any non-degernate subspace, i.e. which are in contrast to Example
3.45 not conformally equivalent to products of Einstein spaces.
There is a further consequence for the situation 2.a) in Theorem 3.43:
Proposition 3.47 Let (Mn, g) be a Ricci-isotropic pseudo-Walker spin manifold with
parallel totally lightlike, parallel distribution L ⊂ TM , Ric(TM) ⊂ L of rank k > 1 admit-
ting a non-parallel twistor spinor ϕ. We fix a local basis l1, ..., lk of L and let ω ∶= l♭1∧....∧l♭k.
Then φ ∶= ω ⋅Dgϕ is a -possibly trivial- recurrent spinor.
Proof. As L is parallel, there is a 1-form θ such that ∇gω = θ ⊗ ω. We calculate that
∇SgX φ = θ(X) ⋅ φ − ω ⋅ n2(n − 2) ⋅Ricg(X)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶∈L ⋅ϕ.
The second summand vanishes because as L is totally lightlike we obtain ω ⋅ li = ω ∧ l♭i = 0
for all 1 ≤ i ≤ k. Thus, φ is recurrent. ◻
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We sum up our discussion as follows: Let ψ ∈ Γ(M,S) be a parallel spin tractor on a
conformal spin manifold (M,c) with associated twistor spinor ϕ ∈ Γ(Sg) for g ∈ c. One of
the cases in the following table occurs:
ker ψ Hol(M,c) local geometry g ∈ c,
behaviour of ϕ≠ {0} fixes ker ψ ϕ parallel on Ricci-isotropic pseudo-
Walker metric
fixes totally lightlike subspace H ϕ non-parallel on Ricci-isotropic pseudo-
Walker metric● dim H=1 Dgϕ parallel● dim H > 1 ω ⋅Dgϕ recurrent{0} fixes only non-degenerate subspaces Splitting into Einstein spaces admitting
Killing spinors
acts irreducibly on Rp+1,q+1● acts transitively on Qp,q or there
is a non-conformally symmetric C-
space in the conformal class
Fefferman spin space or S3−bundle over
quat. contact manifold with non-parallel
twistor spinors, or generic cases in signa-
tures (3,2),(3,3)● does not act transitively on Qp,q
and there is no C-space in the con-
formal class
No example known
Remark 3.48 Theorem 3.43 and the subsequent discussion show that in order to obtain
a complete classification of conformal spin manifolds admitting twistor spinors which are
not locally conformally equivalent to parallel spinors, it remains to do the following:
1. Classify Ricci-isotropic, non-Ricci-flat pseudo-Walker manifolds admitting non-parallel
twistor spinors. This geometric structure seems to be rather special.
2. Are there conformal geometries (M,c) admitting twistor spinors spinors which are
no non-conformally symmetric conformal C-spaces and Hol(M,c) acts irreducibly
on Rp+1,q+1, but not transitively on the Mo¨bius sphere (the case not covered by 2.c))?
As we have seen, the most interesting case of true twistor spinors, i.e. those which cannot
be rescaled to parallel spinors locally, correspond from a conformal holonomy point of view
to spin tractors ψ with ker ψ = {0}. From an algebraic point of view, i.e. to understand
the conditions for the conformal holonomy which arises from this case, one therefore has
to answer the following question:
Let v ∈ ∆p+1,q+1 be a spinor such that the map Rp+1,q+1 ∋ X ↦ X ⋅ v ∈ ∆p+1,q+1 is injec-
tive, i.e. ker v = 0. What properties does this imply for the λ-image of its stabilizer,
λ(StabvSpin+(p + 1, q + 1)) ⊂ SO+(p + 1, q + 1) ?
One could hope that there are common properties of these λ(StabvSpin+(p + 1, q + 1))-
groups and that there is a finite classification list for such groups. One could then try to
distinguish those which can really occur as conformal holonomy groups.
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When dealing with twistor spinors and constructing examples, the case of a twistor spinor
admitting a zero always turns out to be the most involved situation. For ϕ ∈ Γ(Sg) a
twistor spinor on (Mp,q, g), we let Zϕ denote its zero set. Clearly, by Lemma 2.35 this set
is invariant under a conformal change of g. The following two questions are of interest in
this situation:
1. What are the possible shapes of Zϕ ?
2. What are possible local geometries off the zero set. In particular, is there a relation
between the shape of Zϕ and the conformal geometry of M off the zero set ?
Up to now only little is known about the answer of these two question in an arbitrary
pseudo-Riemannian setting. We present a short overview:
Proposition 4.1 ([BFGK91]) On a Riemannian manifold, the zero set of a twistor
spinor consists of a countable union of isolated points. Moreover, if Zϕ ≠ ∅, then off the
zero set the metric can be rescaled such that the spinor is parallel.
The proof is basically a direct calculation and based on the consideration of the Hessian
of ∣∣ϕ∣∣2 at a zero. Moreover, [Hab94] studies under which conditions Zϕ is an isolated
point. In the Lorentzian case, the situation is already more involved. As Zϕ = ZVϕ in this
situation, one can find the geometric structure of Zϕ by studying the zero set of certain
conformal vector fields as done in [Lei01]. Together with aspects of the nc-Killing form
theory, this leads to the following description in [Lei09]:
Theorem 4.2 Let ϕ ∈ Γ(Sg) be a twistor spinor with Zϕ ≠ ∅ on a Lorentzian spin
manifold (M,g). Then Zϕ consists either of
1. isolated points and off a singular set, the metric g is locally conformally equivalent
to a static monopole −dt2 + h where h is a Riemannian metric with parallel spinor,
or
2. isolated images of null geodesics and off the zero set the metric g is locally equivalent
to a Brinkmann metric with parallel spinor.
We now address the problem of finding the shape of Zϕ in arbitrary pseudo-Riemannian
signature. Using tractor methods, we prove in this chapter:
Theorem 4.3 Let ϕ ∈ Γ(Mp,q, Sg) be a twistor spinor with zero x. Then the zero set Zϕ
is an embedded, totally geodesic and totally lightlike submanifold of M whose dimension
equals dim ker Dgϕ(x), where the last quantity does not depend on the choice of x ∈ Zϕ.
89
4 The Zero Set of a Twistor Spinor
Moreover, for every x ∈ Zϕ there are open neighbourhoods U of x in M and V of 0 in TxM
such that
Zϕ ∩U = expx (ker Dgϕ(x) ∩ V ) . (4.1)
Remark 4.4 Note that Theorem 4.3 completely includes the results concerning the
shape of Zϕ from Proposition 4.1 for the Riemannian case, where we always have that ker
Dgϕ(x) = {0}, and Theorem 4.2 for the Lorentzian case, where dim ker Dgϕ(x) ∈ {0,1}
which distinguishes the two cases from the Theorem.
We will first focus on the proof of Theorem 4.3 and then study further implications. For
the proof, we first study the zero set of twistor spinors on the homogeneous model and then
relate this to the zero set of arbitrary twistor spinors using the curved orbit decomposition
for Cartan geometries.
4.1 Zeroes of twistor spinors on the homogeneous model
We completely describe the global structure of the zero set of twistor spinors on the
homogeneous model Ĉp,q = (Q̂p,q, [gst]). Using (2.18) we identify Q̂p,q with the product
Sp × Sq ⊂ Rp+1,q+1, and it is equipped with the conformally flat standard metric gSt ∶=−gSp + gSq . We follow [Lei01] in order to construct all twistor spinors on Ĉp,q:
Every x ∈ Rn+2 ≅ Rp+1 × Rq+1 decomposes into x = (x1, x2). There is a natural, globally
defined orthonormal frame field on the normal bundle NQ̂p,q ⊂ Rp+1,q+1, given by ζ0(x) =(x1,0) and ζn+1(x) = (0, x2) for x ∈ Q̂p,q. The spin structure on Ĉp,q is then naturally
induced by the standard spin structure on Rp+1,q+1, and the spinor bundles are related by
SR
p+1,q+1∣Q̂p,q ≅ Ann (ζ0 + ζn+1)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶≅SQ̂p,q,gSt ⊕Ann (ζ0 − ζn+1)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶≅SQ̂p,q,gSt , (4.2)
where Ann (ζ0 ± ζn+1) = {v ∈ ∆p+1,q+1 ∣ (ζ0 ± ζn+1) ⋅ v = 0}. Wrt. this splitting, every spinor
ϕ on Rp+1,q+1 decomposes into ϕ = ϕ1 + ϕ2. For given v ∈ ∆p+1,q+1 we let ϕv(x) ∶= x ⋅ v for
x ∈ Rp+1,q+1, yielding a twistor spinor on Rp+1,q+1. Using the relation between the spinor
derivatives ∇Rp+1,q+1 and ∇Q̂p,q which is proved in [Lei01], namely
∇Rp+1,q+1X ϕv ∣Q̂p,q = ∇Q̂p,qX ϕv,1 + [12X ⋅ ζ0 ⋅ ϕv] ∣Q̂p,q for X ∈ TQ̂p,q ⊂ TRp+1,q+1, (4.3)
and using (2.9), one calculates that the induced spinor ϕv,1 ∈ Γ(Ann (ζ0 + ζn+1)) ≅ Γ(SQ̂p,q ,gSt)
is a twistor spinor on (Q̂p,q, gSt) with ϕv,2 ≡ 0 for any v ∈ ∆p+1,q+1. As the map
∆p+1,q+1 ∋ v ↦ ϕv ↦ ϕv,1 ∈ ker P gSt (Q̂p,q) (4.4)
is clearly injective, we have for dimensional reasons that all twistor spinors on the homo-
geneous model arise this way. This enables us to give a global description of the zero set
structure for twistor spinors on Q̂p,q:
Proposition 4.5 Let ϕ be a nontrivial twistor spinor on (Q̂p,q, g = gSt). Suppose that
there is x ∈ Zϕ. Then it holds that
Zϕ = expx (ker Dgϕ(x)) or Zϕ = {x,−x}. (4.5)
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Remark 4.6 Note that Proposition 7.24 generalizes a classical result from [Lic89] for
the Riemannian case: A twistor spinor on the standard sphere admits at most one zero.
This follows from Proposition 4.5 as in the Riemannian case Q0,q = {−1,1}×Sq and by (4.5)
every twistor spinor on {−1,1} × Sq with zero has zero set a point or {(+1, x), (−1,−x)}
which is also a point if intersected with one of the spheres.
Proof. We find a unique nontrivial v ∈ ∆p+1,q+1 such that ϕ = ϕv,1 is induced by a
twistor spinor ϕv on Rp+1,q+1 by means of the map (4.4). We calculate Dgϕ. To this end,
let f ∈ TQ̂p,q be a unit-length vector. Then (4.3) yields that
g(f, f) ⋅ f ⋅ ∇Rp+1,q+1f ϕv ∣Q̂p,q = g(f, f) ⋅ f ⋅ ∇Q̂p,qf ϕv,1 − 12 ⋅ ζ0 ⋅ ϕv ∣Q̂p,q .
Imposing the twistor equations for ϕv and ϕv,1 then leads to
1
n + 2 ⋅D⟨⋅,⋅⟩p+1,q+1ϕv ∣Q̂p,q = 1nDgϕv,1 − 12 ⋅ ζ0 ⋅ ϕv ∣Q̂p,q .
However, on Rp+1,q+1 we have that D⟨⋅,⋅⟩p+1,q+1ϕv = −(n+2) ⋅v, and this implies Dgϕv,1(y) =
n ⋅ (−v + 12ζ0 ⋅ y ⋅ v) for all y ∈ Q̂p,q.
In particular, x ∈ Zϕv,1 = Zϕv ∩ Q̂p,q = {x ∈ Q̂p,q ∣ x ⋅ v = 0} yields that
ker Dgϕ(x) = {t ∈ TxQ̂p,q ∣ t ⋅ v = 0}. (4.6)
Let the zero x be fixed and fix some b = (b1, b2) ∈ TxQ̂p,q/{0} with gx(b, b) = ⟨b, b⟩p+1,q+1 = 0.
One checks that the geodesic through x in direction b is given by δb(t) = cos(t∣∣b1∣∣) ⋅
x + sin(t∣∣b1∣∣) ⋅ b∣∣b1∣∣ with ∣∣ ⋅ ∣∣ being the standard Euclidean norm on Rp+1, as δb′′(t) =−∣∣b1∣∣2p+1δb(t). If now additionally b ⋅v = 0, we have that δb(1) ⋅v = 0 as x ∈ Zϕ, i.e. x ⋅v = 0.
This shows the ⊃-direction in (4.5).
On the other hand, suppose that y = (y1, y2) ∈ Zϕ. As y ⋅ v = x ⋅ v = 0, it follows that
0 = (y ⋅x+x ⋅y) ⋅v = −2⟨x, y⟩p+1,q+1v, i.e. ⟨x1, y1⟩p+1 = ⟨x2, y2⟩q+1. Since ⟨xi, xi⟩ = ⟨yi, yi⟩ = 1
for i = 1,2, we find αi ∈ [0;pi] and d1 ∈ Rp+1, d2 ∈ Rq+1 with ⟨xi, di⟩ = 0 and ∣∣d1∣∣ = ∣∣d2∣∣ = 1
such that yi = cos(αi) ⋅ xi + sin(αi) ⋅ di for i = 1,2. The condition ⟨x1, y1⟩ = ⟨x2, y2⟩ then
leads to α1 = α2 = α. Thus,
y = cos(α) ⋅ x + sin(α) ⋅ d
for d = (d1, d2) ∈ TxQ̂p,q. If sin(α) ≠ 0, we conclude that d ⋅ v = 0, and thus by (4.6)
we have d ∈ ker Dgϕ(x). As moreover ∣∣d1∣∣ = 1, we see that there is t ∈ R with y =
cos(t∣∣d1∣∣) ⋅ x + sin(t∣∣d1∣∣) ⋅ d∣∣d1∣∣ = δd(t) = δtd(1), where δd is the maximal geodesic through
x in direction of d. Consequently, y ∈ expx (ker Dgϕ(x)) for this case. If sin(α) = 0, we
have either that y = x where the statement is trivial or y = −x. If ker Dgϕ(x) is nontrivial
in this situation, we may choose arbitrary d ∈ ker Dgϕ(x)/{0} for a geodesic δd joining x
and −x. Otherwise ker Dgϕ(x) = 0 and the situation Zϕ = {x,−x} occurs. ◻
Remark 4.7 The above proof further yields the following for the flat model: In the
notation of the proof of Proposition 4.5, let x ∈ Zϕ and suppose that for some w = (w1,w2) ∈
TxQ̂
p,q ∩W , where W ∶= {w ∈ TxQ̂p,q ∣ ∣∣w1∣∣ + ∣∣w2∣∣ < pi2 } ⊂ Rp+1,q+1 it holds that y ∶=
expx(w) = δw(1) ∈ Zϕ. As ⟨y, y⟩p+1,q+1 = 0 it follows that w1 ≠ 0 and w2 ≠ 0 or y = x.
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Ignoring the last case, we see that the maximal geodesic δw through x in direction w is
thus given by
δw(t) = cos(t∣∣w1∣∣) ⋅ x1 + sin(t∣∣w1∣∣) ⋅ w1∣∣w1∣∣ + cos(t∣∣w2∣∣) ⋅ x2 + sin(t∣∣w2∣∣) ⋅ w2∣∣w2∣∣ .
Now x, y ∈ Zϕ implies that ⟨x, δw(1)⟩p+1,q+1 = 0 which yields that cos2(∣∣w1∣∣) = cos2(∣∣w2∣∣).
However, w ∈ W then leads to ∣∣w1∣∣ = ∣∣w2∣∣. Consequently, ⟨w,w⟩p+1,q+1 = 0. Now y ⋅ v =
x ⋅v = 0 and the form of δw(t) leads to w ⋅v = 0 as in the proof of the previous Proposition.
This shows that w ∈ ker Dgϕ(x).
Therefore, if x ∈ Zϕ, this observation together with Proposition 7.24 shows that for every
open neighbourhood V of 0 in TxQ̂
p,q sufficiently small such that V ⊂ W and setting
N ′ ∶= expx(V ) we have on the homogeneous model
Zϕ ∩N ′ = expx (ker Dgϕ(x) ∩ V ) . (4.7)
4.2 Proof of general result
We return to general twistor spinors on arbitrary conformal spin manifolds (Mp,q, c). The
main idea for the proof of Theorem 4.3 is that locally the description of Zϕ can always be
reduced to the homogeneous model Q̂p,q which we have already studied. The technical tool
which makes this relation precise is the holonomy reduction procedure for general Cartan
geometries as introduced in [CGH14]. Applied to our setting, this reads as follows:
Let ψ ∈ Γ(S(M)) be a ∇nc-parallel spin tractor. We view S(M) = Q1+ ×B̃+ ∆p+1,q+1,
where B̃+ = Spin+(p + 1, q + 1). By standard principle bundle theory, ψ then corresponds
to a B̃+−equivariant smooth map ψ̂ ∶ Q1+ → ∆p+1,q+1, where u ↦ [u]−1ψ(pi(u)). As ψ is
parallel, the image O ∶= ψ̂ (Q1+) ⊂ ∆p+1,q+1 constitutes a single orbit wrt. the B̃+-action
on ∆p+1,q+1, called the B̃+-type of ψ. We now bring into play that ∇nc is induced by(Q1+, ω̃nc), being a Cartan geometry of type (B̃+, P̃ + = λ−1(StabR+e−SO+(p + 1, q + 1)))
where naturally Q1+ ⊂ Q1+. For x ∈ M we define the P̃ +−type of x wrt. ψ to be the
P̃ +−orbit ψ̂ ((Q1+)x) ⊂ O ⊂ ∆p+1,q+1 which may change over x. M then decomposes into
a disjoint union according to P̃ +−types, each of which is an initial submanifold of M as
studied in detail in [CGH14] for general Cartan geometries. In this special Cartan setting,
Proposition 2.7 from [CGH14] now goes as follows:
Proposition 4.8 Let (Mp,q, c) be a conformal spin manifold and let ψ ∈ Γ(S(M)) be
a parallel spin tractor on (Q1+ →M, ω̃nc). For given g ∈ c denote by ϕ = Φ̃g(projg+ψ) ∈
Γ(Sg) the corresponding twistor spinor. Let x ∈ Zϕ ⊂ M . Then there is a parallel spin
tractor φ ∈ Γ (S (Q̂p,q)) on the homogeneous model (B̃+ → B̃+/P̃ + = Q̂p,q, ωMC) for which
x′ ∶= eP̃ + ∈ B̃+/P̃ + has the same P̃ +−type wrt. φ that x has wrt. ψ. Further, let ϕ′ ∶=
Φ̃gSt(projgSt+ φ) be the associated twistor spinor wrt. the conformally flat metric gSt on
Ĉp,q = (Q̂p,q, [gSt]). Then there are open neighbourhoods N of x in M and N ′ of x′ in
Q̂p,q and a diffeomorphism Θ ∶ N → N ′ such that Θ(x) = x′ and
Θ (Zϕ ∩N) = Zϕ′ ∩N ′. (4.8)
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As a direct consequence of (4.7) we may in the notation of Proposition 4.8 after eventually
restricting N and N ′ assume that
Θ(Zϕ ∩N) = Zϕ′ ∩N ′ = expx′ (ker DgStϕ′(x′) ∩ V ) , (4.9)
where V is as in (4.7). The proof of Theorem 4.3 further needs the following very technical
result:
Lemma 4.9 In the notation of Proposition 4.8, it holds for the zero x ∈ Zϕ that
dim ker Dgϕ(x) = dim ker DgSt(x′). (4.10)
Proof. For the proof of (4.10), we note that in the notation of Proposition 4.8 it holds
ψ(x) = [[σ̃g(l), e], e−w] Thm.3.3⇒ − 1
n
Dgϕ(x) = [l, χ(e−w)],
φ(x′) = [[σ̃gSt(l′), e], e−w′]⇒ − 1
n
DgStϕ′(x′) = [l′, χ(e−w′)] (4.11)
for spinors w,w′ ∈ ∆p+1,q+1 and l ∈ Qgx(M), l′ ∈ QgStx′ (Q̂p,q). As the P̃ +−types of ψ(x) and
φ(x′) coincide by Proposition 4.8, there is by definition p̃ ∈ P̃ + such that
p̃ ⋅ (e−w) = e− ⋅w′. (4.12)
We therefore investigate the P̃ -action on Ann(e−) ⊂ ∆p+1,q+1 more closely. Consider
the 2-fold covering λ ∶ Spin(p + 1, q + 1) → SO(p + 1, q + 1) which is explicitly given by
λ(u)(x) = u ⋅ x ⋅ u−1 (cf. [Bau81]), i.e.
p̃ ⋅ x = λ(p̃)(x) ⋅ p̃. (4.13)
By (2.15) there are a ∈ R+, A ∈ SO(+p, q) and v ∈ (R)∗ such that wrt. the splitting
Rp+1,q+1 ≅ Re− ⊕ Rp,q ⊕ Re+ we have that λ(p̃) = ⎛⎜⎝
a−1 v −12a⟨v, v⟩p,q
0 A −aAv♯
0 0 a
⎞⎟⎠. By means of
spinor representation, we view the element p̃ ∈ Spin+(p+1, q+1) as p̃ ∶ ∆p+1,q+1 →∆p+1,q+1,
i.e. as a linear isomorphism acting on spinors. Conjugating with the isomorphism Π from
(1.11) this can be equivalently described as p̃Π ∶= Π ○ p̃ ○ (Π)−1 ∶ ∆p,q ⊕∆p,q →∆p,q ⊕∆p,q,
which in matrix form is given by
p̃Π = (X YZ W) for X,Y,Z,W ∶ ∆p,q →∆p,q.
Clearly, under this identification, (4.13) is equivalent to p̃Π○cl(x) = cl(λ(p̃)(x))○p̃Π, where
cl(x) ∶ ∆p,q ⊕∆p,q´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=Π(∆p+1,q+1) →∆p,q ⊕∆p,q´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=Π(∆p+1,q+1) (4.14)
is Clifford multiplication with x ∈ Rp+1,q+1.
Let x = e−. As for any w ∈ ∆p+1,q+1 we have that e−(e−w + e+w) = e−e+w, we see by (1.11)
that cl(e−) = (0 I0 0) and cl(λ(p̃)(e−)) = a−1cl(e−). Then (4.13) yields that
(X Y
Z W
) ⋅ (0 0
I 0
) = ( 0 0
a−1 0) ⋅ (X YZ W) ,
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which implies that Y = 0 and W = a−1X. Now we let x ∈ Rp,q ⊂ Rp+1,q+1. Note that
we have to carefully distinguish between the Clifford action of x on ∆p+1,q+1 in (4.14)
and the Clifford action clp,q(x) ∶ ∆p,q → ∆p,q if x is considered as element of Rp,q. As
for all w ∈ ∆p+1,q+1 the equality Π(x ⋅ (e−w + e+w)) = (−x ⋅ χ(e−e+w)x ⋅ χ(e−w) ) holds, we have
that cl(x) = (−clp,q(x) 0




⎞⎟⎠, i.e. cl(λ(p̃)(x)) =
(−clp,q(Ax) 0⟨v, x⟩p,q clp,q(Ax)). Now (4.13) yields that
(X 0
Z a−1X) ⋅ (−clp,q(x) 00 clp,q(x)) = (−clp,q(Ax) 0⟨v, x⟩p,q clp,q(Ax)) ⋅ (X 0Z a−1X)
which can easily be shown to be equivalent to
clp,q(Ax) ⋅X =X ⋅ clp,q(x) ∀x ∈ Rp,q. (4.15)
The condition (4.12) is under our identifications clearly equivalent to
p̃Π ( 0χ(e−w)) = (X 0Z a−1X)( 0χ(e−w)) != ( 0χ(e− ⋅w′))
from which follows that a−1X(χ(e−w)) = χ(e− ⋅w′). This leads to the following implications
for x, y ∈ Rp,q:
x ⋅ χ(e−w) = 0⇒ 0 =X(x ⋅ χ(e−w)) (4.15)= (Ax) ⋅ (X(χ(e−w))) = a(Ax) ⋅ χ(e− ⋅w′),(Ay) ⋅ χ(e− ⋅w′) = 0 (4.15)⇒ X(y ⋅ χ(e−w)) = 0⇒ y ⋅ χ(e−w) = 0,
where in the last step we used thatX ∈ GL(∆p,q) as p̃ ∈ GL(∆p+1,q+1). Thus we have by the
last two lines that A(ker χ(e−w)) = ker χ(e−w′) which by (4.11) proves the Proposition. ◻
As a last ingredient for the Proof of Theorem 4.3 we need the following Lemma whose
proof can be found in [Lei01] and which is of interest in its own right:
Lemma 4.10 Let ϕ ∈ ker P g be a twistor spinor on a pseudo-Riemannian spin manifold(Mp,q, g) with zero x ∈ Zϕ. Let v ∈ TxM and let γv denote the maximal geodesic starting
in x in direction v.
1. If v ∈ ker Dgϕ(x), then also Im(γ) ⊂ Zϕ.
2. If v ∉ ker Dgϕ(x), then there is a neighbourhood U = U(x, v) of x in M such that
Zϕ ∩U ∩ Im(γ) = {x}.
Proof of Theorem 4.3: We first show that the quantity dim ker Dgϕ(x) does not
depend on the zero x ∈ Zϕ 1. One way to see this is the structure of the parallel tractor
form αp+1ψ . As shown in [Lei09] it holds for every x ∈ Zϕ that
αp+1ψ (x) g= d ⋅ s♭−(x) ∧ αpDgϕ(x) for x ∈ Zϕ.
1Moreover, it does not depend on the chosen metric in the conformal class as can be seen directly from
the transformation formulas in Lemma 2.35
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for some nonzero constant d ∈ R. Applying Lemma 1.24 to this then yields that
dim ker Dgϕ(x) = dim ker ψ(x) − 1,
and the right side of this equation does not depend on x ∈ Zϕ as ψ is parallel.
We next show that the zero set Zϕ is an embedded submanifold of M . To this end, let
x ∈ Zϕ be arbitrary. In the setting and notation of Proposition 4.8 and (4.9) we choose
neighbourhoods N and N ′ where we may assume that N ′ = expx′(V ) is a normal neigh-
bourhood of x′ as in (4.9) and we then consider Θ̃ ∶= (expx′)−1∣V ○Θ ∶ N → V . Propositions
4.8 and (4.9) yield that Θ̃(Zϕ ∩ N) = ker Dgϕ′(x′) ∩ V . We may compose this map
with a linear isomorphism Ax′ ∶ Tx′Q̂p,q → Rn satisfying Ax′(ker Dgϕ′(x′)) = Rk × {0},
where k does not depend on the choice of zero as seen above and in this way we obtain
a submanifold chart for Zϕ around x. By Lemma 4.9 the dimension of this submani-
fold is k = dim ker DgStϕ′(x′) = dim ker Dgϕ(x). Moreover, this submanifold is totally
lightlike, since for every curve γ in M with Im γ ⊂ Zϕ the twistor equation yields that
γ′(t) ⋅Dgϕ(γ(t)) = 0 from which γ′(t) ∈ ker Dgϕ(γ(t)) and g(γ′(t), γ′(t)) = 0 follows as
Dgϕ(γ(t)) ≠ 0. It is moreover totally geodesic: By the above discussion we clearly have
for x ∈ Zϕ that TxZϕ = ker Dgϕ(x) ⊂ TxM , and thus, if γ is a geodesic starting in x in
direction ker Dgϕ(x), Lemma 4.10 yields that the image of the geodesic is contained in
Zϕ. It remains to prove the local formula (4.1). Lemma 4.10 yields that for every x ∈ Zϕ
one has that expx (kerDgϕ(x) ∩Dx) ⊂ Zϕ, where Dx is the maximal starshaped domain
of definition for the exponential map at x. We restrict Dx to a sufficiently small open
neighbourhood D̃x of 0 ∈ TxM such that expx (kerDgϕ(x) ∩ D̃x) ⊂M is a k−dimensional
submanifold. Consequently, it holds that
expx (kerDgϕ(x) ∩ D̃x) ⊂ Zϕ ⊂M,
where Zϕ ⊂M is as we have already seen also a k-dimensional submanifold from which we
conclude that expx (kerDgϕ(x) ∩ D̃x) is an open submanifold of the embedded submani-
fold Zϕ. This yields (4.1) for arbitrary dimensions. ◻
Remark 4.11 The shape of the zero set of a twistor spinor on a Lorentzian manifold
has already been studied in [Lei01], however with a different method: In the Lorentzian
case one has that Zϕ = ZVϕ , and thus one gets the shape of Zϕ by studying the zero set
structure of conformal vector fields with certain additional properties. Thus, our tractor-
method based proof can be viewed as an independent proof of this result.
Remark 4.12 As a direct consequence of Theorem 4.3, the connected components of
the zero set of a nontrivial twistor spinor consist either of an isolated point or of the image
of a null-geodesic or of a totally null-plane etc. A mixture of two of these geometric objects
cannot occur as the zero set of one single twistor spinor, i.e. the connected components of
its zero set have the same dimension. The whole local geometry of the zero set is encoded
in the quantity dim ker Dgϕ(x) where x ∈ Zϕ is an arbitrary zero. This has interesting
global consequences. For instance, if we know a twistor spinor ϕ only on a small open set
U ⊂ M and we find that ϕ admits an isolated zero on U , then all zeroes of ϕ in M are
isolated! In case of a Ricci-parallel metric in the conformal class one has stronger results
about the shape of the set V appearing in (4.1) as explained in detail in [Lei01].
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4.3 Projective structures on the zero set
We next discuss the geometric structure on the zero set submanifold Zϕ ⊂M in more detail.
Our main result is that the conformal class naturally induces a projective structure on the
zero set of a twistor spinor. Recall that two linear connections ∇ and ∇̂ on a manifold N
are called projectively equivalent iff there exists a 1-form Υ ∈ Ω1(N) such that∇̂XY = ∇XY +Υ(Y )X +Υ(X)Y ∀X,Y ∈ X(N).
Clearly, ∇ and ∇̂ have the same torsion. A more geometric interpretation (cf. [CS09]) is
that two linear connections with the same torsion are projectively equivalent if and only
if they admit the same geodesics as unparametrized curves. A projective structure on N is
an equivalence class of connections.
Proposition 4.13 Let ϕ ∈ Γ(Sg) be a nontrivial twistor spinor with Zϕ ≠ ∅ on (M,c).
Then for every g ∈ c the Levi-Civita connection ∇g descends to a torsion-free linear con-
nection ∇ (as to be defined in (4.16)) on Zϕ. If g and g̃ are conformally equivalent, the
induced connections ∇ and ∇̃ are projectively equivalent, i.e., there is a natural construc-
tion
ϕ on (M,c)→ (Zϕ, [∇])
from conformal structures admitting a twistor spinor with zero to torsion-free projective
structures on the zero set.
Proof. It follows directly from (4.1) that for x ∈ Zϕ the tangent space to the zero set
is given by TxZϕ = ker Dgϕ(x) ⊂ TxM . In particular, ker Dgϕ(x) does not depend on
the choice of g ∈ c. For given X,Y ∈ X(Zϕ) and x ∈ Zϕ let γ ∶ (−, ) → M denote the
maximal geodesic in M with γ(0) = x and γ′(0) = X(x). By Lemma (4.10) we have that
Im(γ) ⊂ Zϕ. Consequently, we may consider Y ○ γ and set
∇XY (x) ∶= (∇g
dt
(Y ○ γ)) (0), (4.16)
where ∇gdt denotes the induced derivative along γ. We have to check that ∇XY ∈ X(Zϕ).
As (Y ⋅Dgϕ) ○ γ = 0, it follows that
0 = ∇Sg
dt






Consequently, ∇XY (x) ∈ ker Dgϕ(x) = TxZϕ. Clearly, this holds for every metric in the
conformal class. The fact that ∇ is torsion-free follows directly from the corresponding
property of ∇g. Now let g̃ = e2σg be a conformally equivalent metric with associated
connection ∇̃ on Zϕ. There is the well-known transformation formula (cf. [Fis13])∇g̃XY = ∇gXY +X(σ)Y + Y (σ)X − g(X,Y ) ⋅ gradgσ.
As for x ∈ Zϕ the space ker Dgϕ(x) is totally lightlike, it is a direct consequence of the
definition of ∇ that for all X,Y ∈ X(Zϕ) we have∇̃XY = ∇XY + dσ̂(X) ⋅ Y + dσ̂(Y ) ⋅X,
where σ̂ ∶= σ∣Zϕ . It follows that ∇ and ∇̂ are projectively equivalent. ◻
96
4.3 Projective structures on the zero set
Remark 4.14 Note that as a direct consequence of the definitions it holds that i∗Rg =
R∇, where i ∶ Zϕ ↪M and R∇ is the curvature tensor of the connection ∇. In particular,
if c admits a flat representative then so does [∇].
Moreover, as dim Zϕ ≤ min(p, q), the induced projective structure on the zero set, which
is trivial for a point or a curve as are the only possibilities in Riemannian or Lorentzian
geometry, becomes more interesting with increasing index of [g]. For metrics of signature(2, q), for instance, one can have 2-dimensional projective structures on Zϕ which are in
general non-trivial. Consequently, this new relation between projective and conformal
geometry motivates to study the twistor equation in arbitrary signatures.
The induced projective structure on the zero set as follows from Proposition 4.13 can also
be expressed and understood in terms of Cartan geometries:
Projective Cartan geometry on the flat model
According to Remark 2.23, we identify Q̂p,q = B̃+/P̃ +, where B+ = SO+(p + 1, q + 1), with
the space of all null rays in Rp+1,q+1 equipped with a natural conformal structure [gSt].
Let ϕ ∈ Γ(Q̂p,q, SgSt) be a twistor spinor with zero on Q̂p,q. As seen in (4.4), ϕ arises as the
restriction of a unique twistor spinor of the form Rp+1,q+1 ∋ x↦ x ⋅ v for some v ∈ ∆p+1,q+1
and
Zϕ = {t ∈ Q̂p,q ∣ t ⋅ v = 0} = (ker v) ∩ Q̂p,q.
Let k ∶= dim Zϕ. Clearly, dim ker v = k + 1. We now consider the subgroup J of B+ =
λ(B̃+), given as
J ∶= {j ∈ B+ ∣ j∣Zϕ = Zϕ} = {j ∈ B+ ∣ j∣ker v = ker v},
i.e we restrict the group B+ ≅ Conf+(Qp,q) of all orientation-preserving conformal dif-
feomorphisms of Q̂p,q to those which restrict to diffeomorphisms of Zϕ. We may without
loss of generality assume that the ray R+e− ∈ Q̂p,q lies in Zϕ, where StabR+e−B+ = P + 2.
Clearly, J acts transitively on Zϕ, whence
Zϕ ≅ J/StabR+e−J.
J gives rise to the group
Ĵ ∶= {j∣Zϕ ∶ Zϕ → Zϕ ∣ j ∈ J}/Z({j∣Zϕ ∣ j ∈ J}),
i.e. we consider diffeomorphisms of the zero set which arise as restrictions of orientation-
preserving conformal diffeomorphisms of the model space Q̂p,q and divide out the center.
It is easy to verify that also Ĵ acts transitively on Zϕ, i.e.
Zϕ ≅ Ĵ/StabR+e− Ĵ .
By construction, also the Maurer Cartan form of B+ restricts to that of J , i.e. the Cartan
geometry (B̃+ → B̃+/P̃ + ≅ Q̂p,q, ωMCB+ ) induces the Cartan geometry (J → J/StabR+e−J ≅
Zϕ, ω
MC
J ), defined over the zero set. In order to obtain a better description of the ho-
mogeneous space Ĵ/StabR+e− Ĵ , we describe the involved groups in terms of matrices: Let
2If x0 is any zero, i.e. x0 ⋅ v = 0, we find g ∈ B̃+ such that λ(g)(x0) = e−. It follows that e− ⋅ (g ⋅ v) = 0. We
can then work with the twistor spinor induced by g ⋅ v instead of v.
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(e−, f1, ..., fk) be a (totally lightlike) basis of ker v. We can complete this to a basis for






⎞⎟⎠, where I is the (k+1)×(k+1) identity matrix, p′ = p−k, q′ = q−k
and Ip′,q′ represents ⟨⋅, ⋅⟩p′,q′ on Rp′+q′ . Wrt. this basis, J is in terms of matrices given by
J = ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩j =
⎛⎜⎜⎝
A B C




A ∈ GL+(k + 1),B ∈M(k + 1),C ∈M(k + 1, p′ + q′)
F ∈M(p′ + q′, k + 1),G ∈ SO+(p′, q′)
A−1B +BT (AT )−1 + F T Ip′,q′F = 0,CT (AT )−1 +GT Ip′,q′F = 0
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ .
J is a semidirect product J = SL(k + 1) ⋉M , where SL(k + 1) is embedded in M(n + 2)
via A↪ ⎛⎜⎜⎝
A 0 0
0 (AT )−1 0
0 0 I
⎞⎟⎟⎠, and the group M is given as
M = ⎧⎪⎪⎪⎨⎪⎪⎪⎩jM =
⎛⎜⎝
a ⋅ I V X




a ∈ R+, V ∈M(k + 1),X ∈M(k + 1, p′ + q′)
F ∈M(p′ + q′, k + 1),G ∈ SO+(p′, q′)
a−1V + a−1V T + F T Ip′,q′F = 0, a−1XT +GT Ip′,q′F = 0
⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
Wrt. this decomposition, we write j = (A, jW ) for j ∈ J,A ∈ SL(k + 1), jM ∈M . It follows
that j ∈ StabR+e−J iff A ∈ StabR+e−SL(k + 1). Moreover, it follows immediately that
Ĵ ≅ SL(k + 1).
Factoring out the M−part of J then leads to a well-defined diffeomorphism
J/StabR+e−J ≅→ SL(k + 1)/StabR+e−SL(k + 1) ≅ Zϕ,(A, jM) ⋅ StabR+e−J ↦ A ⋅ StabR+e−SL(k + 1).
Geometrically, omitting the M−part of J corresponds to restricting the elements of J ⊂
Conf+(Qp,q) to the zero set Zϕ, yielding the group Ĵ . Consequently, we have constructed
a naturally induced Cartan geometry
(SL(k + 1)→ SL(k + 1)/StabR+e−SL(k + 1) ≅ Zϕ, ωMCSL(k+1))
over the zero set of ϕ. However, [CS09] shows that the homogeneous space SL(k +
1)/StabR+e−SL(k + 1), considered as (parabolic) Cartan geometries of type(SL(k+1),StabR+e−SL(k+1)) is the homogeneous model for oriented projective structures.
Clearly,
SL(k + 1)/StabR+e−SL(k + 1) ≅ {rays in Rk+1} ≅ Sk,
and under this identification, the group SL(k+1) is seen to be the group of all orientation-
preserving diffeomorphisms of Sk which also preserve the projective structure, i.e. that
map great circles into great circles.
Thus, there is a naturally induced Cartan geometry defined on the zero set of every
twistor spinor of Q̂p,q which yields the flat model of projective geometry. The group
SO+(p + 1, q + 1) ≅ Conf+(Q̂p,q) descends after restriction to Zϕ and dividing out the
centre naturally to the group Ĵ ≅ SL(k+1) of orientation-preserving projective diffeomor-
phisms of Zϕ.
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The curved case
Let us now briefly sketch the relation between a conformal structure admitting twistor
spinors and induced projective Cartan geometries on their zero sets for the general set-
ting: Every oriented and torsion-free k−dimensional projective structure (N, [∇]) can
be equivalently described as Cartan geometry (Ppr, ωpr) of type (SL(k + 1),K), where
K = StabR+e1SL(k + 1) is the stabilizer of the ray spanned by the first basis vector
e1 ∈ Rk+1 under the standard matrix action of SL(k + 1) on Rk+1, and the Cartan con-
nection ωpr ∈ Ω1(Ppr, sl(k + 1)) is again distinguished by certain normalisation condi-
tions, cf. [CS09] for details of the construction. As in the conformal case, the stan-
dard action of SL(k + 1) on Rk+1 leads to an associated projective standard tractor bundleT prN = Ppr ×K Rk+1 with induced covariant derivative ∇pr. Via some fixed ∇ ∈ [∇] we
have that (cf. [Arm06])
T prN ∇≅ R⊕ TM, and ∇prX (αY ) = (X(α) + P∇(X,Y )∇XY + αX ) , (4.17)
where P∇ = 1n−2Ric∇ (which in general is non symmetric).
Let us apply this to our original setting, i.e. consider an n−dimensional conformal spin
manifold (M, [g]) with ψ ∈ Par(S(M),∇nc) and let ϕ = Φ̃g(projg+(ψ)) ∈ ker P g. Suppose
that k = dim Zϕ > 0. We restrict the standard tractor bundle T (M)→M onto T (M)∣Zϕ ⊃
ker ψ∣Zϕ → Zϕ, being a vector bundle of rank k+1 over Zϕ. For g ∈ [g], the g−trivialization
(2.23) yields that





⎞⎟⎠ ∣ α ∈ R, Y ∈ ker Dgϕ∣Zϕ
⎫⎪⎪⎪⎬⎪⎪⎪⎭→ Zϕ. (4.18)
As ker Dgϕ∣Zϕ is totally lightlike, it follows from (2.25) that the normal conformal Cartan
connection ∇nc restricts to a covariant derivative on the bundle ker ψ∣Zϕ → Zϕ. On the
other hand, we can as in Proposition 4.13 form the projective structure (Zϕ, [∇]). Finally,
(4.17), (4.18) and (2.25) show that there exists a natural isomorphism of vector bundles
over Zϕ, namely
ν ∶ ker ψ∣Zϕ → T prZϕ such that ν ○ ∇nc = ∇pr ○ ν ,








⎞⎟⎠ = (αY ) ∈ R⊕ TZϕ ∇≅ T prZϕ.
That is, on the level of the underlying bundles the conformal Cartan Geometry (Q1+ →
M, ω̃nc) admitting a twistor spinor with zero restricts to the projective Cartan geometry(Ppr → Zϕ, ωpr) of type (SL(k + 1),K) defined over the zero set.
Proposition (4.13) motivates us to consider pseudo-Riemannian extensions which are
treated in [HS11a] and [CGGV09]: Given any manifold N of dimension k ≥ 2 equipped
with a class of projectively equivalent torsion-free connections [∇], there is a, in gen-
eral non-natural, construction of a split-signature conformal structure [g∇] on T ∗N . We
99
4 The Zero Set of a Twistor Spinor
elaborate on the very explicit approach to pseudo-Riemannian extensions developed in
[CGGV09]: Let x ∈ N and let (x1, ..., xk) be local coordinates on U ⊂ M around x. Fix∇ in the projective class and let Γ∇,tij denote the local connection coefficients wrt. these
coordinates. We introduce the Thomas projective parameters (cf. [Eas06]), defined by
Πtij ∶= Γ∇,tij − 1k + 1Γ∇,lli δtj − 1k + 1Γ∇,llj δti
which are easily shown to be independent of ∇ ∈ [∇]. For the cotangent bundle pi ∶ T ∗N →
N let (x1, ..., xk, x′1, ..., x′k) be cotangent coordinates on pi−1(U) which result from writing
ω ∈ pi−1(U) as ω = ∑i x′idxi. We then define the pseudo-Riemannian extension of (N, [∇])
to be the split signature conformal structure on T ∗N with representative
g∇ = 2dxi ○ dx′i − 2∑
l
x′lΠlijdxi ○ dxj .
[CGGV09] presents a coordinate-invariant definition of this metric, and in [HS11a] this
conformal structure is shown to admit twistor spinors. Now given a pseudo-Riemannian
conformal spin structure (M,c) admitting a twistor spinor ϕ with k ∶=dim Zϕ > 2, it is
natural to ask how the following diagram could be completed:
(M,c = [g]) with ϕ ∈ kerP g Prop. 4.13 // (Zϕ, [∇]) k-dim., torsion-free
pseudo-Riem. extension
(T ∗Zϕ, [g∇]) of signature (k, k)
? (4.19)
The best we could hope for is the existence of a conformal embedding of (T ∗Zϕ, [g∇]) into(M,c). A first step into this direction is given by the next Proposition:
Proposition 4.15 In the setting of diagram (4.19) there exists for every x0 ∈ Zϕ an
open neighbourhood Vx0 of x0 = (x0,0) ∈ T ∗Zϕ and an embedding
Φ ∶ Vx0 →M such that (Φ∗g)(y,0) = g∇ ∀(y,0) ∈ Zϕ ⊂ Vx0 , (4.20)
i.e. Φ is isometric along the zero section. Here, ∇ is the projective connection on Zϕ
induced by ∇g.
Proof. For fixed g ∈ c and x0 ∈ Zϕ, we consider normal coordinates β̃ = (x1, ..., xn) on
an open neighbourhood Ux0 of x0 in M ,
β̃ ∶ Ux0 expx0−1∣Ux0→ Tx0M A→ Rn,
which by Theorem 4.3 restrict to coordinates on Zϕ ∩Ux0 ,
β̃ ∶ Zϕ ∩Ux0 → ker Dgϕ(x0)→ Rk.
Here, A is a linear isomorphism from Tx0M onto Rn whose restriction to ker Dgϕ(x0) maps
onto Rk × {0}. β̃ induces cotangent coordinates β = (x1, ..., xk, x′1, ..., x′k) on T ∗(Zϕ ∩ U)
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in the usual way, i.e. for (y,ω) = ∑i ωidxiy we have that β(y,ω) = (β(y), ω1, ..., ωk). By
identifying Zϕ with the zero section in T
∗Zϕ, we may then identify ∂∂xi ∣(y,ω) = ∂∂xi ∣y ∈
TyZϕ ⊂ T(y,ω)T ∗Zϕ and ∂∂x′i ∣(y,ω) = dxiy ∈ T ∗y Zϕ.
We find an open neighbourhood Vx0 ⊂ T ∗Zϕ of x0 ∈ T ∗Zϕ such that
Φ ∶ Vx0 →M, (y,ω)↦ expy(ω♯)
is well-defined. We compute the differential of Φ at (x0,0):
dΦ(x0,0) ( ∂∂xi ∣(x0,0)) = ddt ∣t=0expδi(t)(0) = ddt ∣t=0δi(t) = ∂∂xi ∣x0 ,
dΦ(x0,0) ⎛⎝ ∂∂x′i ∣(x0,0)⎞⎠ = ddt ∣t=0expx0(i(t)♯) = (dxix0)♯ ,
where δi ∶ I → Zϕ ⊂ T ∗Zϕ is a curve with δ0 = x0 and ddt ∣t=0δi(t) = ∂∂xi ∣x0 ,  ∶ I → T ∗y Zϕ ⊂
T ∗Zϕ is a curve with (0) = x0 and ddt ∣t=0i(t) = dxiy.
The space Tx0Zϕ = span( ∂∂x1 ∣x0 , ..., ∂∂xk ∣x0) ⊂ Tx0M is totally lightlike wrt. gx0 . We may
choose a pseudo-orthonormal basis (s1, ..., sn) of Tx0M such that ∂∂xi ∣x0 = si + si+p. It
follows that (dxix0)♯ = −si + si+p. This shows that the differential of Φ is injective, whence
we obtain a local embedding after restricting Vx0 if necessary.
We now compute for (y,0) ∈ Vx0 :
Φ∗g(y,0) ⎛⎝ ∂∂xi ∣(y,0), ∂∂xj ∣(y,0)⎞⎠ = gy ⎛⎝dΦ(y,0) ( ∂∂xi ∣(y,0)) , dΦ(y,0) ⎛⎝ ∂∂xj ∣(y,0)⎞⎠⎞⎠
= gy ⎛⎝ ∂∂xi ∣y, ∂∂xj ∣y⎞⎠ = 0 = (g∇)(y,0) ⎛⎝ ∂∂xi ∣(y,0), ∂∂xj ∣(y,0)⎞⎠ ,
Φ∗g(y,0) ⎛⎝ ∂∂x′i ∣(y,0), ∂∂x′j ∣(y,0)⎞⎠ = gy ((dxix0)♯ , (dxjx0)♯)
= 0 = (g∇)(y,0) ⎛⎝ ∂∂x′i ∣(y,0), ∂∂x′j ∣(y,0)⎞⎠ ,
Φ∗g(y,0) ⎛⎝ ∂∂xi ∣(y,0), ∂∂x′j ∣(y,0)⎞⎠ = gy ( ∂∂xi ∣y, (dxjx0)♯)
= δij = (g∇)(y,0) ⎛⎝ ∂∂x′i ∣(y,0), ∂∂x′j ∣(y,0)⎞⎠ .
By bilinear extension, this proves the Proposition. ◻
Remark 4.16 A related construction which characterizes anti-selfdual conformal struc-
tures in signature (2,2) admitting distinguished spinor fields in terms of 2-dimensional
projective structures is discussed in [DW07], for instance.
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4.4 Geometry off the zero set
It is now natural to ask what can be said about the spinor and associated local geometries
off the zero set if one knows the (local) structure of Zϕ. In the Riemannian case, a twistor
spinor is always parallel on a Ricci-flat space off the zero set. For Lorentzian signature,
F. Leitner showed that in case of an isolated zero the Lorentzian metric is locally off the
zero set isometric to a static monopole −dt2 +h where h is a Riemannian Ricci-flat metric
with parallel spinor. If the zero is not isolated, then off the zero set the space is locally
conformally equivalent to a Brinkmann space with parallel spinor.
Generalizing this, our results from section 4.3 reveal that in every signature the spinor
is locally equivalent to a parallel spinor off the zero set. In fact, let ψ ∈ Γ(S(M)) be a
parallel spin tractor with associated twistor spinor ϕ ∈ Γ(Sg) for g ∈ c. Let x ∈ Zϕ. It then
holds at x that
ψ(x) = [[σ̃g(l(x)), e] ,0 + e−w] (4.21)
for some w ∈ ∆p+1,q+1 and a local section l ∶ U → Qg+. However, this means that s−(x) ∈
ker ψ(x) ≠ {0}. In particular, since the dimension of this kernel is constant over M ,
Proposition 3.28 applies and yields the next statement.
Theorem 4.17 Let ϕ ∈ Γ(M,Sg) be a twistor spinor admitting a zero. Then there is
an open dense subset M̃ ⊂M with Zϕ ⊂M/M̃ such that for every x ∈ M̃ there is an open
neighbourhood Ux ⊂ M̃ on which ϕ can be rescaled to a parallel spinor.
Our discussion from section 3.3 implies further consequences relating the shape and di-
mension of the zero set to local geometric structures off the zero set. Let us for brevity
assume that [g] is a conformal class of metrics with p ≤ q.
Proposition 4.18 Let ϕ ∈ Γ(Sg) be a twistor spinor with nonempty zero set Zϕ. Then
there is a set of singular points sing(ϕ) ⊂ M with Zϕ ⊂ sing(ϕ) such that the following
holds:
There is 0 ≤ k ≤ p such that Zϕ is an embedded k−dimensional totally lightlike submanifold.
On M/sing(ϕ), the spinor is locally conformally equivalent to a parallel spinor and the
corresponding metric holonomy representation fixes a totally lightlike subspace of dimen-
sion k. If k = p or k = p − 1 there is even a fixed totally lightlike k−form. If k = 0, i.e. the
zero is isolated, the spinor is off sing(ϕ) locally parallel wrt. a Ricci-flat metric.
Proof. We observe first that for the number k appearing in the Proposition it holds that
k = dim ker Dgϕ(x), where x ∈ Zϕ. Let ψ ∈ Γ(M,S) be the parallel spin tractor associated
to ϕ ∈ ker P g and let x ∈ Zϕ be arbitrary. Then ψ(x) can be written as in (4.21), and in
this notation we have that − 1n ⋅Dgϕ(x) = [l, χ(e− ⋅w)]. Consequently,
ker ψ(x) = R ⋅ s−(x)⊕ ker Dgϕ(x) ⊂ I−(x)⊕ TxM ⊕ I+(x) g≅ Tx(M). (4.22)
On the other hand, Proposition 3.28 and 3.34 apply: There exists an open, dense subset
M̃ ⊂ M such that on M̃ there is locally a metric g = gU in the conformal class with
dim ker ψ∣U − 1 = dim kerϕ∣U . Comparing with (4.22) (note that dim ker ψ is constant)
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yields that
dim Zϕ = dim ker Dgϕ∣Zϕ = k = dim ker ψ − 1 = dim ker ϕ∣M̃ . (4.23)
Moreover, g can by Theorem 4.17 be chosen such that ϕ is locally parallel. In particular,
ker ϕ is (locally) of the same dimension k as the zero set, parallel and totally lightlike (wrt.
to a suitable metric in the conformal class) and henceforth fixed by the metric holonomy
representation. The statement then directly follows from Proposition 3.34 which relates
dim ker ϕ to local geometries. ◻
Remark 4.19 The formula (4.23) derived in the previous proof shows that the zeroes of
a twistor spinor know global information about the spinor in the sense that the dimension
of the zero set controls the type of parallel spinor and geometry one has off the zero set.
In particular, if the spinor admits an isolated zero at some point, then the metric can be
locally rescaled to a Ricci-flat metric everywhere off a singular set.
As an application, let us consider the case p = 2 more carefully.
Remark 4.20 Let ϕ be a parallel spinor on (M2,n−2, g). The spinor leads to a nontriv-
ial, parallel 2-form α2ϕ on M . The SO
+(2, n−2)-orbit type of this form must be one of the
list from Remark 1.25: The first form, α2ϕ = l♭1 ∧ l♭2 corresponds to a parallel pure spinor.
In the second case, α2ϕ = l♭∧ t♭, we can conclude that there is a nontrivial lightlike, parallel
vector field and thus (U, g) is a Brinkmann space. In the third case, (U, g) is Ricci-flat
(as ker ϕ = {0}) and Hol(M,g) leaves invariant a (possibly trivial) n − 2m dimensional
nondegenerate subspace E and α2ϕ is Ka¨hler on E. It follows with Remark (1.25) and
standard holonomy theory that there is a local splitting (U, g) ≅ (U1, g1)× (U2, g2), where
the first factor is Ricci-flat pseudo Ka¨hler of signature (2,2m − 2) and the second factor
(which might be trivial) is Riemannian Ricci-flat. Moreover both factors admit parallel
spinors, since [Lei04] proves that a pseudo-Riemannian product admits a parallel spinor
iff both factors admit a parallel spinors.
The discussion from Remark 4.20 together with the last statement directly leads to the
following more concrete relation between the shape of the zero set and local geometries.
All one has to observe is that dim Zϕ =dim ker ϕ off the zero set where ϕ is parallel.
Proposition 4.21 Let ϕ ∈ Γ(Sg) be a twistor spinor with zero on (M2,n−2, g). Then
exactly one of the following cases occurs:
1. Zϕ consists locally of totally lightlike planes. In this case, the spinor is locally equiv-
alent to a parallel spinor off the zero set and gives rise to a parallel totally lightlike
2-form.
2. Zϕ consists of isolated images of lightlike geodesics. In this case, the spinor is off the
zero set locally conformally equivalent to a parallel spinor on a Brinkmann space.
3. Zϕ consists of isolated points. In this case there is for each point off the zero set an
open neighbourhood and a local metric in the conformal class such that the resulting
space is isometric to a product (U1, g1) × (U2, g2) where the first factor is Ricci-flat
pseudo-Ka¨hler and the second factor (which might be trivial) is Riemannian Ricci-
flat. Both factors admit a parallel spinor.
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Finally, we study the behaviour of the Weyl tensor on the zero set of a twistor spinor:
Proposition 4.22 Let ϕ ∈ ker P g be a twistor spinor with zero on (M,g) and suppose
that dim Zϕ ∈ {0,1}. Then it holds that W g∣Zϕ = 0.
Proof. Let x0 ∈ Zϕ. From the last integrability condition from Proposition 2.11 we
obtain (Z⨼W gx0(η)) ⋅Dgϕ(x0)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶≠0 = 0 ∀Z ∈ Tx0M,η ∈ Ω
2(M). (4.24)
In other words, we have that W gx0(X,Y,Z) ∈ ker Dgϕ(x0) for all X,Y,Z ∈ Tx0M . As dim
Zϕ = dim ker Dgϕ(x0) the claim follows if this kernel is trivial. Otherwise, we have
that dim ker Dgϕ(x0) = 1 and proceed as follows: By (4.24) there exists a nonzero,
isotropic vector v ∈ Tx0M such that W gx0(X,Y,Z) = λ(X,Y,Z) ⋅ v. We now fix a basis(v, ṽ, a1, ..., an−2) of Tx0M where ṽ is isotropic, gx0(v, ṽ) = 1 and (a1, ..., an−2) is a pseudo-
orthonormal basis of {v, ṽ}. By definition, it holds that
W gx0(X,Y,Z,U) = λ(X,Y,Z)g(v,U) = ⎧⎪⎪⎨⎪⎪⎩0 U ∈ span(v, a1, ..., an−2)λ(X,Y,Z) U = ṽ ,
i.e. it remains to check that W gx0(X,Y,Z, ṽ) = 0:
W gx0(X,Y,Z, ṽ) = −W gx0(X,Y, ṽ,Z) = −λ(X,Y, ṽ)g(v,Z)
The last expression, however, vanishes if Zv and in case Z = ṽ it vanishes due to the
symmetries of W g. ◻
We do not know whether the previous result also holds in case of higher-dimensional zero
sets.
Remark 4.23 Already in the Riemannian case the construction of non-conformally flat
examples admitting twistor spinors with zeroes is quite involved, see [KR96, KR98]. We
do not know whether there are any non-conformally flat examples of pseudo-Riemannian,
non-Riemannian geometries admitting a twistor spinor with zero. [Lei07] presents a C1-
Lorentzian metric admitting a twistor spinor with isolated zero. It remains unclear whether
this metric is also smooth at the zero.
Let us elaborate on the Lorentzian case and related problems in more detail. If ϕ is a
twistor spinor with zero on a Lorentzian manifold, then Vϕ is a essential conformal vector
field, meaning that in cannot be rescaled to a Killing vector field for a metric in the
conformal class. In the Lorentzian case we have zero(Vϕ) = zero(ϕ). Therefore, one has
to search for Lorentzian geometries admitting conformal vector fields with zeroes which
are not conformally flat around the zero set. It is easy to find examples of spacelike
vector fields: In fact, consider on Rn with n ≥ 4 and standard coordinates (x1, ..., xn) the
Lorentzian metric g given by
g11 = g22 = g1j = g2j = 0, g12 = 1, gjk = hjk(t),
where t = x1, the indices j, k, l, p, q always vary from 3 to n, and t↦ h(t) is a smooth curve
of symmetric positive-definite (n − 2) × (n − 2) matrices. The Christoffel symbols of g all
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vanish except possibly for Γ2jk and Γ
k
1j , characterized by 2Γ
2
jk = −g˙jk and 2Γk1j = gklg˙jl, so
that the (4,0) curvature components (or the Ricci-tensor components) are all zero except
for those algebraically related to R1j1k, with 4R1j1k = −2˙˙gjk + gpq g˙jpg˙kq (or, respectively,
except for R11 = gjkR1j1k). Thus, W1j1k = R1j1k − (n − 2)−1R11gjk is in general nonzero.
On the other hand, v given by
v1 = 0, v2 = 2x2, vj = xj
is a g−conformal vector field, with the zero set consisting of the x1 coordinate axis. Note
that v is essential at each of its zeroes, since div v = n everywhere in the zero set of v.
However, spacelike conformal vector fields never arise as the Dirac current of twistor
spinors, see [Lei01]. Causal conformal vector fields with zeroes are studied in [Fra07].
In particular, one finds examples of Lorentzian manifolds admitting timelike or isotropic
conformal vector fields with zero which are not locally conformally flat around the zero.
These examples are much harder to construct than the above spacelike one. However, we
can not clarify whether these vector fields also arise as Dirac currents of twistor spinors.
Finally, the shapes of the zero sets of general conformal vector fields in any metric signa-
ture are studied in [Der12, Der11]. One finds formulas that are conceptually very similar
to the spinorial analogue (4.1).
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The aim of this chapter is the classification of pseudo-Riemannian geometries admitting
twistor spinors in some low dimensions by making use of the theory developed so far. In
fact, the results from the previous two chapters open a conceptual way to classify twistor
spinors in arbitrary signature (p, q) and dimension n = p + q once the orbit structure of
∆p,q and ∆p+1,q+1 under the action of the respective spin groups is known. In this chapter
we show how all information about possible local geometries admitting twistor spinors is
encoded in these algebraic data. However, the mentioned orbit structure is only known
for low values of p and q and we then apply this procedure to classify real twistor spinors
in split signatures (m,m − 1) and (m,m) for m ≤ 7.
Our new results obtained here add to other classification results for twistor spinors in low
dimensions which are already known:
 [Bry00] classifies metrics admitting parallel spinor fields in small dimensions. It is
moreover known that a Riemannian 3-manifold admitting a twistor spinor is confor-
mally flat, and a Riemannian 4-manifold with twistor spinor is selfdual ([BFGK91]).
 In Lorentzian geometry, there is a classification of all local geometries admitting
twistor spinors without zeroes and constant causal type of the associated conformal
vector field Vϕ for dimensions n ≤ 7, which can be found in [Lei01, BL04].
 In signature (2,2), anti-selfdual four manifolds with parallel real spinor have been
studied in [Dun02]. Furthermore, [HS11a] presents a Fefferman construction which
starts with a 2-dimensional projective structure and produces geometries carrying
two pure spin tractors with nontrivial pairing which leads to Hol(M,c) ⊂ SL(3,R) ⊂
SO+(3,3).
 [HS11b] investigates (real) generic twistor spinors in signature (3,2) and (3,3), being
twistor spinors satisfying additionally that the constant (!) ⟨ϕ,Dϕ⟩ is nonzero (sig-
nature (3,3) is also discussed in [Bry09]). They are shown to be in tight relationship
to so called generic 2-distributions on 5-manifolds resp. generic 3-distributions on
6-manifolds, that means every generic twistor spinor ϕ gives rise to a generic dis-
tribution ker ϕ ⊂ TM , and conversely, given a manifold with generic distribution,
one can canonically construct a conformal structure admitting a twistor spinor, and
these two constructions are inverse to each other. We will elaborate more on this
case in the last section of this chapter.
In particular, we will study in this chapter the remaining non-generic cases of twistor
spinors in signatures (3,2) and (3,3).
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5.1 The relation between the orbit structure of the spinor
module and local geometries
The purpose of this chapter is to classify geometries admitting real twistor spinors in
low-dimensional split-signatures, i.e. (p, q) = (m + 1,m) or (m,m). In the latter case
we may restrict our attention to twistor half-spinors since we are only interested in local
considerations. Suppose we are given a complete list of orbit representatives vi ∈ ∆R,(±)p+1,q+1
for some index set I, i.e.
∪i∈ISpin+(p + 1, q + 1) ⋅ vi = ∆R,(±)p+1,q+1,
Spin+(p + 1, q + 1) ⋅ vi ∩ Spin+(p + 1, q + 1) ⋅ vj = ∅ for i ≠ j,
with known stabilizer subgroups
StabviSpin
+(p + 1, q + 1) = {g ∈ Spin+(p + 1, q + 1) ∣ g ⋅ vi = vi}.
Note that as −1 ∉ StabviSpin+(p + 1, q + 1), the double covering λ ∶ Spin+(p + 1, q + 1) →
SO+(p + 1, q + 1) restricted to this stabilizer restricts to an isomorphism
λ ∶ StabviSpin+(p + 1, q + 1)→ λ(StabviSpin+(p + 1, q + 1)).
Clearly, to each orbit we can associate the integer dim ker vi ∈ {0, ...,m} which does not
depend on the chosen orbit representative.
With these algebraic ingredients in mind, we now turn to geometry: Let (Mp,q, c) be
a conformal spin manifold with nontrivial parallel spin tractor ψ ∈ Γ(M,S). Via the
holonomy principle, there is a unique orbit representative vi corresponding to ψ
1. As a
direct consequence, we have that
 kψ ∶= dim ker ψ = dim ker vi,
 Hol(M,c) ⊂ λ(StabviSpin+(p + 1, q + 1)) ⊂ SO+(p + 1, q + 1) (up to conjugation).
Thus, in order to describe conformal structures of signature (p, q) admitting twistor
spinors, one has to go through the list of orbit representatives vi in ∆p+1,q+1 as these
orbits precisely correspond to possible types of twistor spinors. If dim ker vi > 0, the
twistor spinor associated to ψ can locally be rescaled to a parallel spinor (Theorem 3.43).
In any case, the stabilizer of vi yields a reduction of conformal holonomy. We can then
use Theorem 3.43 in order to derive further geometric consequences.
Moreover, the quantity kψ = dim ker vi also yields information about the zero set: Let
ϕ = Φ̃g(projg+ψ) ∈ ker P g. Then by the previous chapter, Zϕ ≠ ∅ is only possible if kψ > 0,
and if Zϕ ≠ ∅ it holds for its dimension as manifold by the proof of Proposition 4.18 that
dim Zϕ = kψ − 1 = dim ker vi − 1. (5.1)
1Equivalently, one can also consider ψ as Spin+(p + 1, q + 1)-equivariant map ψ̂ ∶ Q1+ → ∆p+1,q+1. As ψ is
parallel, the image of this map is an orbit under the Spin+(p + 1, q + 1)-action.
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5.2 Orbit structure in low dimensional split signatures
Whenever possible, we list orbit representatives and their stabilizers without making use of
an explicit realisation of an irreducible Cl(p, q)−representation, The following results are
mainly due to [Igu70]. Equivalent results can also be found in [Bry00] up to dimension 8.
However, reference [Igu70] uses a different realisation of the Clifford algebra Cl(p, q) and
its irreducible representations in split signatures. From the classification results in these
references, it is then straightforward to extract a complete list of orbit representatives in
∆p,q and associated stabilizer subgroups. For more details on these stabilizer groups we
refer to the given references.
In signatures (p, q) = (2,2), (3,2) and (3,3), every nonzero (half-)spinor in ∆Rp,q is pure.
Whence, its kernel under Clifford multiplication is maximal and the stabilizer is given by
R+(p, q) (cf. 1.14).
The orbits of ∆R4,3/{0} under the action of Spin+(4,3) are precisely the level sets of⟨⋅, ⋅⟩∆R4,3 . A pure spinor is thus characterized by ⟨v, v⟩∆R4,3 = 0 and v ≠ 0 and its stabilizer
is given by R+(4,3). By Proposition 1.16 the kernel of a non-pure spinor under Clifford
multiplication is trivial. The stabilizers of these spinors are all conjugate and given by G2,2.
In signature (4,4) one has essentially the same orbit structure on the half spinor mod-
ule, i.e. the orbits are given by the level sets of ⟨⋅, ⋅⟩∆R4,4 and the pure spinors consti-
tute the null cone. Moreover, the stabilizer of a spinor with nonzero norm is given by
Spin+(4,3) ⊂ Spin(4,4) 2.
Each level set of ⟨⋅, ⋅⟩∆R5,4 constitutes a single orbit under the Spin+(5,4)-action. The
stabilizer is given by Spin+(4,3) ⊂ Spin+(4,4) ⊂ Spin+(5,4). In particular, the image of
this stabilizer under the double covering λ preserves a timelike line. In contrast to this,
the null cone {v ∈ ∆R5,4/{0} ∣ ⟨v, v⟩∆R5,4 = 0} decomposes into two orbits: besides the orbit
of pure spinors with stabilizer isomorphic to R+(5,4), there is an orbit of spinors with
1-dimensional kernel under Clifford multiplication.
∆R,±5,5 /{0} decomposes into precisely two orbits under the Spin+(5,5)-action. Besides the
orbit of pure spinors with stabilizer R+(5,5) there is an orbit where every spinor has
1-dimensional kernel. In particular, the λ-image of a spinor lying in this orbit fixes an
isotropic line.
In ∆R6,5/{0} one finds the orbit of pure spinors, one orbit whose elements have 2-dimensional
kernel, one orbit whose elements have 1-dimensional kernel under Clifford multiplication
and orbits whose elements have trivial kernel under Clifford multiplication. Among the
last ones, there are two different types: There is one type where the λ-image of the sta-
bilizer is isomorphic to Sp(4) ⋉N with N being some 14-dimensional group (for details
cf. [Igu70]). This stabilizer acts reducible on R6,5 and preserves a 5-dimensional totally
isotropic subspace. The stabilizers of other orbit representatives with trivial kernel are all
conjugate to SU(3,2) ⊂ SO(6,4) ⊂ SO(6,5).
2For the correct embedding Spin(4,3)↪ Spin(4,4) which has to be used in this situation, cf. [Kat99]
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∆R,±6,6 /{0} has the following orbit structure: There is the orbit of pure spinors with stabilizer
R+(6,6) and an orbit whose elements have 2-dimensional kernel under Clifford multipli-
cation. All other spinors have trivial kernel under Clifford multiplication. They split into
two different types according to the action of the λ-image of their stabilizers: There is one
orbit whose stabilizer subgroup acts reducible on R6,6 and preserves a maximally totally
isotropic subspace of dimension 6. All other orbits with trivial kernel can be parametrized
by one real parameter and have stabilizer subgroup isomorphic to SU(3,3) ⊂ SO+(6,6).
∆R7,6/{0} decomposes into 20(!) different orbits under the action of Spin+(7,6). We do
not go into detail and later wont analyse twistor spinors in signature (6,5). In ∆R,±7,7 /{0}
there are 9 different orbits. A complete description of both signatures can be found in
[GE78].
5.3 Local geometric classification
With these preparations, it is now straightforward to give a complete list of local split-
signature geometries admitting twistor spinors in low dimensions. We use the notation
from section 5.1.
Theorem 5.1 Let (Mp,q, c) be a conformal structure of split signature (p, q) = (m,m)
or (m,m − 1) with m ≤ 6 and (p, q) ≠ (6,5). Assume that there exists a nontrivial real
twistor (half)-spinor ϕ on M . Then exactly one of the following cases regarding the local
geometry of (M,c) and the zero set structure of ϕ occurs:
(p, q) kψ Hol(M,c) ⊂ local geometry in conformal class,






(2,2) 3 R+(3,3) parallel pure spinor on Ricci-isotropic
pseudo-2-Walker manifold with parallel,
totally lightlike 2-form, local metric given
by (3.38)
ker ϕ is globally integrable distribution on
M̃ ⊂M open, dense
1. 2
(3,2) 3 R+(4,3) parallel pure spinor on Ricci-isotropic
pseudo-2-Walker manifold with parallel,
totally lightlike 2-form, local metric given
by (3.38)
ker ϕ is globally integrable distribution on
M̃ ⊂M open, dense
1. 2
0 G2,2 generic twistor spinor, i.e. ⟨ϕ,Dgϕ⟩ ≠ 0,
Geometry equivalently described in terms
of generic 2-distribution ker ϕ ⊂ TM , cf.
[HS11a]
2. or 3. ∅
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(3,3) 4 R+(4,4) parallel pure spinor on Ricci-isotropic
pseudo-3-Walker manifold with parallel,
totally lightlike 3-form, local metric given
by (3.38)
ker ϕ is globally integrable distribution on
M̃ ⊂M open, dense
1. 3
0 Spin+(4,3) generic twistor spinor, i.e. ⟨ϕ,Dgϕ⟩ ≠ 0,
Geometry equivalently described in terms
of generic 3-distribution ker ϕ ⊂ TM , cf.
[HS11a]
2. or 3. ∅
(4,3) 4 R+(4,4) parallel pure spinor on Ricci-isotropic
pseudo-3-Walker manifold with parallel,
totally lightlike 3-form, local metric given
by (3.38)
ker ϕ is globally integrable distribution on




There is locally around each point off a
singular set a neighbourhood U and met-
ric g ∈ c∣U such that (U, g) is Ricci-flat, ϕ is
parallel on U wrt. g and Hol(U, g) ⊂ G2,2.








There is locally around each point off a
singular set a neighbourhood U and an
Einstein metric g ∈ c∣U of positive scalar
curvature. (U, g) has cone holonomy in
Spin+(4,3) and on U , ϕ is a real Killing
spinor.
2.b ∅
(4,4) 5 R+(5,5) parallel pure spinor on Ricci-isotropic
pseudo-4-Walker manifold with parallel,
totally lightlike 4-form, local metric given
by (3.38)
ker ϕ is globally integrable distribution on




There is locally around each point off a
singular set a neighbourhood U and met-
ric g ∈ c∣U such that (U, g) is Ricci-flat, ϕ
is parallel on U wrt. g and Hol(U, g) ⊂
Spin+(4,3)
1. 0
(5,4) 5 R+(6,5) parallel pure spinor on Ricci-isotropic
pseudo-4-Walker manifold with parallel,
totally lightlike 4-form, local metric given
by (3.38)
ker ϕ is globally integrable distribution on
M̃ ⊂M open, dense
1. 2
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2 fixes light-
like plane
locally parallel spinor on conformally pure





There is locally around each point off a
singular set a neighbourhood U and met-
ric g ∈ c∣U such that (U, g) is Ricci-flat, ϕ
is parallel on U wrt. g and Hol(U, g) ⊂
Spin+(4,3) ⊂ SO(5,4), i.e. one has a
splitting (U, g) ≅ (U ′, g′)×(R,−dt2) and ϕ
induces a parallel spinor on (U ′, g′) with
holonomy in Spin+(4,3) ⊂ SO+(4,4).
1. 0
0 Sp(4) ⋉ N ,
cf. [Igu70]
there exists locally a Ricci-isotropic
pseudo-3-Walker metric in the conformal




SO+(6,4) There is locally an Einstein-Sasaki metric(U, g) of negative scalar curvature in the
conformal class on which ϕ decomposes
into the sum of 2 imaginary Killing spinors
2. ∅
(5,5) 6 R+(6,6) parallel pure spinor on Ricci-isotropic
pseudo-5-Walker manifold with parallel,
totally lightlike 5-form, local metric given
by (3.38)
ker ϕ is globally integrable distribution on




locally parallel spinor on conformally pure







there exists locally a Ricci-isotropic
pseudo-5-Walker metric in the conformal
class on which ϕ is a nonparallel twistor
spinor
2. 0
0 SU(3,3) There is locally a Fefferman metric in the
conformal class on which ϕ is a nonparallel
twistor spinor
2. or 3. ∅
(6,6) 7 R+(7,7) parallel pure spinor on Ricci-isotropic
pseudo-6-Walker manifold with parallel,
totally lightlike 6-form, local metric given
by (3.38)
ker ϕ is globally integrable distribution on






parallel pure spinor on Ricci-isotropic
pseudo-2-Walker manifold
ker ϕ is globally integrable distribution on
M̃ ⊂M open, dense
1. 2.
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1 fixes isotr.
line
There exists locally around each point off
a singular set a neighbourhood U ⊂M and
a local metric g ∈ cU such that ϕ is a par-
allel spinor on the Ricci-flat space (U, g).
There are two different possibilities:
Either fixes a maximally isotropic sub-










general solution unknown ? ∅
Proof. The proof is a direct application of the procedure described at the beginning of this
chapter. In the notation section 5.1, every twistor spinor ϕ ∈ Γ(Mp,q, SgR) is associated
with a unique Spin+(p + 1, q + 1)-orbit type, which have been classified in the previous
section. Let vi be a representative of this orbit type. Then the possible values for dim ker
ψ = dim ker vi follow directly from this orbit type classification. Moreover, the stabilizer
of vi yields a reduction of conformal holonomy. These conformal holonomy reductions are
then directly linked to local geometric structures in the conformal class and local behaviour
of the spinor ϕ by our main Theorem 3.43 and the results from section 3.3. Moreover,
Proposition 3.34 describes the type of parallel spinor one has in case dim ker ψ > 0. For
the last case in signature (5,4) we moreover used that the conformal holonomy reduces
to that of the metric cone for the Einstein metric in the conformal class and that unitary
holonomy of the cone is equivalent to a Sasakian structure on the base. This yields the
third column of the table. The possible dimensions of the zero set follow from (5.1). ◻
Remark 5.2 We observe from Theorem 5.1 that in all studied split signatures there
is a one-to-one correspondence between possible shapes of the zero set of a twistor (half-
) spinor and local geometries off the zero set. This clearly generalizes Theorem 4.2 and
Proposition 4.21 to cases where the index is greater than 2. In the cited statements
we have observed that in case of an isolated zero and p = 1,2 one always has a local
splitting off the zero set. However, Theorem 5.1 tells us that this does not hold for
arbitrary signatures. For example, in signature (4,4) the local geometry of a manifold(U, [g]) admitting a twistor spinor with isolated zero is of exceptional metric holonomy
Hol(U, g) ⊂ Spin+(4,3) ⊂ SO+(4,4) and does not need to act reducible.
Remark 5.3 Together with the results from [BL04] for signature (2,1), we obtain that
for all split signatures (m,m) or (m+1,m) with dimension of the manifold ≤ 8 the twistor
equation always reduces to the equation for parallel spinors or Killing spinors after a local
conformal change, except the generic cases in signatures (3,2) and (3,3).
Remark 5.4 We do not know whether there are nontrivial examples for all types of
twistor spinors appearing in Theorem 5.1.
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5.4 Real twistor spinors in signatures (3,2) and (3,3)
Let us elaborate on the results from the previous section for twistor spinors in signatures(3,2) and (3,3) in more detail.
Let (M, [g]) be a conformal spin manifold of signature (3,2). We work with the real
spinor bundle Sg = SgR(M) and real spin tractor bundle S = SR(M).
Let ψ ∈ Γ(M,S) be a nontrivial parallel spin tractor. The quantity ⟨ψ,ψ⟩S ∈ R is constant
over M . The orbit structure discussion from section 5.2 reveals that
⟨ψ,ψ⟩S = ⎧⎪⎪⎨⎪⎪⎩const. ≠ 0 iff dim ker ψ = 0,0 iff dim ker ψ = 3.
Let ϕ = Φ̃g(projg+ψ) ∈ ker P g be the twistor spinor associated to ψ. A direct application
of the scalar product formula (1.12) shows that (cf. also [HS11a])
⟨ψ,ψ⟩S = d ⋅ ⟨ϕ,Dgϕ⟩Sg ,
where d is a nonzero constant. In particular, the right side is constant and does not depend
on g ∈ [g]. Consequently, real twistor spinors in signature (3,2) fall in two disjoint classes:
In the first case, it is ⟨ϕ,Dgϕ⟩Sg ≠ 0. It follows that dim ker ψ = 0 and Hol(M,c) ⊂ G2,2.
Such twistor spinors are called generic and studied in [HS11b]: For these spinors, the
distribution H ∶= ker ϕ ⊂ TM is of constant rank 2 and turns out to be a generic 2-
distribution, i.e. [H, [H,H]] = TM . On the other hand, using the general machinery of
parabolic geometries from [CS09], [HS11b] shows that given any 5-dimensional manifold
M admitting an oriented, generic 2-distribution H, there is a canonical (Fefferman-type)
construction of a conformal structure3 [g] of signature (3,2) on M admitting a twistor
spinor ϕ ∈ Γ(M,Sg) with H = ker ϕ.
In contrast, the case of non-generic real twistor spinors in signature (3,2), i.e. those
satisfying ⟨ϕ,Dgϕ⟩Sg = 0 is covered by the preceding discussion from this chapter: In this
case, we have that dim ker ψ = 3. Consequently, Proposition 3.28 applies, yielding integra-
bility of the distribution ker ϕ off a singular set. Moreover, by the same Proposition the
spinor ϕ is locally equivalent to a parallel spinor. As every nonzero real spinor in signature(3,2) is pure, Theorem 3.36 applies and yields a local normal form for the metric. We
summarize:
Theorem 5.5 Let (M, [g]) be a conformal spin manifold of signature (3,2) admitting
a real twistor spinor ϕ ∈ Γ(Sg). Then the function ⟨ϕ,Dgϕ⟩Sg is constant and the value
of this constant does not depend on the chosen metric in [g]. We distinguish the following
cases:
1. ⟨ϕ,Dgϕ⟩Sg ≠ 0. In this case, Hol(M, [g]) ⊂ G2,2, the 2-dimensional distribution ker
ϕ ⊂ TM is generic and the whole conformal structure can be recovered from it.
3A more explicit way of defining the conformal structure in terms of a generic 2-distribution in dimension
5 is presented in [Nur05].
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2. ⟨ϕ,Dgϕ⟩Sg = 0. In this case, Hol(M, [g]) fixes a 3-dimensional totally lightlike
subspace, there is an open, dense subset M̃ ⊂ M on which the distribution ker ϕ
is of constant rank 2 and integrable. Moreover, ϕ is locally conformally equivalent
to a parallel pure spinor wrt. a local metric from Theorem 3.36 which lies in the
conformal class.
A completely analogous procedure can be carried out for real twistor half-spinors ϕ in
signature (3,3). Again, the value ⟨ϕ,Dgϕ⟩Sg is constant over M and given by the length
of the associated spin tractor ψ. The case that this is nonzero has been studied in [HS11b].⟨ϕ,Dgϕ⟩Sg being zero is as in the (3,2)-case equivalent to say that the associated spin
tractor ψ has zero length, i.e. it is pure as follows from the orbit discussion in section
5.2. Consequently dim ker ψ = 4. Thus, Proposition 3.28 applies to ψ. We get that ϕ
is locally conformally equivalent to a real, parallel half-spinor in signature (3,3) which is
pointwise pure by the orbit discussion from section 5.2. This gives the second part of the
next statement. The first part in the following Theorem is discussed in [HS11b]:
Theorem 5.6 Let (M, [g]) be a conformal spin manifold of signature (3,3) admitting
a real twistor half-spinor ϕ ∈ Γ(Sg±). Then the function ⟨ϕ,Dgϕ⟩Sg is constant and the
value of this constant does not depend on the chosen metric in [g]. We distinguish the
following cases:
1. ⟨ϕ,Dgϕ⟩Sg ≠ 0. In this case, Hol(M, [g]) ⊂ Spin+(4,3) ⊂ Spin+(4,4), the 3-
dimensional distribution H =ker ϕ ⊂ TM is generic, i.e. [H,H] = TM and the
whole conformal structure can be recovered from it by a Fefferman construction.
2. ⟨ϕ,Dgϕ⟩Sg = 0. In this case, Hol(M, [g]) fixes a 4-dimensional totally lightlike
subspace, there is an open, dense subset M̃ ⊂ M on which the distribution ker ϕ
is of constant rank 3 and integrable. Moreover, ϕ is locally conformally equivalent




6 Tractor Conformal Superalgebras in
Lorentzian Signature
In the previous chapters we studied the question: If there exists a twistor spinor on a
conformal manifold (M,c), what can be said about the local conformal geometry of M ?
This problem admits a natural generalization: In physics, one is often not only interested
in the existence of solutions of certain spinor field equations, but wants to relate the exis-
tence of a certain number of maximally linearly independent solutions to local geometric
structures. There are some important examples: [FMS05] shows that supersymmetric
M -theory backgrounds admitting enough supersymmetries, which are defined as Killing
spinors with respect to a suitable connection, are locally homogeneous. [AC08] studies
the relation between the existence of a certain number of parallel-, Killing- and twistor
spinors and underlying local geometries. We are going to recall some of these results in
more detail in this chapter. Consequently, the generalization of the above question goes
as follows:
Given a conformal manifold (M,c) where we know the algebraic structure of all
conformal symmetries, what can then be said about the local geometry of M ?
Let us first make precise what we mean by the algebraic structure of all conformal sym-
metries. The key object is the following:
Definition 6.1 Let g = g0 ⊕ g1 be a Z2−graded K−vector space. For a homogeneous
element X ∈ g, we let ∣X ∣ ∶= i if X ∈ gi. g together with a bilinear map [⋅, ⋅] ∶ g × g → g is
called a (K−)superalgebra if
1. [⋅, ⋅] ∶ gi × gj → gi+j,
2. For homogeneous elements X,Y ∈ g it holds that [X,Y ] = −(−1)∣X ∣∣Y ∣[Y,X].
If moreover the Jacobi identity
[X, [Y,Z]] = [[X,Y ], Z] + (−1)∣X ∣∣Y ∣[Y, [X,Z]] (6.1)
holds for all homogeneous elements, we call g a Lie superalgebra.
Superalgebras and their classifications naturally appear in the context of supersymme-
try in physics (cf. [Nah78]), and their classification theory is also of interest for purely
mathematical reasons. Definition 6.1 naturally applies to pseudo-Riemannian conformal
structures (Mp,q, [g]) as follows: On the space Xnc(M) ⊕ ker P g of normal conformal
vector fields and twistor spinors we introduce brackets by setting:
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[V,W ] ∶= [V,W ]X(M),[V,ϕ] ∶= V ○ ϕ,[ϕ,V ] ∶= −V ○ ϕ,[ϕ1, ϕ2] ∶= Vϕ1,ϕ2 ,
(6.2)
where V,W ∈ Xnc(M), ϕ ∈ ker P g. V ○ϕ is the spinorial Lie derivative which was introduced
in [Kos72], for instance, and which we review in this chapter. It is proved in [Raj06]
that g ∶= Xnc(M) ⊕ ker P g together with these brackets is a superalgebra which is in
general no Lie superalgebra. It has earlier been observed in [Hab96] that also the space
gec ∶= Xc(M) ⊕ ker P g of conformal vector fields and twistor spinors equipped with the
same brackets turns out to be a superalgebra which in general is no Lie superalgebra.
We will discuss later why we choose only normal conformal vector fields in the even part.
From now on let us assume that (M, [g]) is a Lorentzian conformal structure, i.e. p = 1.
This ensures that the bracket (6.2) makes the superalgebra structure become nontrivial.
The mentioned constructions of conformal superalgebras involving twistor spinors all fix
a metric in the conformal class. In contrast to this, our aim is the construction of a su-
peralgebra canonically associated to a conformal spin structure by making use of conformal
tractor calculus. As we shall see, this approach reproduces the above constructions from
[Raj06, Hab96] when we fix a metric in the conformal class, and thus it yields an equiva-
lent description of the conformal symmetry superalgebra. However, the tractor approach
as presented here has the advantage of giving conditions in terms of conformal holonomy
exhibiting when the construction actually leads to a Lie superalgebra. This turns out to
be very useful in respect of the question raised above.
In this chapter, we thus define a superalgebra g canonically associated to a Lorentzian
conformal spin manifold (M,c) using tractor calculus, then describe g wrt. some fixed
g ∈ c, study the relation between properties of g and special geometries in the conformal
class c, and sketch a generalization to non-Lorentzian signatures.
6.1 The general construction of tractor conformal superalgebras
Let (M1,n−1, c) be a Lorentzian conformal spin manifold. In this chapter, when dealing
with spinor- and spin tractor bundles, we always mean the complex ones, i.e. S(M) =SC(M) or Sg(M) = SgC(M), obtained as associated vector bundles to Q1+ or Qg+ using
∆C2,n or ∆
C
1,n−1, respectively. We present a canonical construction
(M1,n−1, c) →g = g0 ⊕ g1(real) Superalgebra,(M1,n−1, c) with special holonomy →g = g0 ⊕ g1 Lie Superalgebra.
Clearly, the even part should correspond to infinitesimal conformal symmetries, i.e. con-
formal vector fields. As elaborated in detail in [Raj06] it is natural to consider only normal
conformal vector fields, i.e. duals of normal conformal Killing 1-forms. A superalgebra
construction which does not need the vector fields to be normal is presented in [Hab96].1
1We will comment further on the difference between conformal and normal conformal vector fields in
Remark 6.13 and Section 7.7.
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From Remark 3.9 it is clear that for fixed g ∈ c normal conformal vector fields are in one-to
one correspondence to parallel tractor 2-forms. We thus set
g0 ∶= Par (Λ2T (M),∇nc) ⊂ Ω2T (M).
Furthermore, as motivated from physics literature, see [MH13] and the previous attempts
to construct a conformal superalgebra, the elements of the odd part should correspond to
the spinorial conformal analogue of infinitesimal conformal transformations being nothing
but twistor spinors 2. In light of the equivalent characterization of twistor spinors in terms
of parallel spin tractors from Theorem 3.3, it is reasonable to set
g1 ∶= Par (S(M),∇nc) ⊂ Γ (S(M),∇nc) .
We now introduce natural brackets which make g = g0 ⊕ g1 become a superalgebra:
For the even-even bracket, note that pointwise application of (1.2) yields a canonical
isomorphism
τ ∶ Ω2T (M)→ so(T (M), ⟨⋅, ⋅⟩T ),
α ↦ αE , αE(X) ∶= (X⨼α)♯. (6.3)
so(T (M), ⟨⋅, ⋅⟩T ) carries the pointwise defined usual Lie bracket of endomorphisms. We
use τ , to carry this structure over to α, i.e. we set for α,β ∈ g0
[α,β] ∶= τ−1 (αE ○ βE − βE ○ αE) .
Moreover, ∇nc induces a covariant derivative ∇nc on so(T (M), ⟨⋅, ⋅⟩T ) in a natural way.
Proposition 6.2 For α,β ∈ g0 we have that also [α,β] ∈ g0.
Proof. We first show that that α ∈ Par (Λ2T (M),∇nc)⇔ αE ∈ Par (so(T (M), ⟨⋅, ⋅⟩T ),∇nc):
Let X ∈ X(M), x ∈M and let (v0, ..., vn+1) be a local frame in TM which is parallel in x
wrt. ∇nc. We have for i ∈ {0, ..., n + 1} at x:
(∇ncX αE) (vi) = ∇ncX (αE(vi)) = ∇ncX (vi⨼α)♯ = (∇ncX (vi⨼α))♯ = (vi⨼∇ncX α)♯,
which proves this claim. Thus, it suffices to check that for α,β ∈ g0 also [αE , βE]so ∈
Par (so(T (M), ⟨⋅, ⋅⟩T ),∇nc). We compute with the same notations as above at x:
(∇ncX ([αE , βE]so)) (vi) = ∇ncX ([αE , βE]so(vi)) − [αE , βE]so (∇ncX vi)= ∇ncX (αE(βE(vi)) − βE(αE(vi))) = αE(βE(∇ncX vi)) − βE(αE(∇ncX vi))= 0
This proves the Proposition. ◻
Clearly, g0 now becomes a Lie algebra in the usual sense. We shall show in the next section
that the chosen bracket is the right one in the sense that if α,β are considered as normal
conformal vector fields for some fixed g ∈ c by means of (projgΛ,+α)♯, then [⋅, ⋅] translates
into the usual Lie bracket of vector fields.
2This can also be made precise in the language of supermanifolds as done in [Kli05], for example.
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As a next step we define the odd-odd bracket, which by definition has to be a symmetric
bilinear map g1 × g1 → g0. A nontrivial way to obtain a parallel tractor 2-form from two
parallel spin tractors is given by the parallel tractor form from (2.5), i.e.
[⋅, ⋅] ∶ g1 × g1 → g0 , (ψ1, ψ2)↦ α2ψ1,ψ2 .
In signature (2, n), the form α2ψ1,ψ2 is given as follows: One observes that ⟨α ⋅ψ,ψ⟩∆C2,n ∈ iR
for ψ ∈ ∆C2,n, α ∈ Λ22,n. (3.2) thus yields that⟨α2ψ1,ψ2 , α⟩T = Im ⟨α ⋅ ψ1, ψ2⟩S , α ∈ Ω2T (M). (6.4)
α2ψ1,ψ2 is then symmetric in ψ1 and ψ2.
It remains to introduce an even-odd-bracket. We set
[⋅, ⋅] ∶ g0 × g1 → g1 , (α,ψ)↦ 1
2
α ⋅ ψ.
The meaning of the factor 12 will become clear in a moment. It follows directly from (2.5)
that this map is well-defined, i.e. the image lies again in g1. Moreover, in order to obtain
the right symmetry relations, we must set
[⋅, ⋅] ∶ g1 × g0 → g1 , (ψ,α)↦ −1
2
α ⋅ ψ.
The discussion shows that with these choices of g0,g1 and definitions of the brackets,
we have associated a nontrivial (real) conformal superalgebra to the conformal structure
(where g1 is considered as a real vector space).
Definition 6.3 The (real) superalgebra g = g0 ⊕ g1 associated to (M1,n−1, c) is called
the tractor conformal superalgebra (associated to (M,c)).
It is natural to ask under which circumstances the construction produces a Lie superal-
gebra, i.e. we have to check the four Jacobi identities from (6.1). As g0 is a Lie algebra in
its own right, the even-even-even Jacobi identity is always satisfied.
Proposition 6.4 The tractor conformal superalgebra associated to a Lorentzian con-
formal spin manifold satisfies the even-even-odd and the even-odd-odd Jacobi identity.
Proof. By (6.1) we have to check that
[α, [β,ψ]] != [[α,β], ψ] + [β, [α,ψ]] ∀α,β ∈ g0, ψ ∈ g1,
which by definition of the brackets is equivalent to showing that
2 ⋅ [α,β] ⋅ ψ != α ⋅ β ⋅ ψ − β ⋅ α ⋅ ψ,
being a purely algebraic identity at each point. Whence, we may for the proof assume
that α,β ∈ Λ22,n and ψ ∈ ∆C2,n. With respect to the standard basis of R2,n we express
α =∑
i<j ijαije♭i ∧ e♭j ⇒ αE =∑i<j ijαijEij and β =∑k<l klβkle♭k ∧ e♭l ⇒ βE =∑k<l klβklEkl.
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This shows that
2 ⋅ [α,β] ⋅ ψ = τ−1 ([αE , βE]so(2,n)) =∑
i<j∑k<l ijklαijβklτ−1 (2 ⋅ [Eij ,Ekl]so(2,n)) ⋅ ψ=∑
i<j∑k<l ijklαijβkl[eiej , ekel]spin(2,n) ⋅ ψ = (α ⋅ β − β ⋅ α) ⋅ ψ.
The even-odd-odd Jacobi identity is by polarization equivalent to [α, [ψ,ψ]] = [[α,ψ], ψ]+[ψ, [α,ψ]] for all α ∈ g0 and ψ ∈ g1. By definition of the brackets, we have to show that
[αE , (α2ψ)E]so(T (M)) != (12α2α⋅ψ,ψ + 12α2ψ,α⋅ψ)E = (α2α⋅ψ,ψ)E . (6.5)
Again, this is pointwise a purely algebraic identity. Whence, it suffices to prove it for
α ∈ Λ22,n and ψ ∈ ∆C2,n. With respect to the standard basis of R2,n, we write α and αE as
above. Inserting the definition of α2ψ leads to
[αE , (α2ψ)E] =∑
i<j∑k<l ijklαij ⋅ Im (⟨ek ⋅ el ⋅ ψ,ψ⟩∆C2,n) ⋅ [Eij ,Ekl], (6.6)
whereas the right-hand side of (6.5) is by definition given by
(α2α⋅ψ,ψ)E =∑
k<l klIm (⟨ek ⋅ el ⋅ α ⋅ ψ,ψ⟩∆C2,n) ⋅Ekl=∑
i<j∑k<l ijklαij ⋅ Im (⟨ek ⋅ el ⋅ ei ⋅ ej ⋅ ψ,ψ⟩∆C2,n) ⋅Ekl. (6.7)
Using the algebra relations for so(2, n) from (1.1), it is not difficult to show that every
summand in (6.6) shows up also in (6.7) and vice versa:
 Consider summands with i, j, k, l pairwise distinct. Clearly, they vanish in (6.6). On
the other hand, ⟨ek ⋅ el ⋅ ei ⋅ ej ⋅ ψ,ψ⟩∆C2,n ∈ R, i.e. the summands also vanish in (6.7).
 Consider summands with i = k, j = l. Again, they vanish in (6.6). In (6.7), these
summands are proportional to ⟨ψ,ψ⟩∆C2,n ∈ R, so the imaginary part vanishes.
 Consider summands in (6.7) with i = k and j ≠ l. They lead to the expression−jlαijIm (⟨i ⋅ ej ⋅ el ⋅ ψ,ψ⟩∆C2,n)Eil. In (6.6), these summands can be found for
choosing j = k and i ≠ l for which we get [Eij ,Ekl] = −jEil, and thus the summand−jlαijIm (⟨i ⋅ ej ⋅ el ⋅ψ,ψ⟩∆C2,n)Eil also shows up in (6.6). The remaining cases are
equivalent to this one after permuting the indices.
Consequently, the two sums are identical and (6.5) holds. ◻
In contrast to that, the remaining Jacobi identity does not hold in general as we shall
later see for concrete examples. Under certain restrictions on the conformal holonomy
representation, we can however show that all Jacobi identities hold.
Theorem 6.5 Suppose that the conformal holonomy representation of (M,c) satisfies
the following: There exists for x ∈M no (possibly trivial) m−dimensional Euclidean sub-
space E ⊂ Tx(M) ≅ R2,n such that both
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1. The action of Holx(M,c) fixes E.
2. E is even-dimensional and on E, Holx(M,c)E ∶= {A∣E ∣ A ∈ Holx(M,c)} ⊂
SO+(E) ≅ SO+(2, n−m) is conjugate to a subgroup of SU(1, n−m2 ) ⊂ SO(2, n−m).
Then the tractor conformal superalgebra g satisfies the odd-odd-odd Jacobi identity, and
thus carries the structure of a Lie superalgebra.
Remark 6.6 Before we go in the details of the proof, we remark that geometries
admitting twistor spinors and which do not satisfy the conditions from Theorem 6.5
are well-understood: By Remark 1.25 and Theorem 3.32 they correspond to the cases
3.(a) − 3.(c) mentioned in Theorem 3.32, being Fefferman metrics, Lorentzian Einstein
Sasaki manifolds or local splittings g1 × g2 ∈ [g] where g1 is a Lorentzian Einstein Sasaki
metric and g2 is a Riemannian Einstein metric of positive scalar curvature. Thus, Theorem
6.5 can be rephrased in more geometric terms by saying that if none of these three special
geometries lies in the conformal class of the metric, one obtains a conformal tractor Lie
superalgebra.
This is in accordance with other observations in the literature (cf. [MH13]). Namely it is
known that for the mentioned special geometries one has to include further symmetries in
the algebra in order to obtain a conformal Lie superalgebra to which we will come back
later.
Proof. As a first step, we show that under the assumptions, ψ ∈ g1 ⇒ ker ψ ≠ {0}: For
ψ ∈ g1, the parallel tractor 2-form α2ψ must up to conjugation be one of the four generic
types from the list of Remark 1.25. However, Remark 1.25 also shows that due to their
stabilizers (which are maximal) under the O(2, n)-action, types 3. and 4. contradict
our assumptions. Whence α2ψ is of type 1. or 2. But by Lemma 1.24, this implies that
dim ker ψ ∈ {1,2}.
We now verify the odd-odd-odd Jacobi identity: By a standard polarization argument,
this is equivalent to show that [ψ, [ψ,ψ]] = 0 for all ψ ∈ g1. By definition of the brackets,
this precisely says that
α2ψ ⋅ ψ != 0.
However, as ker ψ ≠ {0}, Lemma 1.24 yields that α2ψ = l♭ ∧ r♭, where l ∈ ker ψ and r is
orthogonal to l. It follows that α2ψ ⋅ ψ = −r ⋅ l ⋅ ψ = 0. This proves the remaining Jacobi
identity and the Theorem. ◻
Remark 6.7 Note that our construction of a conformal tractor superalgebra is the
conformal analogue of the following metric construction: Given a Lorentzian spin manifold(M,g), let h0 denote the space of parallel vector fields, and h1 denote the space of parallel,
complex spinor fields on (M,g). We equip h0 with the (trivial) Lie bracket of vector fields,
and for X ∈ h0, ϕ1, ϕ2 ∈ h1 it is obviously well-defined to set
[X,ϕ1] ∶=X ⋅ ϕ1 ∈ h1,[ϕ1, ϕ2] ∶= Vϕ1,ϕ2 ∈ h0.
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These brackets have the right symmetry properties which turn h = h0 ⊕ h1 into a superal-
gebra. The odd-odd-odd identity is now equivalent to
Vϕ ⋅ ϕ != 0 for all ϕ ∈ h1. (6.8)
By Lemma 1.24 this holds if and only if Vϕ is lightlike for every ϕ ∈ h1. By a well-known
result from [Lei01], Vϕ is always causal. Whence, if Vϕ is not lightlike there is by the
holonomy principle a (local) splitting (M,g) ≅ (R,−dt2) × (N,h). Thus, if we assume
that Hol(M,g) does not fix any timelike vector, (6.8) holds. This is the analogue to
Theorem 6.5. However, note that the above algebra does not satisfy the even-even-odd
Jacobi identity.
The construction of Killing superalgebras for Riemannian or Lorentzian manifolds using the
cone construction where the even part consists of Killing vector fields and the odd part
of geometric Killing spinors is discussed in [Far99], for instance. In case of an Einstein
metric in the conformal class this is equivalent to our tractor construction as in this case
all conformal holonomy computations restrict to considerations on the metric cone, see
(3.15).
Remark 6.8 One can complexify the even part g0 in order to obtain a complex su-
peralgebra. Furthermore, the construction of a real tractor conformal superalgebra can
completely analogous be carried out with real spinors. One then has to make the obvious
modifications, i.e. define α2ψ1,ψ2 without the imaginary part from (6.4). Note that by
section 1.3 we have ⟨ψ,ψ⟩∆R2,n = 0 ∀ψ ∈ ∆R2,n. One obtains the same results, i.e. all Ja-
cobi identities except the odd-odd-odd one are always satisfied. However, as we are later
dealing with tractor conformal superalgebras for twistor spinors on Fefferman spaces, cf.
[Bau99], it seems more appropriate to work with complex quantities in this chapter.
6.2 Description of the tractor conformal superalgebra with
respect to a metric
We have already observed in Remark 3.9 and Theorem 3.3 that fixing a metric g ∈ c leads
to canonical isomorphisms
i0 ∶ g0 = Par (Λ2T (M),∇nc)→ Xnc(M), α ↦ Vα ∶= (projgΛ,+(α))♯ ,
i1 ∶ g1 = Par (S(M),∇nc)→ ker P g, ψ ↦ ϕ ∶= Φ̃g(projg+(ψ)).
The aim of this section is to compute the behaviour of the tractor conformal superalgebra
structure under these isomorphisms. As it turns out, the maps i0 and i1 allow us to
identify our tractor conformal superalgebra with conformal superalgebras constructed for
Lorentzian conformal spin manifolds in [Raj06] and [Hab96].
Proposition 6.9 For fixed g ∈ c it holds for all α,β ∈ g0 that
i0 ([α,β]g0) = [Vβ, Vα]X(M) = [i0(β), i0(α)]X(M)
Proof. We start with some algebraic computations: Assume that α,β ∈ Λ22,n. Wrt.
the decomposition (1.11) we may write α = e♭+ ∧ α+ + α0 + α∓ ⋅ e♭− ∧ e♭+ + e♭− ∧ α− with
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α+ = ∑ni=1 iα+i ⋅ e♭i, α− = ∑ni=1 iα−i ⋅ e♭i, α0 = ∑i<j ijα0ij ⋅ e♭i ∧ e♭j for real coefficients α+i etc.
We let E±,i ∶= 1√2(En+1i ±E0i). Then the endomorphism αE = τ(α) ∈ so(2, n) is given by
αE = n∑
i=1 iα+i E+i +
n∑
i=1 iα−i E−i + α∓En+10 +
n∑
i<j ijα0ijEij .
An analogous expression holds for βE . Using the algebra relations (1.1), it is straightfor-
ward to compute the following commutators for i, j = 1, ..., n:
[E±,i,E±,j] = 0,[E−,i,E+,j] = Eij − iδijE0n+1 + jδijE0n+1,[E±,i,En+10] = ∓E±,i,[Eij ,E±,k] = iδikE±,j − jδjkE±,i.
With these formulas, we compute
[αE , βE]so(2,n) = + n∑
i=1 i(β+i α∓ − α+i β∓)E+,i +∑i<j ij(α0ijβ+i − β0ijα+i )E+,j−∑
j<i ij(α0jiβ+j − β0jiα+j )E+,i +Terms not involving E+,i.
A global version of this formula yields that for α,β ∈ g0 one has wrt. g ∈ c
projgΛ,+ ([α,β]g0) = α∓ ⋅ β+ − β∓α+ +∑
i<j ij(α0ijβ+i − β0ijα+i )s♭j −∑j<i ij(α0jiβ+j − β0jiα+j )s♭i,
where (s1, ..., sn) is a local g−pseudo-orthonormal frame in TM , with coefficients of α
taken with respect to this frame. This can be rewritten as
i0 ([α,β]g0) = (projgΛ,+ ([α,β]g0))♯ = α∓ ⋅ Vβ − β∓Vα + (Vβ⨼α0 − Vα⨼β0)♯ (6.9)
We now compare this expression to the Lie bracket [Vα, Vβ]. Dualizing the first nc-Killing
equation (3.4) for α+ yields that∇gXVα = (X⨼α0)♯ + α∓ ⋅X ∀X ∈ X(M).
Consequently,
[Vβ, Vα] = ∇gVβVα −∇gVαVβ = (α∓Vβ − β∓Vα) + (Vβ⨼α0 − Vα⨼β0)♯ . (6.10)
Comparing the two expressions (6.9) and (6.10) immediately yields the claim. ◻
The next Proposition will be proved in a more general setting in Proposition 6.41:
Proposition 6.10 For α ∈ g0, ψ ∈ g1, and g ∈ c such that ϕ = Φ̃g (projg+ψ) = i1(ψ), and
Vα+ = i0(α), we have that
i1 ([α,ψ]g1) = 12(Φ̃g ○ projg+) (α ⋅ ψ) = −(∇Vαϕ + 14τ (∇Vα) ⋅ ϕ)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=∶Vα○ϕ
,
where τ (∇Vα) ∶= ∑nj=1 j (∇sjVα) ⋅ sj + (n − 2) ⋅ λα+ and LVα+g = 2λα+g.
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Remark 6.11 The above term Vα ○ ϕ is the spinorial Lie derivative which is used in
[Kos72, Hab96, Raj06] for the construction of a conformal Killing superalgebra.
Finally, we give the metric expression of the odd-odd bracket. Let ψ ∈ g1 and ϕ =
Φ̃g (projg+(ψ)) = i1(ψ):
i1 ([ψ,ψ]) = (projgΛ,+ (α2ψ))♯ (3.7)= c11,1 ⋅ (α1ϕ)♯ = c11,1 ⋅ Vϕ, (6.11)
where the nonzero constant c11,1 ∈ R from (3.7) depends only on the choice of an admissible
scalar product on ∆C2,n. These computations directly prove the following statement:
Theorem 6.12 Given a Lorentzian conformal spin manifold (M1,n−1, c), the associated
tractor conformal superalgebra g = g0 ⊕ g1 = Par (Λ2T (M),∇nc) ⊕ Par (S(M),∇nc) is via
a fixed g ∈ c isomorphic to the conformal superalgebra (6.2) on Xnc(M) ⊕ ker P g (as
considered in [Raj06]). Up to prefactors, the g−dependent maps i0 and i1 are superalgebra
(anti-)isomorphisms.
Remark 6.13 We defined the even part of the tractor conformal superalgebra to be
(isomorphic to) the space of normal conformal vector fields. It is possible to include
all conformal vector fields Xc(M) in the even part using tractor calculus as follows: Let
α ∈ Ω2T (M) be a tractor 2-form on (M,c) and let Vα = (projgΛ,+(α))♯ ∈ X(M) be the
associated vector field, which does not depend on the choice of g ∈ c. As proved in
[Gov06, GS08], we have that Vα ∈ Xc(M) if and only if
∇ncX α = τ−1 (R∇nc,T (M)(Vα,X)) ∀X ∈ X(M), (6.12)
where we identify the skew-symmetric curvature endomorphism with a tractor 2-form by
means of the isomorphism τ from (6.3). We now consider the extended tractor superalgebra
gec0 ∶= {α ∈ Ω2T (M) ∣ α satisfies (6.12)} and gec ∶= gec0 ⊕ g1,
where g1 = Par(S,∇nc) is as before. On this space, we may define the same brackets
as defined on g in the previous section and observe that they are still well-defined: For
α,β ∈ gec0 , we have that also [α,β] ∈ gec0 as by Proposition 6.9 V[α,β] = −[Vα, Vβ]X(M), which
is a conformal vector field. Next, let α ∈ gec0 and ψ ∈ g1. Then we have that∇ncX (α ⋅ ψ) =(∇ncX α) ⋅ ψ = τ−1 (R∇nc,T (M)(Vα,X)) ⋅ ψ
Prop. 3.41= 2 ⋅R∇nc,S(Vα,X)ψ ψ∈g1= 0,
i.e. α ⋅ ψ ∈ g1. This shows that gec together with the defined brackets is a conformal
superalgebra which naturally extends g. Moreover, Propositions 6.9 and 6.10 and (6.11)
still hold in this situation and describe gec wrt. a metric g ∈ c as their proofs only involve
the conformal Killing equation for vector fields and not the normalisation conditions.
However, we will only consider the superalgebra g and not its extension gec in the sequel
because in the case of twistor spinors there are always normal conformal vector fields, and
it seems to us that the structure of the subalgebra g and the existence of distinguished
normal conformal vector fields is more directly related to special geometric structures (cf.
[Lei05]) on (M,c) than the structure of gec as we will see in the next sections.
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Remark 6.14 If for some fixed g ∈ c the manifold admits geometric Killing spinors, for
instance if there is an Einstein metric in the conformal class, the restrictions of the brackets
(6.2) to Xk(M)⊕K(M), the space of Killing vector fields and Killing spinors as even and
odd parts, is well-defined (cf. [Far99]), and thus gives a subalgebra of the superalgebra gec.
6.3 Examples
The tractor conformal superalgebra in case of irreducible conformal holonomy
Let (M1,n−1, c) be a simply-connected Lorentzian conformal spin manifold of dimension≥ 3. All Lorentzian conformal holonomy groups acting irreducible are known:
Proposition 6.15 ([SL11, ASL14]) If Hol(M,c) acts irreducibly on R2,n, then it is
conjugate to either SO+(2, n) or SU(1, n2 ) for even n.
Note that in the first case the lift of hol(M,c) to spin(2, n) does not annihilate any non-
trivial spinor. Whence the odd algebra g1 is trivial in this case and no twistor spinors
exist. We therefore restrict our attention to the second case, and thus assume that n is
even:
Proposition 6.16 For Lorentzian conformal structures with Hol(M,c) = SU (1, n2 )
one has that dimCg1 = 2 and the tractor conformal algebra is no Lie superalgebra.
Proof. In order to prove this Proposition, we start with the observation that by the
discussion from section 3.2 complex parallel spin tractors on M correspond (after fixing a
basepoint) to spinors in ∆C2,n which are annihilated by the action of λ
−1∗ (su (1, n2 )). Let
us call the space of these spinors Vsu. We fix the following complex representation of the
complex Clifford algebra ClC2,n with n + 2 =∶ 2m on C2m (cf. [Bau81]): Let E,D,U and V
denote the 2 × 2 matrices
E = (1 0
0 1
) , D = (0 −i
i 0
) , U = (i 0
0 −i) , V = (0 ii 0) .
Furthermore, let τj = ⎧⎪⎪⎨⎪⎪⎩1 j = 1,i j = −1. . ClC(p, q) ≅ M2m(C) as complex algebras, and an
explicit realisation of this isomorphism is given by
Φp,q(e2j−1) = τ2j−1 ⋅E ⊗ ...⊗E ⊗U ⊗D ⊗ ...⊗D´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶(j−1)× ,
Φp,q(e2j) = τ2j ⋅E ⊗ ...⊗E ⊗ V ⊗D ⊗ ...⊗D´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶(j−1)× .
We set ũ() ∶= 1√
2
⋅ ( 1−i) for  = ±1 and introduce the spinors ũ(m, ...., 1) ∶= ũ(m)⊗ ...⊗
ũ(1) which form a basis of ∆C2,n. We work with the Spin+(2, n)-invariant scalar product
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⟨u, v⟩∆C2,n ∶= i(e1 ⋅ e2 ⋅ u, v)C2m . One calculates that
⟨ũ(m, ..., 1), ũ(δm, ..., δ1)⟩ = ⎧⎪⎪⎨⎪⎪⎩0 (m, ..., 1) ≠ (δm, ..., δ1)1 (m, ..., 1) = (δm, ..., δ1) (6.13)
It is now straightforward to compute (cf. [Kat99]) that
Vsu ∶= {v ∈ ∆C2,n ∣ λ−1∗ (su(1, n2 )) ⋅ v = 0} = spanC{u+ ∶= ũ(1, ...,1), u− ∶= ũ(−1, ...,−1)}.
(6.14)
Another straightforward computation involving (1.16) and (6.13) yields that
α2u± = n2 +1∑
i=1 2i ⋅ e♭2i−1 ∧ e♭2i, (6.15)
from which follows that
α2u+ ⋅ u+ = i ⋅ (n2 − 1)u+ ≠ 0. (6.16)
If we turn to geometry, a global version of the previous observations shows that for simply-
connected conformal structures with irreducible holonomy SU(1, n2 ) the dimension of the
complex space of twistor spinors is two-dimensional and (6.16) yields that the tractor
conformal superalgebra is no Lie superalgebra as the odd-odd-odd Jacobi identity is not
satisfied. ◻
Tractor conformal superalgebras with one twistor spinor
As a next special geometric situation we consider the case that dim g1 = 1, i.e. there is
only one linearly independent complex twistor spinor on (M,c). Such examples are easy
to generate, as one might for example take a generic Lorentzian metric admitting a parallel
spinor as classified in [Bry00] for low dimensions. In this context, the construction of a
tractor conformal Lie superalgebra always works:
Proposition 6.17 Suppose that the tractor conformal superalgebra of a simply-connected
Lorentzian conformal spin manifold (M1,n−1, c) satisfies dim g1 = 1. Then g = g0 ⊕ g1 is a
Lie superalgebra.
Proof. We fix a nontrivial twistor spinor ψ ∈ g1 which is unique up to multiplication in
C∗ and assume that ker ψ = {0}. If this would be the case, Proposition 1.24 and Remark
1.25 imply that up to conjugation one has one of the cases




O(r) × SU(1, n−r2 ) (4)
for some r, where the numbers correspond to the cases in Remark 1.25. As seen in the
previous section, (3) implies that there exist at least two linearly independent twistor
spinors. In case (4) we have that the representation ρ of Hol(Q1+, ω̃nc) ⊂ Spin+(2, n) on
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∆C2,n splits into a product of representations ρ ≅ ρ1 ⊗ ρ2 on Spin+(0, r) × Spin+(2, n − r).
Furthermore,
∆C2,n ≅ ∆C0,r ⊗∆C2,n−r,
considered as Spin+(0, r)×Spin+(2, n−r)-representations. As there exists a Hol(Q1+, ω̃nc)-
invariant spinor in ∆C2,n, we conclude (cf. [Lei04]) that each of the factors ρ1 and ρ2 admits
an invariant spinor. However, (ρ2)∗ is the action of a subalgebra of su(1, n−r2 ) on ∆C2,n−r
and as seen in the previous section, it annihilates at least two linearly independent com-
plex spinors. Consequently, the representation ρ2 fixes at least two linearly independent
complex spinors and ρ1 fixes at least one nontrivial complex spinor such that ρ fixes at
least two linearly independent complex spinors which means that dim g1 > 1 , in contra-
diction to our assumption. Consequently, we have that ker ψ ≠ {0} for every ψ ∈ g1. The
second part of the proof of Theorem 6.5 then shows that g is a Lie superalgebra. ◻
Corollary 6.18 If the tractor conformal superalgebra associated to a simply-connected
Lorentzian conformal spin manifold (M,c) is no Lie superalgebra, then there exist at least
two linearly independent complex twistor spinors on (M,c).
The tractor conformal superalgebra of flat Minkowski space
We describe the even part of the conformal algebra of flat Minkowski space R1,n−1 in terms
of conformal tractor calculus and discuss extensions to a superalgebra. In physics notation
(cf. [Sch08, Raj06]), the conformal algebra of Minkowski space R1,n−1 with coordinates
xi and the standard flat metric gij is generated by Pi,Mij ,D and Ki - corresponding to
translations, rotations, the dilatation and the special orthogonal transformations:
Pi = ∂i,
Mij = xi∂j − xj∂i,
D = xi∂i,
Ki = 2xixj∂j − g(x,x)∂i.
The Lie brackets are given by
[Pi, Pj] = 0,[Mij , Pk] = gjkPi − gikPj ,[Mij ,Mkl] = gjkMil − gikMjl − gjlMik + gilMjk,[Pi,D] = Pi,[Ki,D] = −Ki,[Pi,Kj] = 2gijD − 2Mij ,[Mij ,Kk] = gjkKi − gikKj .
As R1,n−1 is conformally flat, all conformal vector fields are automatically normal confor-
mal, and thus the above vector fields generate the algebra Xnc(R1,n−1) = Xc(R1,n−1). We
now consider the following natural isomorphism:
τ0 ∶ Xnc(R1,n−1) g≅ Par (Λ2T (R1,n−1) ,∇nc) α↦α(0)≅ so(2, n), (6.17)
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yielding that for flat Minkowski space g0 ≅ so(2, n). As we shall see, the tractor approach
establishes a link between the grading components of so(2, n) from (2.13) and the various
types of normal conformal vector fields:
For a translation Pi = ∂i the identification (6.17) works as follows: The dual 1-form is
given by α+ = P ♭i = idxi ∈ Ω1(R1,n−1). Clearly, ∇gα+ = 0. The nc-Killing equations
(3.4) with Kg = 0 then imply that α∓ = 0, α0 = 0 and α− = 0. It follows that the asso-
ciated parallel tractor 2-form α2Pi ∈ Par (Λ2T (R1,n−1)) satisfies α2Pi(0) = e♭+ ∧ e♭i. Thus,
given an arbitrary translation Pix
i for constant x ∈ R1,n−1, the associated skew-symmetric
endomorphism is given by




⎞⎟⎠ ∈ b−1 ≅ Rn,
where b−1 is the grading component of so(2, n) from (2.13). Analogously, it is straightfor-
ward to compute:




⎞⎟⎠ ∈ b0 ≅ co(1, n − 1),




⎞⎟⎠ ∈ b0 ≅ co(1, n − 1),




⎞⎟⎠ ∈ b1 ≅ (Rn)∗ ,
where a ∈ R and y ∈ (Rn)∗. Comparing the above brackets in Xnc(R1,n−1) and the brackets
in so(2, n) from section 2.4, one directly observes that τ0 is actually a Lie algebra isomor-
phism. Thus, we now have a precise relationship between the various normal conformal
vector fields and grading components of so(2, n):
so(2, n) ≅ b−1 ⊕ so(p, q) ⊕ R ⊕ b1
τ0 ↕ ↕ ↕ ↕ ↕
Xnc (R1,n−1) ≅ span (Pi) ⊕ span (Mij) ⊕ span (D) ⊕ span (Ki)
translations rotations dilatation sp. orth. transf.
Consequently, the isomorphism so(2, n) τ0= Xc (R1,n−1) yields a more geometric interpreta-
tion of the grading (2.4) of so(2, n). We now consider the extension to a tractor conformal
superalgebra: Solving the twistor equation on R1,n−1 is straightforward (cf. [BFGK91]):
We have for a twistor spinor ϕ ∈ Γ(R1,n−1, SgC) ≅ C∞ (R1,n−1,∆C1,n−1) using Kg = 0 that∇Dgϕ = 0. Consequently, Dgϕ =∶ ϕ1 is a constant spinor. Integrating the twistor equation
along the line {s ⋅ x ∣ 0 ≤ s ≤ 1} yields that ϕ(x) − ϕ(0) = − 1nx ⋅ ϕ1. Thus, ϕ is of the form
ϕ(x) = ϕ0 − 1nx ⋅ ϕ1. Clearly, this establishes an isomorphism
τ1 ∶ ker P g → ∆C1,n−1 ⊕∆C1,n−1 ≅ Par (S(R1,n−1),∇nc) ≅ ∆C2,n,
ϕ ↦ (ϕ0,− 1nϕ1) ↦ ψ ∶= (Φ̃g)−1 (ϕ0,− 1nϕ1) ↦ ψ(0).
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Consequently, the tractor conformal superalgebra of R1,n−1is nothing but Λ22,n⊕∆C2,n with
brackets as introduced in section 6.1. By means of τ1 and τ2 we have an identification
g ≅ Λ22,n ⊕∆C2,n τ0,τ1≅ Xnc(R1,n−1)⊕ ker P g, (6.18)
and the right hand side of (6.18) is precisely the conformal superalgebra of Minkowski
space wrt. the fixed standard metric as considered in [Raj06], for example. Again, one
directly calculates that (6.18) is a superalgebra isomorphism. Thus, this example under-
lines that the tractor approach to conformal superalgebras is equivalent to the classical
approaches. Using an explicit Clifford representation, one directly calculates that g is no
Lie superalgebra if n > 3, as also follows from Theorem 6.5. In case n = 3, and considering
Minkowski space R2,1, there is a real structure on ∆C3,2, and restricting ourselves to real
twistor spinors leads to the Lie superalgebra3
Xnc(R2,1)⊕ ker P gR ≅ Λ23,2 ⊕∆R3,2 ⊂ Λ23,2 ⊕∆C3,2 = Xnc(R2,1)⊕ ker P gC.
Various Superalgebras for H3
As a final example, we consider superalgebras defined over 3-dimensional hyperbolic space.
Their structure reveals interesting relations to superalgebras similar to the Poincare´ super-
algebra. Superalgebras for H3 arise in physics literature when studying supersymmetry
of hyperbolic monopoles, as done for instance in [FG14].
H3 equipped with its standard metric g is simply-connected, conformally flat and ad-
mits a 2-dimensional complex space K± of Killing spinors to the Killing number ± i2 . Their
linear combinations span the 4-dimensional complex space of all twistor spinors ker P g.
The conformal symmetries of H3 are thus given by g = g0 ⊕ g1, where
g0 = Par(Λ2T (H3),∇nc) g≅ Xc(H3) ≅ so(1,4),
g1 = Par(S(H3),∇nc) g≅ ker P g(H3) ≅ ∆C1,4.
We introduce a tractor superalgebra structure on this Riemannian space precisely as for




α ⋅ ψ,(ψ1, ψ2)↦ α2ψ1,ψ2 ,
where α,β ∈ so(1,4) ≅ Λ21,4, ψ ∈ ∆C1,4. This construction is nontrivial: A straightforward
calculation reveals that in signature (1,4) we have α2ψ,ψ = 0 iff ψ = 0. One checks that with
the so defined brackets all Jacobi identities are satisfied except the odd-odd-odd identity
which by polarization is equivalent to
α2ψ ⋅ ψ = 0 (6.19)
3The odd-odd-odd Jacobi identity holds in this case as every nonzero spinor v ∈ ∆R3,2 is pure, from which
α2v,v ⋅ v = 0 follows. Note that there is no real structure on ∆R2,3.
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for all ψ ∈ ∆C1,4. However, fixing an explicit realisation of Clifford multiplication shows
that (6.19) holds iff ⟨ψ,ψ⟩∆C1,4 = 0. Therefore, g is no Lie superalgebra.
In the rest of this section we will show that g contains an interesting nontrivial sub-
algebra which is a Lie superalgebra and we will then elaborate on how this algebra is
realized in terms of spinor fields on H3:
The odd part g1 contains the subspace R4 = ∆R3,1 ⊂ ∆C3,1 ⊂ ∆C4,1 ≅ ∆C1,4, whereas the even
part contains so(3,1) = so(1,3) ⊂ so(1,4). Together they form g ∶= so(3,1) ⊕ ∆R3,1. It
is straightforward to calculate that the brackets of g restrict to brackets on g, i.e. g is
a subalgebra of g (in the super sense). Fixing an explicit spinor representation on ∆R3,1
reveals that α2ψ ⋅ ψ = 0 for all ψ ∈ ∆R3,1, i.e. g is a Lie superalgebra.
g is closely related to the super Poincare´ algebra gp, defined as follows: As a Z2-graded
vector space, gp = (so(3,1) ⋉R3,1)⊕∆R3,1. The even-even bracket is the standard bracket
on so(3,1) ⋉ R3,1, the even-odd-bracket is given by trivial extension of (α,ψ) ↦ 12α ⋅ ψ,
where α ∈ so(3,1) and ψ ∈ ∆R3,1, i.e. vectors act trivially on spinors, and the odd-odd
bracket is given by squaring spinors to vectors, i.e. (ψ1, ψ2) ↦ Vψ1,ψ2 ∈ R3,1. The relation
to our Lie superalgebra g can be understood as follows: Consider the symmetrized tensor
product S2∆R3,1 ⊂ ∆R3,1 ⊗∆R3,1. There is an isomorphism
S2∆R3,1 → so(3,1)⊕R3,1,
ψ ⊗ ψ ↦ (α2ψ, Vψ). (6.20)
Thus, the odd-odd brackets in gp and g correspond to projection of (6.20) to the first resp.
second factor. Moreover, in g we omit the translation part R3,1 in the even part.
The super Poincare´ algebra is geometrically realized on R3,1 by Killing vector fields
(so(3,1)), parallel vector fields (R3,1) and parallel spinors (∆R3,1). In contrast, a natu-
ral geometric realization of the Lie superalgebra g on H3 is given as follows:
The complex spinor module ∆C3 ∶= ∆C0,3 ≅ C2 admits a quaternionic structure which com-
mutes with Clifford multiplication, i.e. there is a map γ ∶ ∆C3 →∆C3 satisfying
γ2 = 1,
γ(iv) = −iγ(v),
γ(x ⋅ v) = x ⋅ γ(v), (6.21)
where v ∈ ∆C3 and x ∈ R3. We fix such a structure γ. Clearly, this induces a map
γ ∶ Sg(H3) → Sg(H3), which is a quaternionic structure commuting with Clifford multi-
plication in each fibre. Let ϕ ∈ K+ be a Killing spinor to Killing number i2 . (6.21) yields
that γ(ϕ) ∈ K−. We consider the space ∆(K+ ⊕ K−) ∶= {ϕ + γ(ϕ) ∣ ϕ ∈ K+}. This is a
4-dimensional real subspace of ker P g(H3). It is not closed under multiplication with i.
Consider furthermore Xk(H3) ≅ so(1,3), the space of Killing vector fields on (H3, g).
Combining with the above introduced spinor fields we obtain the space
Xk(H3)⊕∆(K+ ⊕K−). (6.22)
It is easy to verify that (6.22) is a subalgebra of g = Xc(H3)⊕ ker P g(H3) = so(1,4)⊕∆C1,4.
Moreover, as Killing spinors are determined by their value at a point, it is straightforward
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to calculate that (6.22) equipped with this superalgebra structure is isomorphic to the Lie
superalgebra g ⊂ g.
To summarize: The tractor superalgebra g of conformal symmetries of H3 is no Lie
superalgebra. It contains a Lie subalgebra g which is conceptually very similar to the
Poincare´ superalgebra gp of R3,1. Geometrically, g corresponds to Killing vector fields in
the even part and special combinations of Killing spinors in the odd part.
6.4 A tractor conformal superalgebra with R-symmetries
We have shown that our tractor construction applied to geometries with special unitary
conformal holonomy never leads to conformal Lie superalgebras. On the other hand,
[MH13] describes a way of constructing a conformal Lie superalgebra for Fefferman spin
spaces. It is shown that this is only possible under the inclusion of a further nontrivial
conformal symmetry in the even part g0 of the algebra. This symmetry has also been
considered in physics and is known as R-symmetry. As observed in [Lei07, BJ10], having
a Fefferman metric in the conformal class of an even-dimensional conformal structure
is at least locally equivalent to Hol(M,c) ⊂ SU (1, n2 ). Consequently, we can view the
construction in [MH13] as a possible way to overcome the problems in constructing a
tractor conformal Lie superalgebra for special unitary holonomy which we faced in section
6.3. Our aim is therefore to reproduce the construction of conformal Lie superalgebras with
R-symmetries for Fefferman spaces in the framework of the conformal tractor calculus.
Let (M,c) be an simply-connected, even-dimensional Lorentzian conformal spin manifold
and g ∈ c. For the definition and construction of Fefferman spin spaces we refer to [Bau99,
BL04, BJ10] or chapter 7. The following is a standard fact:
Proposition 6.19 ([Lei01, Bau99]) On a Lorentzian Fefferman spin space (M1,n−1, g)
there are distinguished, linearly independent complex twistor spinors ϕ for  = ±1 such
that
1. The Dirac current Vϕ is a regular lightlike Killing vector field.
2. ∇Vϕϕ = icϕ for some c ∈ R/{0}.
We now restrict ourselves to generic Fefferman spin spaces, i.e. our overall assumption in
this section in terms of conformal data is
Hol(M1,n−1, c) ⊂ SU (1, n
2
) and dimC ker P g = 2.
Note that in case Hol(M1,n−1, c = [g]) = SU (1, n2 ), the second requirement follows auto-
matically as seen in section 6.3. Under these assumptions, we present a construction
(M,c)→ g̃0 ⊕ g1 Lie superalgebra,
where g̃0 = g0 ⊕ R is the algebra of parallel tractor 2-forms, extended via an additional
symmetry (which will be made precise). The construction turns out to be canonical, i.e.
it does not involve other choices.
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Algebraic preparation
We want to investigate the space of parallel spin tractors on (M,c) more closely. To this
end, we use the complex spinor representation on ∆C2,n from section 6.3 and let u± be the
spinors from (6.14). Let W ∶= spanC{u+, u−}. We have already computed ω0 ∶= α2u±,u± in
(6.15). A straightforward, purely algebraic calculation reveals the following:
Proposition 6.20 The pseudo-Ka¨hler form ω0 on R2,n is distinguished by the following
properties:
1. For every w ∈W there exists a constant cw ≥ 0 such that α2w,w = cw ⋅ ω0.
2. ∣∣ω0∣∣22,n = n2 + 1
Moreover, one calculates that for all a, b ∈ C we have 1iω0 ⋅(au++bu−) = (n2 − 1) ⋅(au+−bu−),
whence
spanC{u±} = EigC (1i ω0,±(n2 − 1)) . (6.23)
Lemma 6.21 Consider u+ ∈W and let α ∈ Λ22,n be a 2-form. If α ⋅ u+ ∈W , then α can
be written as α = ∑n+22i=1 ai ⋅ e♭2i−1 ∧ e♭2i for ai ∈ R. We denote the space of all these forms by
V .
Proof. We write a generic 2-form as α = ∑i<j aije♭i ∧ e♭j . It follows that α ⋅ u± =∑i<j aijei ⋅ ej ⋅ u±. Using our concrete realisation of Clifford multiplication, one calculates
that j ≠ i + 1 ⇒ eieju+ ∝ u(1, ...,1,−1,1...,1,−1...,1), where −1 occurs at positions ⌊ i+12 ⌋
and ⌊ j+12 ⌋. As α ⋅ u+ ∈W , it follows that aij = 0 for these choices of i and j. ◻
Another purely algebraic computation reveals the following:
Lemma 6.22 On W there exists a up to sign unique C-linear map ι ∶ W → W such
that ι2 = 1 and ι is an anti-isometry of (W, ⟨⋅, ⋅⟩∆C2,n), i.e. ⟨ι(u), ι(v)⟩∆C2,n = −⟨u, v⟩∆C2,n.
Moreover, (6.23) shows that setting
1
i
ω0 ⋅ u =∶ (n
2
− 1) ⋅ l(u), for u ∈W (6.24)
defines a unique C−linear map l ∶W →W . l is an isometry wrt. ⟨⋅, ⋅⟩∆C2,n and l2 = 1. We
note that wrt. the basis (u+, u−) of W , ι and l are given by ι = (0 11 0) and l = (1 00 −1).
One easily calculates that for all α ∈ V and u ∈W we have
α ⋅ ι(u) = −ι(α ⋅ u), α ⋅ l(u) = l(α ⋅ u),
ι(l(u)) = −l(ι(u)). (6.25)
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Geometric construction
We now turn to geometry again: Let (M,c) be a simply-connected Lorentzian conformal
spin manifold with special unitary conformal holonomy and suppose that dimCW = 2,
where now W = Par(SC(M),∇nc). Global versions of our previous algebraic observations
show: There exists a unique parallel tractor 2-form ω0 ∈ Par (Λ2T (M),∇nc) distinguished
by properties of Proposition 6.20. Furthermore, Clifford multiplication with 1iω0 is an
automorphism of W with eigenvalues ±(n2 − 1). We now fix ψ± ∈ Eig (1iω0,± (n2 − 1)) ∩W
with ⟨ψ±, ψ±⟩∆C2,n = ±1 and ⟨ψ±, ψ∓⟩∆C2,n = 0. With these requirements, ψ± are unique up
to multiplications with elements of S1 ⊂ C. In fact, if one fixes a Fefferman metric g in
the conformal class, then Φ̃g(projg+ψ±) = ϕ± ∈ ker P g(up to constant multiples), where ϕ±
were introduced in Proposition 6.19. We further require that ι(ψ+) = ψ− which reduces
the ambiguity in choosing ψ± to only one complex phase. We set
g1 ∶=W = spanC{ψ+, ψ−} ⊂ SC(M).
On g1 there are natural maps ι ∶ g1 → g1 and l ∶ g1 → g1 with the same properties as the
corresponding maps from the algebraic preparations. g1 defines the odd part of the tractor
superconformal algebra we are about to construct. For the construction of the even part,
we first set as in section 6.1 g0 ∶= Par (Λ2T (M),∇nc) and equip it with the bracket of
endomorphisms.
Proposition 6.23 For Hol(M,c) ⊂ SU (1, n2 ) and dim g1 = 2, we have that g0 is
abelian and dim g0 ≤ n2 + 1.
Proof. For α ∈ g0 and ψ = ψ+ ∈ g1 we must by the derivation property of ∇nc wrt.
Clifford multiplication have that also α ⋅ψ is a parallel spin tractor, i.e. α ⋅ψ !∈ g1. Lemma
6.21 then determines all possible forms of α and from this the statement is immediate. ◻
We now set g̃0 ∶= g0 ⊕R, where the sum is a direct sum of abelian Lie algebras and thus
g̃0 is abelian too. We introduce further brackets on g ∶= g̃0 ⊕ g1:
[⋅, ⋅] ∶ g̃0 ⊗ g1 → g1,((α,a), ψ)↦ 1
i
⋅ (α ⋅ (ι(ψ))) + a ⋅ ι(l(ψ)),[⋅, ⋅] ∶ g1 ⊗ g1 → g̃0,(ψ1, ψ2)↦ (α2ψ1,ψ2 ,(n2 − 1) ⋅Re (⟨ψ1, l(ψ2)⟩S)) .
(6.26)
Clearly, these brackets have the right symmetry properties to turn g̃0 ⊕ g1 into a superal-
gebra.
Theorem 6.24 The superalgebra g̃0 ⊕ g1 associated to (M,c) canonically up to sign4
is a Lie superalgebra.
4In fact, defining the above brackets via the abstract maps ι and l rather than using the basis ψ± reveals
that the construction involves no further choices once g0 and g1 are determined.
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Proof. All we have to do is checking the Jacobi identities: By polarization, the odd-odd-
odd Jacobi identity is equivalent to [[ψ,ψ]ψ] = 0 for all ψ ∈ g1. By definition, we have for
ψ = aψ+ + bψ− with a, b ∈ C that
[[ψ,ψ], ψ] = [(α2ψ,ψ,(n2 − 1) ⋅Re (⟨ψ, l(ψ)⟩S)) , ψ]= 1
i
⋅ α2ψ,ψ ⋅ ι(ψ) + (n2 − 1) ⋅Re (⟨ψ, l(ψ)⟩S) ⋅ ι(l(ψ))= 1
i
(∣a∣2ω0 + ∣b∣2ω0) ⋅ (aψ− + bψ+) + (n
2
− 1) (∣a∣2 + ∣b∣2) ⋅ (aψ− − bψ+)
= (∣a∣2 + ∣b∣2) ⋅ (n
2
− 1) ⋅ (−aψ− + bψ+) + (n
2
− 1) (∣a∣2 + ∣b∣2)(aψ− − bψ+)= 0.
As g̃0 is abelian, the even-odd-odd identity is by polarization equivalent to [[(α, γ), ψ] , ψ] =
0 for all α ∈ g0, γ ∈ R and ψ ∈ g1. By definition of the brackets involved, this is the case iff
(α21
i
⋅(α⋅ι(ψ))+γ⋅(ι(l(ψ))),ψ,(n2 − 1) ⋅Re(⟨1i ⋅ (α ⋅ ι(ψ)) + γ ⋅ (ι(l(ψ))), l(ψ)⟩S)) != 0 ∈ g0 ⊕R.
(6.27)
We again write ψ = aψ+ + bψ− for complex constants a and b. Lemma 6.21 implies that
1
iα ⋅ψ+ = d ⋅ψ+ for some real constant d and 1iα ⋅ψ− = −d ⋅ψ−. Then the g0− part of (6.27)
is given by
α2−adψ−+bdψ++γ(aψ−−bψ+),aψ++bψ− = 0,
where we used that α2ψ+,ψ− = 0, and the R−part of (6.27) is proportional to
Re(⟨1
i
⋅ (α ⋅ ι(ψ)) + γ ⋅ (ι(l(ψ))), l(ψ)⟩S)=Re (⟨d ⋅ (−a ⋅ ψ− + b ⋅ ψ+) + γ ⋅ (aψ− − bψ+), aψ+ − bψ−⟩S)=0.
Finally, since g̃0 is abelian, the even-even-odd identity is equivalent to
[(α,a), 1
i
β ⋅ (ι(ψ)) + b ⋅ ι(l(ψ))] != [(β, b), 1
i
α ⋅ (ι(ψ)) + a ⋅ ι(l(ψ))] ∈ g1,
where (α,a), (β, b) ∈ g̃0 and ψ ∈ g1. Unwinding the definitions and using (6.25), we find





α ⋅ ι(β ⋅ ι(ψ)) + a ⋅ ι(l(β ⋅ ι(ψ))) + b ⋅ α ⋅ l(ψ)) + ab ⋅ ι(l(ι(l(ψ))))
=α ⋅ β ⋅ ψ + a
i
β ⋅ l(ψ) + b
i
⋅ α ⋅ l(ψ) − ab ⋅ ψ [α,β]=0= β ⋅ α ⋅ ψ + a
i
β ⋅ l(ψ) + b
i
⋅ α ⋅ l(ψ) − ab ⋅ ψ
= [(β, b), 1
i
α ⋅ (ι(ψ)) + a ⋅ ι(l(ψ))] .
These calculations prove the Theorem. ◻
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Remark 6.25 Let g ∈ c be a Fefferman metric on M . By means of g we identify the
parallel spin tractors ψ with the distinguished twistor spinors ϕ from Proposition 6.19
for  = ±1 and parallel 2-form tractors with normal conformal vector fields. Calculations
completely analogous to that in section 6.2 reveal that the even-odd bracket (6.26) is under
this g-metric identification given by (extension of)
(Xnc(M)⊕R) × ker P g → ker P g,((V, a), ϕ)↦ LV ϕ− +  ⋅ a ⋅ ϕ−,
and in this picture the odd-odd-odd Jacobi identity for g̃0⊕g1 is equivalent to the existence
of a constant ρ such that LVϕϕ +  ⋅ ρ ⋅ ϕ = 0, as proved independently in [MH13].
Remark 6.26 There is an odd-dimensional analogue of this construction: Namely,
consider the case of a simply-connected, Lorentzian Einstein-Sasaki manifold (M1,n−1, g)
of negative scalar curvature (cf. [Lei01, Boh99]), which can be equivalently characterized
in terms of special unitary holonomy of the cone over (M,g). It follows that (M,g) is
spin and there again exist two distinguished conformal Killing spinors (cf. [BL04, Lei07]).
Let us assume that the complex span of these twistor spinors is already ker P g =∶ g1.
As (M,g) is Einstein with scalg < 0 there exists in this case a distinguished spacelike,
parallel standard tractor τ , defining a holonomy reduction Hol(M, [g]) ⊂ SU (1, n−12 ) ⊂
SO(2, n − 1) ⊂ SO(2, n) and a splitting T (M) = ⟨τ⟩ ⊕ ⟨τ⟩. Furthermore ∆2,n−1 ≅ ∆2,n as
Spin(2, n−1)-representations. Setting g0 ∶= Par (Λ2T (M),∇nc)∩{α ∈ Ω2T (M) ∣ α(τ, ⋅) = 0},
we can then proceed completely analogous to the even-dimensional case just discussed, i.e.
we perform in the tractor setting the same purely algebraic construction on the orthogonal
complement of τ in T (M). This turns (g0 ⊕ R) ⊕ g1 into a Lie superalgebra with R-
symmetries. Again, the overall construction is canonical. For a construction which uses a
fixed metric in the conformal class, we refer to [MH13].
6.5 Summary and application in small dimensions
We want to summarize the various possibilities and obstructions one faces in the attempt
of constructing a conformal Lie superalgebra via the tractor approach in Lorentzian signa-
ture. To this end, recall that twistor spinors on Lorentzian manifolds can be categorized
into three types according to Theorem 3.32: We have shown:
 If all twistor spinors are of type 1. or 2., the tractor conformal superalgebra is a
Lie superalgebra (cf. Theorem 6.5). Moreover, if g is a Lie superalgebra, there is a
Brinkmann metric in the conformal class or a local splitting [g] = [−dt2 + h], where
h is Riemannian Ricci-flat Ka¨hler.
 The previous situation always occurs if the space of twistor spinors is 1-dimensional.
 If there are exactly two linearly independent twistor spinors of type 3.a or 3.b (de-
pending on the dimension to be even or odd), one can construct a Lie superalgebra
under the inclusion of an R-symmetry. Depending on the dimension, one has a
Fefferman metric or a Lorentzian Einstein-Sasaki metric in the conformal class.
Remark 6.27 We have not yet discussed the case when the twistor spinor is of type
3.c in Theorem 3.32, i.e. when there is -at least locally - a splitting (M,g) ≅ (M1, g1) ×
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(M2, g2) into a product of Einstein spaces. By Theorem 3.17 we have that Hol(M, [g]) ≅
Hol(M1, [g1]) ×Hol(M2, [g2]). In this situation, it is an algebraic fact (cf. [Lei04]) that
every spinor v ∈ ∆2,n which is fixed by Hol(M, [g]) is of the form v = v1 ⊗ v2 where
Hol(Mi, [gi])vi = vi. As also the converse is trivially true, we see that on the level of
tractor conformal superalgebras, the product case manifests itself in a splitting of the
odd part of g, i.e. g1 = g11 ⊗ g21, where gi1 are the odd parts of the tractor conformal
Lie superalgebras gi = gi0 ⊕ gi1 of (Mi, [gi]) for i = 1,2. Moreover, note that we never
have a splitting in the even part, g0 ≠ g10 ⊕ g20. This is because as (Mi, gi) are Einstein
manifolds, there are parallel standard tractors ti ∈ T (Mi), and it follows that t1 ∧ t2 ∈ g0,
but t1∧t2 ∉ g0⊕g1. It is moreover clear from the structure of α2ψ from Theorem 3.32 in this
situation that g is no Lie superalgebra in this case. [MH13] presents a way of extending g
to a Lie superalgebra under the inclusion of R-symmetries.
We have now studied the construction of a tractor conformal superalgebra for every (local)
geometry admitting twistor spinors and summarize our results:
Theorem 6.28 Let (M1,n−1, c) be a Lorentzian conformal spin manifold admitting
twistor spinors. Assume further that all twistor spinors on (M,c) are of the same type ac-
cording to Theorem 3.32. Then there are the following relations between special Lorentzian
geometries in the conformal class c and properties of the tractor conformal superalgebra
g = g0 ⊕ g1 of (M,c):
Twistor spinor
type (Thm. 3.32)
Special geometry in c Structure of g = g0 ⊕ g1
1. Brinkmann space Lie superalgebra
2. Splitting (R,−dt2)× Riem.
Ricci-flat
Lie superalgebra
3.a Lorentzian Einstein Sasaki
(n odd)
No Lie superalgebra, becomes Lie
superalgebra under inclusion of
nontrivial R-symmetry
3.b Fefferman space (n even) No Lie superalgebra, becomes Lie
superalgebra under inclusion of
nontrivial R-symmetry
3.c Splitting M1×M2 into Ein-
stein spaces
No Lie superalgebra, odd part
splits gi = gi0⊗gi1, but g0 ≠ g10⊕g20
Let us apply this statement to tractor conformal superalgebras g of non conformally flat
Lorentzian conformal manifolds (M1,n−1, [g]) admitting twistor spinors in small dimen-
sions which have been studied in [Lei01, BL04]:
Let n=3. It is known that dim ker P g ≤ 1 in this situation. Consequently, by Propo-
sition 6.17 g is a tractor conformal Lie superalgebra. Every twistor spinor is off a singular
set locally equivalent to a parallel spinor on a pp-wave.
Let n=4. Here, dim ker P g ≤ 2. Exactly one of the following cases occurs: Either, there is
a Fefferman metric in the conformal class with two linearly independent twistor spinors.
In this case we can construct a tractor superalgebra with R-symmetries. Otherwise, all
twistor spinors are locally equivalent to parallel spinors on pp-waves. In this case the
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ordinary construction of a tractor conformal Lie superalgebra g works.
Let n=5. This case is already more involved but the possibility of constructing a trac-
tor conformal Lie superalgebra can be completely described: One again has that dim ker
P g ≤ 2. Exactly one of the following cases occurs:
1. There is a Lorentzian Einstein Sasaki metric in the conformal class. In this case,
dim ker P g = 2 and one can construct a tractor conformal Lie superalgebra with
R-symmetries as indicated in Remark 6.26.
2. (M,g) is (at least locally) conformally equivalent to a product R1,0 × (N4, h), where
the last factor is Riemannian Ricci-flat Ka¨hler and admits two linearly independent
parallel spinors. This corresponds to type 2. twistor spinors from Theorem 3.32,
and thus one can construct a tractor conformal Lie superalgebra.
3. All twistor spinors are equivalent to parallel spinors on pp-waves. Again, the con-
struction yields a Lie superalgebra.
Let n ≥ 6. Now mixtures can occur, i.e. it is possible that some twistor spinors are of type
1. or 2., and some twistor spinors are of type 3. according to Theorem 3.32. In this case,
Theorem 6.28 does not apply.
6.6 Construction of tractor conformal superalgebras for higher
signatures
Let (Mp,q, c) be a conformal spin manifold of arbitrary signature (p, q) with p + q = n
and complex space of parallel spin tractors g1 = Par(SC(M),∇nc). We want to associate
to (M,c) a tractor conformal superalgebra in a natural way. However, our construction
from the previous sections depends crucially on Lorentzian signature. More precisely, the
bracket g1 × g1 → g0 may become trivial in other signatures (cf. Remark 1.23), and it
therefore has to be modified: As remarked in section 1.4 every parallel spin tractor on M
naturally gives rise to a series of parallel tractor k−forms, which are nontrivial at least
for k = p + 1 . We include all these conformal symmetries in the algebra and use them to
construct the odd-odd-bracket. Thus we then also have to modify g0 and would like to set
g0 ∶= Par (Λ∗T (M),∇nc) ⊂ Ω∗T (M).
One faces two immediate problems:
1. There is no obvious natural generalization of the Lie bracket on Λkp+1,q+1 for k > 2.
2. The symmetries of (ψ1, ψ2)↦ αkψ1,ψ2 depend crucially on k.
Our procedure is as in the Lorentzian case:
1. We use the tractor approach and introduce a natural superalgebra structure on the
space of parallel forms and twistor spinors.
2. We check Jacobi identities.
3. We describe the algebra wrt. a given metric in the conformal class.
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Algebraic preparation
Let us for a moment change our notation to Rr,s and m = r+s, as the following results will
later be applied to Rp,q and Rp+1,q+1. In order to introduce a bracket on Λkr,s, we recall
the following formulas for the action of a vector X ∈ Rr,s and a k-form ω ∈ Λkr,s on a spinor
ϕ ∈ ∆Cr,s (cf. [BFGK91]):
X ⋅ (ω ⋅ ϕ) = (X♭ ∧ ω) ⋅ ϕ − (X⨼ω) ⋅ ϕ,
ω ⋅ (X ⋅ ϕ) = (−1)k ((X♭ ∧ ω) ⋅ ϕ + (X⨼ω) ⋅ ϕ) . (6.28)
This motivates us to set X ⋅ω ∶=X♭ ∧ω −X⨼ω ∈ Λk−1 ⊕Λk+1 for X ∈ Rr,s and ω ∈ Λkr,s. We
use this to set inductively for e♭I ∶= e♭i1 ∧ ... ∧ e♭ij ∈ Λjr,s, where 1 ≤ i1 < i2 < ... < ij ≤ n:
e♭I ⋅ ω ∶= ei1 ⋅ (e♭I/{i1} ⋅ ω). (6.29)
By multilinear extension, this defines η ⋅ ω ∈ Λ∗r,s for all η,ω ∈ Λ∗r,s. One checks that this
product is associative and O(r, s)−equivariant, i.e.
(Aη) ⋅ (Aω) = A(η ⋅ ω) ∀A ∈ O(r, s). (6.30)
Remark 6.29 The above definition of ⋅ is useful for concrete calculations. However,
there is an equivalent way of introducing the inner product ⋅ on the space of forms which
shows that this construction is very natural. To this end, consider the multilinear maps
fk ∶ Rr,s × ... ×Rr,s´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
k times
→ Clr,s, (v1, ...vk)↦ 1
k!
∑
σ∈Sk sgn(σ) ⋅ vσ1 ⋅ ... ⋅ vσk .
The maps fk induce a canonical vector space isomorphism (cf. [LM89])
f̃ ∶ Λ∗r,s → Clr,s,
for which f̃(v♭1 ∧ ... ∧ v♭k) = fk(v1, ..., vk) holds. It is now straightforward to calculate that
our inner product (6.29) on Λ∗r,s is just the algebra structure which makes f̃ become an
algebra isomorphism, i.e. one has for η,ω ∈ Λ∗r,s that
η ⋅ ω = f̃−1 (f̃(η) ⋅ f̃(ω)) . (6.31)
With these definitions, the space Λ∗r,s together with the map
[⋅, ⋅]Λ ∶ Λ∗r,s ⊗Λ∗r,s → Λ∗r,s, [η,ω]Λ ∶= η ⋅ ω − ω ⋅ η (6.32)
becomes a Lie algebra in a natural way due to associativity of Clifford multiplication.
Remark 6.30 We index this bracket with the subscript Λ because on 2-forms there are
now the bracket [⋅, ⋅]Λ and the endomorphism-bracket [⋅, ⋅]so from the previous sections.
However, it is straightforward to calculate that [⋅, ⋅]Λ = 2 ⋅ [⋅, ⋅]so. Whence these two Lie
algebra structures are equivalent. Note that [Λkr,s,Λlr,s] is in general of mixed degree for
k, l ≠ 2.
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Conformally invariant definition of g
Turning to geometry again, let (Mp,q, c) be a conformal spin manifold of signature (p, q).
Given α,β ∈ Ω∗T (M) and x ∈ M , we may write α(x) = [s, α̂] and β(x) = [s, β̂] for some
s ∈ P1x and α̂, β̂ ∈ Λ∗p+1,q+1. We then introduce a bracket on tractor forms by setting(α ⋅ β) (x) ∶= [s, α̂ ⋅ β̂]. (6.33)
The equivariance property (6.30) shows that (6.33) is well-defined. We furthermore define
the bracket [α,β]T on Ω∗T (M) by pointwise application of (6.32). Clearly, this defines a
Lie algebra structure on Ω∗T (M).
Lemma 6.31 The normal conformal Cartan connection ∇nc on Ω∗T (M) is a derivation
wrt. the product ⋅, i.e.∇ncX (α ⋅ β) = (∇ncX α) ⋅ β + α ⋅ (∇ncX β) ∀α,β ∈ Ω∗T (M) and X ∈ X(M).
Proof. Suppose first that α = Y ♭ for some standard tractor Y ∈ Γ(T (M)). We calculate:∇ncX (α ⋅ β) = ∇ncX (Y ♭ ∧ β − Y ⨼β)= (∇ncX Y )♭ ∧ β + Y ♭ ∧ (∇ncX β) − (∇ncX Y )⨼β − Y ⨼ (∇ncX β)= (∇ncX α) ⋅ β + α ⋅ (∇ncX β) .
As a next step, let α ∈ Ω∗T (M) be arbitrary. We fix x ∈M and a local pseudo-orthonormal
frame (s0, ..., sn+1) (wrt ⟨⋅, ⋅⟩T ) on T (M) around x such that ∇ncsi = 0 for i = 0, ..., n + 1
at x. Wrt. this frame we write α = ∑I αIs♭I locally around x for smooth functions αI . We
apply the above result inductively for Y = si to obtain at x∇ncX (α ⋅ β) =∑
I
∇ncX (αI ⋅ sI ⋅ β) =∑
I
X(αI) ⋅ sI ⋅ β +∑
I
αIsI ⋅ ∇ncX β
= (∇ncX α) ⋅ β + α ⋅ (∇ncX β) ,
which gives the desired formula. ◻
Corollary 6.32 α,β ∈ Par (Λ∗T (M),∇nc) implies that [α,β]T ∈ Par (Λ∗T (M),∇nc).
Thus the space Par (Λ∗T (M),∇nc) together with the bracket induced by [⋅, ⋅]T is a Lie
subalgebra of (ΩT (M)∗, [⋅, ⋅]T ).
As a next step we extend the Lie algebra of (higher order) conformal symmetries
g0 ∶= Par(Λ∗T (M),∇nc),
together with the bracket defined above to a tractor conformal superalgebra g = g0⊕ g1 in
a natural way by setting as before
g1 ∶= Par(S(M),∇nc),
and introducing the brackets
g0 × g0 → g0, (α,β)↦ [α,β]T ,
g0 × g1 → g1, (α,ψ)↦ α ⋅ ψ,
g1 × g0 → g1, (ψ,α)↦ −α ⋅ ψ,
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Here, Lp ∶= {l ∈ N ∣ ψ ↦ αlψ,ψ not identically 0, αlψ1,ψ2 symm. in ψ1, ψ2}, and for given p
this set can be completely described with (a complex version of) Remark 1.23. One always
has p + 1 ∈ Lp, and thus the brackets have the right symmetry properties.
Remark 6.33 If p = 1 and we allow only l = 2 in the last bracket, we recover a
tractor conformal superalgebra which is naturally isomorphic to the one constructed in the
previous chapter. Thus, the above construction may be viewed as a reasonable extension
to arbitrary signatures.
It is of course natural to ask, as done in the Lorentzian case, under which conditions the
tractor conformal superalgebra actually is a Lie superalgebra, i.e. we have to check the
Jacobi identities:
 As g0 is a Lie algebra, the even-even-even identity is trivial.
 It holds by construction of the bracket [⋅, ⋅]T as extension of (6.28) that[α,β]T ⋅ ψ = α ⋅ β ⋅ ψ − β ⋅ α ⋅ ψ.
But this is precisely the even-even-odd Jacobi identity.
 The Jacobi identity for the odd-odd-odd component again leads to
αlψ,ψ ⋅ ψ != 0.
However, there is no known way of expressing this condition in terms of Hol(M,c)
due to the fact that a classification of possible parallel tractor forms induced by
twistor spinors as in Remark 1.25 is only available for the Lorentzian case.
 The even-odd-odd Jacobi identity is by polarization equivalent to
[α,αlψ,ψ]T != 2 ⋅ αlα⋅ψ,ψ for l ∈ Lp. (6.35)
However, this identity fails to hold in general. From an algebraic point of view this is
due to the fact that [Λkp+1,q+1,Λkp+1,q+1]Λ ⊂ Λkp+1,q+1 only if k = 2. This was precisely
the situation we had in the Lorentzian setting. For other values of k and p the
definition of [⋅, ⋅]T leads to additional terms on the left hand side of (6.35).
Metric description
As done in the Lorentzian case, we want to compute the brackets of the tractor conformal
superalgebra g = g0 ⊕ g1 wrt. a metric in the conformal class. To this end, let α ∈
Λk+1p+1,q+1, β ∈ Λl+1p+1,q+1. As in (2.28) we decompose α = e♭+ ∧ α+ + α0 + e♭− ∧ e♭+ ∧ α∓ + e♭− ∧ α−.
We want to compute ([α,β]Λ)+, i.e. the +-component of [α,β]Λ wrt. the decomposition
(2.28). As a preparation, we calculate for ω ∈ Λrp,q, η ∈ Λsp,q the products
(e♭± ∧ ω) ⋅ η = e♭± ∧ (ω ⋅ η),(e♭± ∧ ω) ⋅ (e♭± ∧ η) = 0,(e♭± ∧ ω) ⋅ (e♭∓ ∧ η) = (−1)r (e♭± ∧ e♭∓ ∧ (ω ⋅ η) − η ⋅ ω) ,(e♭± ∧ ω) ⋅ (e♭− ∧ e♭+ ∧ η) = ∓e♭± ∧ (ω ⋅ η),
141
6 Tractor Conformal Superalgebras in Lorentzian Signature
ω ⋅ (e♭± ∧ η) = (−1)re♭± ∧ (ω ⋅ η),
ω ⋅ (e♭− ∧ e♭+ ∧ η) = e♭− ∧ e♭+ ∧ (ω ⋅ η),(e♭− ∧ e♭+ ∧ ω) ⋅ η = e♭− ∧ e♭+ ∧ (ω ⋅ η),(e♭− ∧ e♭+ ∧ ω) ⋅ (e♭± ∧ η) = ±(−1)re♭± ∧ (ω ⋅ η),(e♭− ∧ e♭+ ∧ ω) ⋅ (e♭− ∧ e♭+ ∧ η) = ω ⋅ η.
With these formulas, it is straightforward to compute that for α,β as above one has
(α ⋅ β)+ = α+ ⋅ β0 − α+β∓ + (−1)k+1α0β+ + (−1)k+1α∓ ⋅ β+, (6.36)
and therefore,
([α,β]Λ)+ =α+ ⋅ β0 − (−1)l+1β0 ⋅ α+ − α+ ⋅ β∓ − (−1)l+1β∓ ⋅ α+ + (−1)k+1α0 ⋅ β+ − β+ ⋅ α0+ (−1)k+1α∓ ⋅ β+ + β+ ⋅ α∓. (6.37)
This directly leads to the following global version:
Proposition 6.34 Let g ∈ c and let α,β ∈ g0 be of degree k + 1 and l + 1 respectively.
Further, let α+ = projgΛ,+α ∈ Ωknc,g(M) and β+ = projgΛ,+β ∈ Ωlnc,g(M) denote the associated
nc-Killing forms. As α ⋅ β ∈ g0 and [α,β]T ∈ g0 are again parallel, the forms (α ⋅ β)+ =
projgΛ,+(α ⋅ β) ∈ Ω∗nc,g(M) and ([α,β]T )+ = projgΛ,+([α,β]T ) ∈ Ω∗nc,g(M) are again nc-
Killing forms wrt. g. They are explicitly given by
α+ ○ β+ ∶= (α ⋅ β)+ = 1l + 1 ⋅ α+ ⋅ dβ+ + 1n − l + 1α+ ⋅ d∗β++ (−1)k+1 1
k + 1dα+ ⋅ β+ + (−1)k ⋅ 1n − k + 1d∗α+ ⋅ β+, (6.38)
([α,β]T )+ = 1l + 1 ⋅ α+ ⋅ dβ+ + (−1)l 1l + 1dβ+ ⋅ α+ + 1n − l + 1α+ ⋅ d∗β+ + (−1)l+1 1n − l + 1d∗β+ ⋅ α++ (−1)k+1 1
k + 1dα+ ⋅ β+ − 1k + 1β+ ⋅ dα+ + (−1)k ⋅ 1n − k + 1d∗α+ ⋅ β+ − 1n − k + 1β+ ⋅ d∗α+.
Proof. This follows directly from the explicit form of the isomorphism projgΛ,+ from
Theorem 3.7, i.e. one has to insert (α+, α0, α∓, α−) = (α+, 1k+1dα+,− 1n−k+1d∗α+,◻kα+) into
the formulas (6.36), (6.37). ◻
We study some interesting consequences and applications. First, note that Proposition
(6.34) opens a way to construct new nc-Killing forms out of existing ones, i.e. ○ defines a
map
○ ∶ Ωknc,g(M) ×Ωlnc,g(M)→ Ω∗nc,g(M). (6.39)
In general, the resulting product is of mixed degree. We have already shown in Proposition
6.9 that for nc-Killing 1-forms the bracket [⋅, ⋅]T corresponds via fixed g ∈ c to the Lie
bracket of vector fields (up to a factor). For deg α = 2 one can simplify the expression
from Proposition 6.34 as follows:
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Proposition 6.35 Let α ∈ Par(Λ2(M),∇nc), β ∈ Par(Λk+1(M),∇nc) and g ∈ c. Then
it holds for the nc-Killing form ([β,α]T )+ ∈ Ωnc,g(M) that
1
2
([β,α]T )+ = LVαβ+ − (k + 1)λα ⋅ β+ ∈ Ωknc,g(M). (6.40)
Here, L denotes the Lie derivative, Vα is the conformal vector field canonically associated
to α, and λα ∈ C∞(M) is defined via LVαg = 2λα ⋅ g. In particular, the right hand side of
(6.40) is again a nc-Killing k-form.
Remark 6.36 Proposition 6.35 yields a natural action which gives the space of nc-
Killing k-forms the structure of a module for the Lie algebra of normal conformal vector
fields. In this context, we remark that it has already been shown in [Sem01] that for a
conformal vector field V and conformal Killing k−form β+, the form LV β+ − (k+1)λV ⋅β+
is again a conformal Killing k−form.
Proof. Dualizing the first nc-Killing equation (3.4) for α+ yields
∇gXVα = (X⨼α0)♯ + α∓X. (6.41)
We have that (LVαg)(X,Y ) = g(∇gXVα, Y ) + g(∇gY Vα,X) = 2λαg(X,Y ). Inserting (6.41)
shows that α∓ = λα ∈ C∞(M). We fix x ∈ M and let (s1, ..., sn) be a local g−pseudo-
orthonormal frame around x. Cartans formula for the Lie derivative L yields that around
x we have
LVαβ+ = d (Vα⨼β) + Vα⨼dβ+= n∑
i=1 is♭i ∧ ∇gsi (Vα⨼β+)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=(∇gsiVα)⨼β++Vα⨼∇gsiβ+
+Vα⨼dβ+
= n∑
i=1 i (s♭i ∧ ((∇gsiVα)⨼β+) − Vα⨼ (s♭i ∧∇gsiβ+) + g(si, Vα) ⋅ ∇gsiβ+) + Vα⨼dβ+= n∑




Using the nc-Killing equations for α+ and β+, we rewrite the two summands as follows:
I = n∑
i=1 is♭i ∧ ((si⨼α0)♯⨼β+)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
Ia
+α∓ ⋅ n∑
i=1 is♭i ∧ (si⨼β+)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
Ib
Clearly, Ib = k ⋅ α∓ ⋅ β+. In order to express Ia nicely, we introduce functions aij such that(si⨼α0)♯ = ∑j jaij ⋅ sj . Clearly, aij = −aji and α0 = ∑i<j ijaijs♭i ∧ s♭j . Inserting this into
Ia yields that
Ia =∑
i<j ijaij ⋅ (s♭i ∧ (sj⨼β+) − s♭j ∧ (si⨼β+)) .
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In order to simplify this expression, we proceed as follows: Let s♭J ∶= s♭j1 ∧ ... ∧ s♭jk+1 for
1 ≤ j1 < ... < jk+1 ≤ n. We compute for i < j:
s♭J ⋅ (s♭i ∧ s♭j) = (s♭J ⋅ si) ⋅ sj = (−1)k+1 (s♭i ∧ s♭J + si⨼s♭J) ⋅ sj= s♭i ∧ s♭j ∧ s♭J + s♭i ∧ (sj⨼s♭J) − s♭j ∧ (s♭i⨼s♭J) + si⨼sj⨼s♭J .
Similarly, one obtains
(s♭i ∧ s♭j) ⋅ s♭J = s♭i ∧ s♭j ∧ s♭J − s♭i ∧ (s♭j⨼s♭J) + s♭j⨼(s♭i ∧ s♭J) + si⨼sj⨼s♭J .
Consequently, 12 ⋅(s♭J ⋅ (s♭i ∧ s♭j) − (s♭i ∧ s♭j) ⋅ s♭J) = s♭i ∧(sj⨼s♭J)−s♭j ∧(si⨼s♭J), and multilinear
extension immediately yields that
Ia = 1
2
(β+ ⋅ α0 − α0 ⋅ β+).
Furthermore, the summand II can with the nc-Killing equation for β+ be rewritten as
∇gVαβ+ = Vα⨼β0 + α ∧ β∓= 1
2
⋅ ((−1)k+1β0 ⋅ α+ − α+ ⋅ β0) + 1
2
⋅ ((−1)k+1β∓ ⋅ α+ + α+ ⋅ β∓) .
Putting all these formulas together again yields that
LVαβ+ − (k + 1)λαβ+ =12 ((−1)k+1β0 ⋅ α+ − α+ ⋅ β0 + (−1)k+1β∓ ⋅ α+ + α+ ⋅ β∓ + β+ ⋅ α0 − α0 ⋅ β+)+ k ⋅ α∓β+ − (k + 1) ⋅ α∓β+.
Comparing this expression to (6.37) immediately yields the Proposition. ◻
As a second application of Proposition 6.34 we consider the case of g being an Einstein
metric in the conformal class.
Proposition 6.37 If β ∈ Ωknc,g(M) is a nc-Killing k-form wrt. an Einstein metric g
on M , then both β0 = (k + 1) ⋅ dβ+ and β∓ = −(n − k + 1) ⋅ d∗β+ are nc-Killing forms for g
as well.
Proof. As elaborated in [Lei05], on an Einstein manifold (M,g), the tractor 1-form
α = (1,0,0,− scalg2(n−1)n) is parallel. Inserting this expression for α into the formulas in
Proposition 6.34 shows that 1k+1dβ+ + 1n−k+1d∗β+ is a nc Killing form. ◻
Remark 6.38 The last statement has a well-known spinorial analogue: Consider a
twistor spinor ϕ ∈ Γ(Sg) on an Einstein manifold. As in this case ∇XDgϕ = n2Kg(X) ⋅ϕ =
X ⋅ ( scalg4n(n−1) ⋅ ϕ), the spinor Dgϕ turns out to be a twistor spinor on (M,g) as well.
We compute the expression of the even-odd bracket wrt. a metric in the conformal class:
Proposition 6.39 Let α ∈ Ωk+1T (M) be a parallel tractor (k + 1)-form, ψ ∈ Γ(S(M))
a parallel spin tractor. For given g ∈ c let ΦgΛ(α) = (α+, α0, α∓, α−) with α+ ∈ Ωknc,g(M)
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and Φ̃g(ψ) = (ϕ,− 1nDgϕ) with ϕ ∈ ker P g. Then the twistor spinor corresponding to the
parallel spin tractor [α,ψ] = α ⋅ ψ ∈ g1 via g is given by
α+ ○ ϕ ∶= Φ̃g(projg+ (α ⋅ ψ)) = 2
n
α+ ⋅Dgϕ + (−1)k+1α∓ ⋅ ϕ + (−1)k+1α0 ⋅ ϕ
= 2
n
α+ ⋅Dgϕ + (−1)k
n − k + 1d∗α+ ⋅ ϕ + (−1)k+1k + 1 dα+ ⋅ ϕ ∈ ker P g.
Proof. For given x ∈M we consider the reductions σg ∶ Pg+ → P1+ and σ̃g ∶ Qg+ → Q1+ as
introduced in chapter 2 with σg ○ fg = f1 ○ σ̃g, and on some open neighbourhood U of x in
M we have
ψ = [σ̃g(ũ), e− ⋅w + e+ ⋅w],
α = [σg(u), e♭+ ∧ α̃+ + e− ∧ e+ ∧ α̃∓ + α̃0 + e♭− ∧ α̃−´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=∶α̃ ]
for sections ũ ∶ U → Qg+, u = fg(ũ) ∶ U → Pg+ and smooth functions w ∶ U → ∆p+1,q+1,
α̃+, α̃− ∶ U → Λkp,q, α̃0 ∶ U → Λk+1p,q and α̃∓ ∶ U → Λk−1p,q . It follows by definition that on U
α ⋅ ψ = [σ̃g(ũ), α̃ ⋅ (e− ⋅w + e+ ⋅w)] .
Consequently, we get for the corresponding twistor spinor wrt. g that
Φ̃g(projg+ (α ⋅ ψ)) = [ũ, χ (e− ⋅ projAnn(e+) (α̃ ⋅ (e− ⋅w + e+ ⋅w)))] (6.42)
Here, we identify the Spin(p, q)−modules ∆Cp,q ≅ Ann(e−) (cf. (1.10)) by means of some
fixed isomorphism χ. One thus has to compute α̃ ⋅ (e− ⋅w + e+ ⋅w). With the formulas for
the action of Λ∗p+1,q+1 on ∆p+1,q+1, it is straightforward to calculate that this product is
given by
α̃ ⋅ (e− ⋅w + e+ ⋅w) =(−1)kα̃+ ⋅ e+ ⋅ e− ⋅w + (−1)kα̃− ⋅ e− ⋅ e+ ⋅w + α̃0 ⋅ (e− ⋅w + e+ ⋅w)+ α̃∓ ⋅ (e+ ⋅w − e− ⋅w)=(e− + e+) ⋅ ((−1)ke+ ⋅ α̃− ⋅w + (−1)ke− ⋅ α̃+ ⋅w + (−1)k+1α̃0 ⋅w+ (−1)k+1α̃∓ ⋅ (e+ ⋅ e− ⋅w +w))=∶(e− + e+) ⋅ w̃.
Thus, one has by definition
χ (e− ⋅ projAnn(e+) (α̃ ⋅ (e− ⋅w + e+ ⋅w))) =χ (e− ⋅ e+ ⋅ w̃)= − 2α̃+ ⋅ χ(e− ⋅w) + (−1)k+1 ⋅ α̃0 ⋅ χ(e− ⋅ e+ ⋅w)+ (−1)k+1 ⋅ α̃∓ ⋅ χ(e− ⋅ e+ ⋅w).
Inserting this into (6.42) yields that
Φ̃g(projg+ (α ⋅ ψ)) = − 2 ⋅ [u, α̃+] ⋅ [ũ, χ(e− ⋅w)]´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=Φ̃g(projg−ψ)
+(−1)k+1[u, α̃∓] ⋅ [ũ, χ(e− ⋅ e+ ⋅w)]´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=Φ̃g(projg+ψ)+ (−1)k+1[u, α̃0] ⋅ [ũ, χ(e− ⋅ e+ ⋅w)]´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=Φ̃g(projg+ψ)= 2
n
α+ ⋅Dgϕ + (−1)k+1α∓ ⋅ ϕ + (−1)k+1α0 ⋅ ϕ. ◻
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Remark 6.40 In particular, Proposition 6.39 describes a principle of constructing new
twistor spinors from a given twistor spinor and a nc-Killing form in an arbitrary pseudo-
Riemannian setting. One can also show independently and more directly, i.e. without
using tractor calculus, that for a given nc-Killing form α+ ∈ Ωknc,g(M) and ϕ ∈ ker P g, the
spinor
α+ ○ ϕ ∶= 2
n
α+ ⋅Dgϕ + (−1)k
n − k + 1d∗α+ ⋅ ϕ + (−1)k+1k + 1 dα+ ⋅ ϕ ∈ Γ(Sg) (6.43)
is again a twistor spinor on (M,g). To this end, we compute ∇SgX (α+ ○ ϕ) for X ∈ X(M)
using the nc-Killing formulas (3.4):∇SgX (α+ ⋅Dgϕ) = (∇gXα+) ⋅Dgϕ + α+ ⋅ ∇SgX Dgϕ= (X⨼α0) ⋅Dgϕ + (X♭ ∧ α∓) ⋅Dgϕ + α+ ⋅ (n
2
⋅Kg(X) ⋅ ϕ) ,
∇SgX (α0 ⋅ ϕ) = (∇gXα0) ⋅ ϕ + α0 ⋅ ∇SgX ϕ= (Kg(X) ∧ α+) ⋅ ϕ − (X♭ ∧ α−) ⋅ ϕ − 1
n
⋅ α0 ⋅X ⋅Dgϕ,∇SgX (α∓ ⋅ ϕ) = (∇gXα∓) ⋅ ϕ + α∓ ⋅ ∇SgX ϕ= (Kg(X)⨼α+) ⋅ ϕ + (X⨼α−) ⋅ ϕ − 1
n
⋅ α∓ ⋅X ⋅Dgϕ.
We deduce using the formulas (6.28) that ∇SgX (α+ ○ϕ) =X ⋅ ξ for all X ∈ X(M), where ξ ∶=( 1
nα0 ⋅Dgϕ + 1nα∓ ⋅Dgϕ + (−1)k+1α− ⋅ ϕ), showing that α+ ○ϕ satisfies the twistor equation
with Dg(α+ ○ ϕ) = −n ⋅ ξ.
Finally, we discuss the case of α+ being a nc-Killing 1-form and Vα the dual normal
conformal vector field5.
Proposition 6.41 In the setting of Proposition 6.39, if k = 1 we have
Φg (projg+ (α ⋅ ψ)) = −2 ⋅ (∇Vαϕ + 14τ (∇Vα) ⋅ ϕ)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=∶Vα○ϕ
, (6.44)
where τ (∇Vα) = ∑nj=1 j (∇sjVα) ⋅sj +(n−2) ⋅λα for any local g−pseudo-orthonormal frame(s1, ..., sn), and LVαg = 2λαg.
Proof. Wrt. g it holds that Φg(α) = (α+, α0, α∓, α−). As in the proof of Proposition 6.35
it follows that α∓ = λα. Let (s1, ..., sn) be g−orthonormal. The first nc-Killing equation
for α+ yields that ∇gsjVα = (sj⨼α0)♯+α∓ ⋅sj . Right-multiplication by sj gives (∇gsjVα) ⋅sj =−(sj ∧ (sj⨼α0)) − j ⋅ α∓. Summing over j thus reveals that τ (∇Vα) = −2 ⋅ α0 − n ⋅ α∓, and
together with the twistor equation we conclude that the right-hand side of (6.44) is given
by
−2 ⋅ (− 1
n
Vα ⋅Dgϕ − 1
2
α0 ⋅ ϕ − 1
2
α∓ ⋅ ϕ) .
Comparing this to the result of Proposition 6.39 immediately yields (6.44). ◻
5The proof of the following statement is then also the postponed proof of Proposition 6.10.
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Remark 6.42 The term Vα ○ ϕ in (6.44) has become standard in the literature as
spinorial Lie derivative as introduced in [Kos72, Hab96, Raj06]. Thus, the metric description
of the even odd bracket in Proposition 6.39 can be viewed as a generalization of the spinorial
Lie derivative to higher order nc-Killing forms, and we see that the brackets in the tractor
conformal superalgebra reproduce the spinorial Lie derivative when a metric is fixed. For
the case k = 1, [Hab96] shows that X ○ϕ is a twistor spinor for every twistor spinor ϕ and
every conformal vector field X, i.e. X need not to be normal conformal.
Remark 6.43 As in the Lorentzian setting, it is also possible in arbitrary signatures
to include all conformal Killing forms, i.e. not only nc-Killing forms, in the even part of
the algebra in terms of distinguished tractors. However, the generalization of (6.12) to
arbitrary signatures, which can be found in [GS08], is technically very demanding.
6.7 Application to special Killing forms on nearly Ka¨hler
manifolds
The general relation between special Killing forms and nc-Killing forms
We demonstrate the principle for constructing new nc-Killing forms out of existing ones
using the ○−operations from Proposition 6.34 for the case of nearly Ka¨hler manifolds. In
this context, we make some more general definitions and remarks:
Definition 6.44 Let (Mp,q, g) be a pseudo-Riemannian manifold of constant scalar
curvature scalg. A k−form α ∈ Ωk(M) is called a special Killing k-form to the Killing
constant − (k+1)scalgn(n−1) if ∇gXα = 1k + 1X⨼dα,∇gXdα = −(k + 1)scalgn(n − 1) ⋅X♭ ∧ α. (6.45)
We let Ωksk,g(M) denote the space of all special Killing k−forms on (M,g).
Examples and classification results for special Killing forms are discussed in [Sem01]. For
instance, the dual of every Killing vector field defining a Sasakian structure and the Dirac
currents of real Killing spinors on Riemannian manifolds are special Killing 1-forms. Note
that every special Killing form is conformal and coclosed, i.e. d∗α = 0.
Let us from now on assume that scalg ≠ 0. Under this assumption, spaces carrying spe-
cial conformal Killing forms can be classified using an analogue of Ba¨rs cone construction
for Killing spinors, see [Ba¨r93], for differential forms. More precisely, consider the cone
C(M) = R+ ×M with cone metric ĝb ∶= bdt2 + t2g, where b ≠ 0 is a constant scaling, of
signature (p, q + 1) or (p + 1, q).
Proposition 6.45 [Sem01] Let b = (n−1)nscalg . Then special Killing k−forms to the Killing
constant − (k+1)scalgn(n−1) are in 1-to-1 correspondence to parallel (k + 1)-forms on the cone
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(C(M), ĝb), given by
Ωksk,g(M) ∋ α↔ α̂ ∶= tkdt ∧ α + sgn(b)tk+1k + 1 dα ∈ Ωk+1(C(M)) (6.46)
Using this, one classifies compact, simply-connected Riemannian manifolds carrying spe-
cial Killing forms, see [Sem01]. We come back to this list in the last section of this thesis.
Remark 6.46 One can now derive analogous formulas to (6.38),(6.43) for special
Killing forms and Killing spinors on pseudo-Riemannian manifolds using the cone con-
struction, i.e. proceed as follows:
1. We let α ∈ Ωk(M), β ∈ Ωl(M) be special Killing forms to the same Killing constant
and ϕ ∈ Γ(Sg) a Killing spinor on (M,g).
2. Using Ba¨rs construction and Proposition 6.45, we view these objects as parallel
tensors α̂, β̂ ∈ Ωk+1(C(M)), β̂ ∈ Ωl+1(C(M)) and ϕ̂ ∈ Γ(C(M), S ĝb).
3. We compute α̂ ⋅ β̂ (with (6.31) applied pointwise) and α̂ ⋅ ϕ̂ which again turn out to
be parallel forms resp. spinors on the cone.
4. Via (6.46), one expresses these products as special Killing forms resp. Killing spinors
on the base (M,g) using the original data α,β,ϕ and dα, dβ only. Let us call these
objects α ○ β ∈ Ω∗sk,g(M) and α ○ ϕ ∈ K(M).
Carrying these steps out is straightforward. One obtains the same formulas (6.38) and
(6.43), which of course simplify since d∗α = 0,Dgϕ = −λ ⋅ n ⋅ ϕ for some λ ∈ iR ∪ R with
ϕ ∈ Kλ(M). In other words, one obtains a map
○ ∶ Ωksk,g(M) ×Ωlsk,g(M)→ Ω∗sk,g(M),(α,β)↦ α ○ β = 1
l + 1 ⋅ α ⋅ dβ + (−1)k+1 1k + 1dα ⋅ β, (6.47)
and an action of special Killing forms on Killing spinors, given by
○ ∶ Ωksk,g(M) ×Kλ(M)→ Kλ ⊕K−λ(M),
(α,ϕ)↦ α ○ ϕ = −2 ⋅ α ⋅ ϕ + (−1)k+1
k + 1 dα ⋅ ϕ. (6.48)
In particular, (6.47) allows one to construct new special Killing forms out of existing special
Killing forms.
However, for pseudo-Riemannian Einstein spaces which are not Ricci-flat, special Killing
forms are more directly related to normal conformal Killing forms and there is an equivalent
way of deriving (6.47) and (6.48):
As seen in (3.15), for every pseudo-Riemannian Einstein space (M,g), the conformal
holonomy coincides with the holonomy of an ambient space which is the cone trivially
extended by a parallel direction, i.e. Hol(M, [g]) = Hol(C(M), ĝb). Using this, it is easy
to deduce that there is a natural and bijective correspondence between parallel tractor
forms on M , i.e. normal conformal Killing forms for (M,g), and parallel forms on the
cone, i.e. special Killing forms for (M,g). More precisely, one shows:
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Proposition 6.47 ([Lei07]) On a pseudo-Riemannian Einstein space of nonvanishing
scalar curvature, every nc-Killing form is the sum of a special Killing form and a closed
Killing form.
In particular, the coclosed nc-Killing forms on Einstein spaces are precisely the special
Killing forms. This also follows from a direct inspection of the nc-Killing equations (3.4).
Note that the well-known spinorial analogue of Proposition 6.47 is the fact that on an
Einstein space every twistor spinor decomposes into the sum of two Killing spinors. Thus,
for Einstein spaces one obtains the maps (6.47) and (6.48) by restriction of (6.39) and
(6.43) to special Killing forms and Killing spinors.
For Einstein spaces, where nc-Killing forms and twistor spinors can be described in terms
of special Killing forms and Killing spinors, we can now use the formulas (6.47) and (6.48)
to construct new nc-Killing forms out of existing ones which we will do for an example in
the next section:
The algebraic structure of special Killing forms on nearly Ka¨hler 6 manifolds
In the following subsection, let (M,g) always be a complete, simply-connected Riemannian
manifold.
Definition 6.48 An almost hermitian manifold (M,g, J) with Ka¨hler form ω(X,Y ) =
g(JX,Y ) is called nearly Ka¨hler manifold if for all X ∈ X(M)
X⨼∇gXω = 0.
Let us in the following assume that M is nearly Ka¨hler but non-Ka¨hler, i.e. ∇J ≠ 0. We
say that M is strict nearly Ka¨hler. One can easily see that ω is no special Killing form if
the dimension of M is different from 6, whereas every six-dimensional strict nearly Ka¨hler
manifold is Einstein with special Killing 2-form ω. For this reason, we specialize to the
6-dimensional case from now on. Let us additionally assume that (M,g) is not isomet-
ric to S6, the standard sphere. Examples for such geometries are studied in [Ba¨r93], for
instance. They include CP 3 and S3 × S3, equipped with the structure of a Riemannian
3-symmetric space.
Via the correspondence (6.46) the form ω translates to a parallel 3-form ω̂ on the cone
which has stabilizer isomorphic to the exceptional group G2 ⊂ SO(7), see [Ba¨r93]. With
the above assumptions on M , this shows that the metric cone over (M,g) has holonomy
equal to G2 if and only if the base is strict nearly Ka¨hler. Moreover, the only special
Killing forms on (M,g) are given as (cf. [Sem01])
Ω2sk,g(M) ∋ ω ↦ ω̂ ∈ Ω3(C(M)),
Ω3sk,g(M) ∋ ∗dω ↦ ∗ω̂ ∈ Ω4(C(M)), (6.49)
where the last correspondence is up to a constant. By (6.47), the form ω ○ ω = 13(ω ⋅ dω −
dω ⋅ω) is again a special-Killing form. By unwinding the definitions, we find the following
expression for ω ○ ω: Let ω = ∑i,j ωijs♭i ∧ s♭j for a local orthonormal basis (s1, ..., s6). We
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have locally that
ω ○ ω = 2
3
∑
i<j ωij(s♭j ∧ (si⨼dω) − s♭i ∧ (sj⨼dω)) ∈ Ω3sk,g(M). (6.50)
As ω is of Ka¨hler type, (6.50) is never identically zero (note that dω ≠ 0 by the special
Killing equations). Using this expression, one can also calculate directly that ω○ω satisfies
the special Killing equations. However, by (6.49) the only special Killing 3-form on M is
up to constant given by ∗dω. Thus, there exists a nonzero real constant c1 such that
ω ○ ω = c1 ⋅ ∗dω. (6.51)
Alternatively, one obtains (6.51) by the algebraic computation ω̂ ⋅ ω̂ = const. + c1 ⋅ ∗ω̂ ∈
Ω4(C(M)) and projecting this parallel form to the base again via (6.46). Analogously,
one shows that ω ○ (∗dω) ∈ Ω2(M), and this product is nonzero6. Whence, this special
Killing 2-form must again be a constant multiple of ω, i.e there is c2 ≠ 0 such that
ω ○ (∗dω) = c2 ⋅ ω.
Reversing the roles of the two forms shows that(∗dω) ○ ω = c2 ⋅ ω.
Here, the fact that (∗dω) and ω commute under ○ results from the algebraic relation
ω̂ ⋅ (∗ω̂) = (∗ω̂) ⋅ ω̂ on the cone. Finally, an analogous expression to (6.50) reveals that(∗dω) ○ (∗dω) ∈ Ω3(M) is nonzero. Whence there is c3 such that(∗dω) ○ (∗dω) = c3 ⋅ (∗dω).
Let us now turn to Killing spinors on M . As shown in [BFGK91], there exists a unique
spin structure for (M,g). We work with the associated complex spinor bundle. One proves
as in [BFGK91] (directly) or [Ba¨r93] (using the cone correspondence):
Theorem 6.49 Let (M,g, J) be a simply-connected strict nearly Ka¨hler manifold,(M,g) /≅ S6. Then (M,g) admits real Killing spinors for some Killing number λ. More-
over, the spaces K±λ of Killing spinors to Killing number ±λ are one-dimensional and any
ϕ+ ∈ K+λ satisfies
J(X) ⋅ ϕ+ = iX ⋅ ϕ+ (6.52)
for all X ∈ X(M).
Using this, we calculate the action (6.48) of special Killing forms on Killing spinors.
Proposition 6.50 In the above setting, the map ○ from (6.48) is given as follows: Let
ϕ+ ∈ K+λ be a nonzero Killing spinor which is unique up to constant. It is easy to see that
ϕ− ∶= vol ⋅ ϕ+ is a basis for K−λ. We have
ω ○ ϕ+ = 2iλ ⋅ ϕ+, ω ○ ϕ− = −2iλ ⋅ ϕ−,(∗dω) ○ ϕ+ = 33i ⋅ λ2 ⋅ ϕ−, (∗dω) ○ ϕ− = −33i ⋅ λ2 ⋅ ϕ+.
6More precisely, we find that ω ○ (∗dω) ∈ Ω0(M) ⊕ Ω2(M) ⊕ Ω6(M), where the extremal degree forms
are constants and a constant multiple of the volume form, respectively. These are normal conformal
Killing forms for trivial reasons and therefore suppressed in the following analysis
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Proof. We prove the Proposition for ϕ ∶= ϕ+ ∈ K+λ. The proof for Killing spinors to the
opposite Killing number is analogous. We begin with some later useful identities:
(6.52) implies that
ω ⋅ ϕ = −3iϕ. (6.53)
Applying Dg = ∑i si ⋅ ∇Sgsi to (6.53) and using (6.45) yields
dω ⋅ ϕ = (∑
i
s♭i ∧∇gsiω) ⋅ ϕ = 12iλ ⋅ ϕ.
By (6.48), the action of ω on ϕ is given by
ω ○ ϕ = −2λ ⋅ ω ⋅ ϕ − 1
3
dω ⋅ ϕ = 6iλ ⋅ ϕ − 4iλ ⋅ ϕ = 2iλ ⋅ ϕ.
We turn to the action of ∗dω on ϕ. To this end, we first remark that a direct computation
using only the special Killing equations for ω and ∗dω yields
d ∗ dω = −scalg
10
∗ ω. (6.54)
Furthermore, elementary spinor algebra reveals that for η ∈ Λk6 a k−form where k = 2,3
and χ ∈ ∆C0,6 a spinor we have
(∗η) ⋅ χ = (−1)k+1η ⋅ vol6 ⋅ χ.
With these preparations and inserting (6.54) we compute
(∗dω) ○ ϕ = −2λ ⋅ (∗dω) ⋅ ϕ − scalg
40
(∗ω) ⋅ ϕ
= −2λ ⋅ dω ⋅ vol ⋅ ϕ + scalg
40
⋅ ω ⋅ vol ⋅ ϕ
= vol ⋅ (2λ ⋅ dω ⋅ ϕ − scalg
40
⋅ ω ⋅ ϕ)
= i ⋅ vol ⋅ (24λ2 ⋅ ϕ + 3 ⋅ scalg
40
⋅ ϕ)= 33i ⋅ λ2 ⋅ vol ⋅ ϕ ∈ K−λ.
Here, we used that vol anticommutes with every vector in dimension 6 and the general
relation scalg = 4n(n − 1) ⋅ λ2 from [BFGK91], where n = 6 in our case. ◻
We summarize our findings:
Theorem 6.51 Let (M,g, J) be a Riemannian 6-dimensional, complete strict nearly
Ka¨hler manifold with (M,g) /≅ S6. Up to linear combinations all special Killing forms
on (M,g) are given by ω and ∗dω. Moreover, let ϕ+ and ϕ− = vol ⋅ ϕ+ denote the up to
constant unique Killing spinors on (M,g) to positive resp, negative Killing number. Then
the operations ○, as given in (6.47), (6.48), are -up to nonzero constants and by omitting
extremal degree forms in the products- given by the following tables:
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○ ω ∗dω




In particular, the special Killing form ω and the Killing spinor ϕ+ generate with the actions○ all other special Killing forms and Killing spinors of (M,g).
For (M,g, J) be a Riemannian 6-dimensional, complete strict nearly Ka¨hler manifold with(M,g) /≅ S6 let us set (cf. also Theorem 6.49)
g0 ∶= Ωnc,g(M) = span{ω,∗dω},
g1 ∶= K+λ ⊕K−λ.
g = g0⊕g1 becomes a superalgebra with (restrictions of) the brackets on Ωnc,g(M)⊕ker P g
as defined before.
By our previous findings, the bracket [α,β]T = α ○ β − β ○ α on Ωnc,g(M) is trivial when
restricted to special Killing forms Ωsk,g(M) over (M,g). Moreover, if ω̂ is the up to con-
stant unique parallel 3-form on C(M) and ϕ̂ the up to constant unique parallel spinor on
C(M), an algebraic computation reveals that α3ϕ̂ = ω̂ and ω̂ ⋅ ϕ̂ ≠ 0, unless ϕ̂ = 0.
That is, g does not satisfy the odd-odd-odd Jacobi identity. Working on the cone, it is
also easy to see that the even-odd-odd Jacobi identity is not satisfied: As g0 is abelian, it
would lead to α3ω̂⋅ϕ̂,ϕ̂ = 0, which is not true.
In particular, the tractor conformal superalgebra associated to a 6-dimensional strict
nearly Ka¨hler manifold is no Lie superalgebra.
Remark 6.52 We conclude this example by mentioning some further observations:
1. One can extend the above considerations and include the nc-Killing forms which are
not special Killing. By Proposition 6.47 they are given as closed Killing forms.
2. With the same procedure one can calculate analogous tables for weak G2-manifolds,
being 7-dimensional Riemannian manifolds with cone holonomy Spin(7). They turn
out to admit distinguished special Killing forms of degree > 1 and Killing spinors as
well, see [Ba¨r93, Sem01].
3. The present example shows that the defined actions ○ are in general nontrivial but
give a possibility to define a generating system of higher order Killing symmetries
(i.e. special Killing forms or Killing spinors).
4. On the space of all differential forms Ω(M) over a pseudo-Riemannian manifold(M,g), let us define the operation ○ by (6.38) for forms of pure degree and extend
this to all forms by bilinearity. This operation is associative, and thus defines the
Lie bracket [α,β] = α○β−β ○α which turns Ω(M) into a Lie algebra. The preceding
discussion then shows that the spaces Ωnc,g(M) and Ωsk,g(M) form Lie subalgebras
and moreover, on normal conformal 1-forms the bracket reduces to the bracket of
vector fields. Thus, we have as a byproduct of the Killing superalgebra construction,
found a possible extension of the Lie bracket on vector fields to differential forms on
a pseudo-Riemannian manifold.
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Remark 6.53 Let us finally mention another tractor conformal superalgebra in non-
Lorentzian signature whose properties are governed by a generic 3-form in dimension
7. Consider a conformal spin manifold (M,c) in signature (4,3) admitting a generic
real twistor spinor, see section 5.4. Under further generic assumptions on the conformal
structure, one has that Hol(M,c) = G2,2 ⊂ SO+(4,3)7, where G2,2 can also be defined as
the stabilizer of a generic 3-form ω0 ∈ Λ34,3 under the SO+(4,3)-action, see [Kat99].
Under these conditions, there is up to constant multiples exactly one linearly independent
real pure spin tractor ψ ∈ Γ(M,SR(M)), additionally satisfying dim ker ψ = 0. All parallel
tractor forms on (M,c) are given by the span of α3ψ ∈ Ω3T (M), being pointwise of type ω0
and ∗α3ψ ∈ Ω4T (M), being pointwise of type ∗ω0. Thus, the tractor conformal superalgebra
of (M,c) is given by
g = g0 ⊕ g1 = span{α3ψ,∗α3ψ}⊕ span{ψ}.
Pure linear algebra in R4,3 reveals that8
α3ψ ⋅ (∗α3ψ) = (∗α3ψ) ⋅ α3ψ,
α3ψ ⋅ ψ = const.1 ⋅ ψ,(∗α3ψ) ⋅ ψ = const.2 ⋅ ψ,
where the ψ−dependent constants are proportional to ⟨ψ,ψ⟩S and zero iff ψ = 0. These
observations directly translate into the following properties of the superalgebra g with
brackets as introduced in (6.34).
Proposition 6.54 The tractor conformal superalgebra g associated to a conformal spin
manifold (M,c) in signature (3,2) with Hol(M,c) = G2,2 does not satisfy the odd-odd-odd
and the even-odd-odd Jacobi identities. Moreover, the even part g0 is abelian.
Again, the same (algebraic) procedure can be carried out for split-signature conformal
spin manifolds in dimension 6 with conformal holonomy in Spin+(4,3) ⊂ Spin+(4,4).
The previous examples underline that in contrast to the Lorentzian case, tractor con-
formal superalgebras need not satisfy at least 3 of the 4 Jacobi identities.
6.8 The possible dimensions of the space of twistor spinors
We have already discussed for Lorentzian signatures, in how far algebraic structures of the
tractor conformal superalgebra g = g0⊕ g1, in particular, whether it is a Lie superalgebra,
are related to (local) geometric structures in the conformal class. It is natural to investigate
this question further in arbitrary signatures, and we ask ourselves how possible dimensions
of the odd supersymmetric part g1 are related to underlying geometries. Main ingredient
is the following algebraic Lemma:
7The existence of a generic real twistor spinor always implies Hol(M,c) ⊂ G2,2. The exact conditions
for full holonomy G2,2 are given in [LN12b] in terms of an explicit ambient metric construction whose
metric holonomy coincides with Hol(M,c)
8See also [Kat99] for explicit formulas of ω0 and pointwise orbit representatives of ψ.
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Lemma 6.55 For integers r and s consider the bilinear map
V ∶ ∆Rr,s ⊗∆Rr,s → Rr,s, (ψ1, ψ2)↦ Vψ1,ψ2
mapping a pair of spinors to the associated vector from section 1.4. Let S0 ⊂ ∆Rr,s be a
linear subspace and set VS0 ∶= V∣S0⊗S0. We have:
1. If dim S0 > 34 ⋅ dim ∆Rr,s, then VS0 is surjective.
2. If dim S0 > 12 ⋅ dim ∆Rr,s, then VS0 is not the zero map.
Proof. The first part is proved in [AC08]. For the second part, assume that VS0(ψ1, ψ2) =
0 for all ψ1, ψ2 ∈ S0. By definition, this is equivalent to ⟨v ⋅ψ1, ψ2⟩∆Rr,s = 0 for all ψ1, ψ2 ∈ S0
and v ∈ Rr,s, i.e. ∀v ∈ Rr,s ∶ cl(v) ∶ S0 → S0 . As dim S0 > 12 ⋅ dim ∆Rr,s, it follows that
dim S0 < 12 ⋅ dim ∆Rr,s. Thus the map cl(v) has a kernel for every v ∈ Rr,s, i.e. there is
ψv ∈ ∆Rr,s/{0} with v ⋅ ψv = 0. This implies that ⟨v, v⟩r,s = 0 for every v ∈ Rr,s. ◻
Remark 6.56 The second statement in Lemma 6.55 cannot be improved in general.
Namely, taking r = s = 2 and S0 ∶= ∆R,±2,2 ⊂ ∆R2,2 provides an example for dim S0 = 12 ⋅dim ∆Rr,s
and VS0 = 0.
Applications of Lemma 6.55 have already been studied in the literature::
Proposition 6.57 [AC08] Let (Mp,q, g) be a pseudo-Riemannian spin manifold of di-
mension n with real spinor bundle Sg = SgR(M) of rank N .
1. If (M,g) admits k > 34N twistor spinors which are linearly independent at x ∈ M ,
then (M,g) admits n conformal vector fields, which are linearly independent at x ∈
M .
2. If (M,g) admits k > 34N parallel spinors, then (M,g) is flat.
We now apply Lemma 6.55 in the tractor setting yielding a conformal analogue of the
second part of Proposition 6.57. Let (Mp,q, c) be a conformal spin structure with real spin
tractor bundle S(M) and space of real twistor spinors g1. Let Nc ∶= 2 ⋅dim ∆Rp,q denote the
rank of S(M), which is the maximal number of linearly independent real twistor spinors
on (M,c).
Proposition 6.58 In the above notation, we have:
1. If dim g1 > 34 ⋅Nc, then (M,c) is conformally flat.
2. If dim g1 > 12 ⋅Nc, then there exists an Einstein metric in c (at least on an open and
dense subset).
Proof. We apply Lemma 6.55 to the case that r = p + 1, s = q + 1 and S0 ⊂ ∆Rp+1,q+1
being the subspace of Hol(M,c)-invariant spinors (for some fixed base points) which as
we know correspond to twistor spinors. Surjectivity of V yields a basis of Rp+1,q+1 which
is Hol(M,c)-invariant. This proves the first part.
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For the second part, it follows analogously by nontriviality of VS0 that there exists at least
one nontrivial holonomy-invariant vector. By Theorem 3.16 this yields an Einstein scale
in the conformal class (on an open, dense subset). ◻
Remark 6.59 As a simply-connected, conformally flat manifold always admits the
maximal number of twistor spinors, the previous Proposition implies that either dim g1 ≤
3
4 ⋅ Nc or dim g1 = Nc is maximal, i.e. the dimension of g1 cannot be arbitrary for the
simply-connected case.
In the second case of Proposition 6.58 one can say more: To this end, let (Mn, c = [g])
be a simply-connected pseudo-Riemannian conformal spin manifold where g is a Ricci-flat
metric. Let k denote the number of linearly independent parallel vector fields on (M,g).
As a direct consequence of (3.16) we have for x ∈M that





⎞⎟⎠ ∣ A ∈ holx(M,g), v ∈ Rn−k
⎫⎪⎪⎪⎬⎪⎪⎪⎭ ,
where the matrix is written wrt. the basis (s+, s1, ..., sn, s−) of Tx(M) for some pseudo-
orthonormal basis (s1, ..., sn) of TxM . Assume now that k < n, i.e. (M,g) is Ricci-flat
but non flat, and let ψ ∈ g1 be a parallel spin tractor on (M, [g]) with twistor spinor ϕ.







⎞⎟⎠ ⋅ ψ(x) = 0, (6.55)
for all v ∈ Rn−k ⊂ Rn, i.e. s+ ⋅ v ⋅ψ(x) = 0 (cf. [Fis13] for formulas for λ−1∗ in this situation).
Choosing v to be non lightlike yields that s+ ⋅ ψ(x) = 0 for all x ∈ M which is equivalent
to Dgϕ = −n ⋅ Φ̃g(projg−ψ) = 0. Thus, ϕ is a parallel spinor on (M,g), ker ψ ≠ {0}, and we
have proved:
Proposition 6.60 Let (M,g) be a simply-connected Ricci-flat spin manifold. Then
either every twistor spinor on (M,g) is parallel or (M,g) is flat. In particular, if for a
conformal structure (M,c) there is a Ricci-flat metric in the conformal class and dim g1
is not maximal, then g is a Lie superalgebra.
We now come back to the second case of Proposition 6.58: It follows now directly from
Proposition 6.60 that in case of dim g1 > 12 ⋅ (2 ⋅ dim∆Rp,q) there exists an Einstein metric
in c with nonzero scalar curvature or the conformal structure is conformally flat, provided
that M is simply-connected.
Example 6.61 We consider a special class of conformally Ricci-flat Lorentzian metrics
admitting twistor spinors, namely plane waves (M,h) which are equivalently characterized
by the existence of local coordinates (x, y1, ..., yn, z) such that




6 Tractor Conformal Superalgebras in Lorentzian Signature
where the aij are functions only of z. It is Ric
h = ∑ni=1 aiidz2 and the isotropic vector
field ∂∂x is parallel. Let us assume that (M,h) is indecomposable. Then it is known from
[Lei06] that for x in M
holx(M, [h]) = R2n+1 =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
⎛⎜⎜⎜⎜⎜⎜⎝
0 0 uT c 0
0 0 vT 0 −c
0 0 0 −v −u
0 0 0 0 0
0 0 0 0 0
⎞⎟⎟⎟⎟⎟⎟⎠
∣ u, v ∈ Rn, c ∈ R
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
This explicit description makes it straightforward to calculate all spinors annihilated by
λ−1∗ (holx(M, [h])), yielding that dim ker P g = 12 ⋅ dim ∆R1,n+1 = 14 ⋅Nc.
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In the last part of this thesis, we will elaborate on how the natural generalization of already
studied Spinc-spinor field equations and the twistor equation together with the question
of what the spinorial analogue of conformal, not necessarily normal conformal vector
fields might be, leads to the study of the twistor equation on pseudo-Riemannian Spinc-
manifolds. That is why this final chapter is devoted to the classification and construction
of geometries admitting solutions to the equation
∇AXϕ + 1nX ⋅DAϕ = 0 for all X ∈ X(M), (7.1)
whose objects will be defined shortly. Let us call solutions of (7.1) Spinc−twistor spinors
or charged conformal Killing spinors (CCKS).
As we shall see, applying the theory of Cartan connections and tractor calculus does
not lead to a significant simplification of the classification problem of determining confor-
mal geometries admitting Spinc-twistor spinors. Therefore, our methods in this chapter
are quite elementary and its main parts are self-contained.
We first introduce the basic ingredients of conformal Spinc−geometry in arbitrary sig-
nature and show how CCKS can be described as parallel sections in the double spinor
bundle wrt. a suitable connection. We then investigate the integrability conditions result-
ing from the CCKS equation, the relations between the Weyl curvature and the curvature
of the S1−connection and the properties of the spinor bilinears constructed out of a CCKS.
Clearly, all these results can be viewed as generalizations of formulas for the Spin−setting
which have appeared before. Section 7.4 is then devoted to CCKS on Fefferman spaces
which is precisely the Spinc−analogue of [Bau99]. Based on the results obtained so far,
we can then present a partial classification result in section 7.5. In section 7.6 we continue
the local analysis of the CCKS equation which has been initiated recently in physics lit-
erature and end up with a local geometric description of geometries admitting CCKS in
signatures (1,4), (0,5), (2,2) and (3,2). Finally, we use our results to comment on the
relation between conformal and normal conformal vector fields in section 7.7.
7.1 Spinc-geometry and the twistor operator
Spinc(p, q)-groups and spinor representations
This is a brief review of algebraic aspects of Spinc−geometry. The real and complex
Clifford algebras and spinor modules have already been introduced in section 1.2.
Remark 7.1 In this chapter, we work with the following concrete realisation of an
irreducible, complex representation of ClCp,q: Let E,T,U and V denote the 2 × 2 matrices
E = (1 0
0 1
) , T = (0 −i
i 0
) , U = (i 0
0 −i) , V = (0 ii 0) .
157
7 Charged Conformal Killing Spinors
Furthermore, let τj = ⎧⎪⎪⎨⎪⎪⎩1 j = 1,i j = −1. . Let n = 2m. In this case, ClC(p, q) ≅ M2m(C) as
complex algebras, and an explicit realisation of this isomorphism is given by
Φp,q(e2j−1) = τ2j−1E ⊗ ...⊗E ⊗U ⊗ T ⊗ ...⊗ T,
Φp,q(e2j) = τ2jE ⊗ ...⊗E ⊗ V ⊗ T ⊗ ...⊗ T´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶(j−1)× .
Let n = 2m + 1 and q > 0. In this case, there is an isomorphism Φ̃p,q ∶ ClC(p, q) →
M2m(C)⊕M2m(C), given by
Φ̃p,q(ej) = (Φp,q−1(ej),Φp,q−1(ej)), j = 1, ...,2m,
Φ̃p,q(e2m+1) = τ2m+1(iT ⊗ ...⊗ T,−iT ⊗ ...⊗ T ),
and Φp,q ∶= pr1 ○ Φ̃p,q is an irreducible representation mapping ωC to Id.
The Clifford group contains Spin+(p, q) as well as the unit circle S1 ⊂ C as subgroups.
Together they generate the group Spinc(p, q) and since S1 ∩ Spin+(p, q) = {±1}, we have
Spinc(p, q) = Spin+(p, q) ⋅ S1 = Spin+(p, q) ×Z2 S1.
Spinc(p, q) has various algebraic relations to other groups, see [Fri00]. We let λ ∶ Spin+(p, q)→
SO+(p, q) denote the 2-fold covering. There are natural maps
λc ∶ Spinc(p, q)→ SO+(p, q), [g, z]↦ λ(g),
ζ ∶ Spinc(p, q)→ SO+(p, q) × S1, [g, z]↦ (λ(g), z2), (7.2)
where ζ is a 2-fold covering. The Lie algebra of Spinc(p, q) is thus given by spinc(p, q) =
spin(p, q) ⊕ iR. ζ∗ turns out to be a Lie algebra isomorphism, given by ζ∗(ei ⋅ ej , it) =(2Eij ,2it), where Eij = −jDij + iDji for the standard basis Dij of gl(n,R).
For (p, q) = (2p′,2q′), the group Spinc(p, q) is related to the group U(p′, q′) of pseudo-
unitary matrices as follows: Let ι ∶ gl(m,C) ∋ A + iB ↦ (A −B
B A
) ∈ gl(2m,R) denote the
natural inclusion and define F ∶ U(p′, q′) → SO(p, q) × S1 by F (A) = (ιA,det A). Then
there is exactly one group homomorphism l ∶ U(p′, q′) → Spinc(p, q) such that ζ ○ l = F ,






F // SO(p, q) × S1
For n = 2m or n = 2m + 1, fixing an irreducible complex representation ρ ∶ ClCp,q →
End (∆Cp,q) on the space of spinors ∆Cp,q = C2m , for instance ρ = Φ from Remark 7.1,
and restricting it to Spinc(p, q) ⊂ ClCp,q yields the complex spinor representation
ρ ∶ Spinc(p, q)→ End (∆Cp,q) , ρ([g, z])(v) = z ⋅ ρ(g)(v) =∶ z ⋅ g ⋅ v.
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In case n odd, the restrictions of the two irreducible Clifford representations to Spinc(p, q)
coincide and yield an irreducible representation whereas in case n = 2m even ∆Cp,q splits
into the sum of two inequivalent Spinc(p, q)-representations ∆C,±p,q . In our realisation from
Remark 7.1, let us denote by u(δ) ∈ C2 the vector u(δ) = 1√
2
( 1−δi) , δ = ±1, and set
u(δ1, ..., δm) ∶= u(δ1) ⊗ ... ⊗ u(δm) ∈ ∆Cp,q for δj = ±1. Then ∆C,±p,q = span{u(δ1, ..., δm) ∣∏mj=1 δj = ±1} for n even.
In this chapter we work with the Hermitian inner product ⟨⋅, ⋅⟩∆Cp,q on the spinor module
∆Cp,q = C2m given by ⟨u, v⟩∆Cp,q = d ⋅ (e1 ⋅ ... ⋅ ep ⋅ u, v)C2m ,
where (u, v) ∶= ∑2mj ujvj , d is some power of i depending on p, q and the concrete realisation
of the representation only. In the realisation from Remark 7.1 we take d = ip(p−1)/2. Lemma
1.13 applies also for this situation and in particular, ⟨⋅, ⋅⟩∆Cp,q is invariant under Spinc(p, q).
Moreover, as in the Spin−setting, bilinears can be constructed out of spinors. Concretely,
we associate to spinors χ1,2 ∈ ∆Cp,q a series of forms αkχ1,χ2 ∈ Λkp,q, k ∈ N, given by
⟨αkχ1,χ2 , α⟩p,q ∶= dk,p (⟨α ⋅ χ1, χ2⟩∆p,q) ∀α ∈ Λkp,q. (7.3)
The map dk,p ∶ C → C has been introduced in section 1.4. We set αkχ ∶= αkχ,χ. In more
invariant notation these forms arise in even dimension as the image of a pair of spinors
under the map
∆Cp,q ⊗∆Cp,q ⟨⋅,⋅⟩→ End(∆Cp,q) ≅ ClC(p, q) ≅ (Λ∗p,q)C → Λkp,q.
Remark 7.2 For χ ∈ ∆Cp,q and k ∈ N we have that αpχ = 0 ⇔ χ = 0. Moreover, αkχ is
explicitly given by αkχ = ∑1≤i1<i2<...<ik≤n i1 ...ikdk,p (⟨ei1 ⋅ ...eik ⋅ χ,χ⟩∆Cp,q) e♭i1 ∧ ... ∧ e♭ik and
the equivariance property
αkz⋅g⋅χ = λ(g)(αkχ)
holds for all k ∈ N, z ⋅ g ∈ Spinc(p, q).
Spinc-structures and spinor bundles
Let (M,g) be a space-and time-oriented, connected pseudo-Riemannian manifold of index
p and dimension n = p + q ≥ 3. As usual, by Pg+ we denote the SO+(p, q)-principal bundle
of all space-and time-oriented pseudo-orthonormal frames.
Definition 7.3 A Spinc-structure of (M,g) is given by the data (Qc,P1, f c), whereP1 is a S1-principal bundle over M , Qc is a Spinc(p, q)-principal bundle over M which
together with f c ∶ Qc → Pg+×P1 defines a ζ−reduction of the product SO+(p, q)×S1-bundlePg+×P1 to Spinc(p, q).
Existence and uniqueness of Spinc−structures is discussed elsewhere, see [LM89]. We will
from now on assume that (M,g) admits a Spinc−structure (which is locally always guar-
anteed) and assume that this structure is fixed. In order to stress the metric, we also write
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Qcg instead of Qc. Given a Spinc-manifold, the associated bundle Sg = Qc ×Spinc(p,q) ∆Cp,q
is called the complex spinor bundle. In case n even, it holds that Sg = Sg,+ ⊕ Sg,−.
The algebraic objects introduced in the last section define fibrewise Clifford multipli-
cation µ ∶ Ω∗(M)⊗ Sg → Sg and an Hermitian inner product ⟨⋅, ⋅⟩Sg . Moreover, pointwise
applying the construction of spinor bilinears (7.3) leads to series of differential forms
Γ(M,Sg) ⊗ Γ(M,Sg) → Ωk(M) associated to pairs of spinor fields. Dualizing this for
k = 1, leads to the well-known Dirac current Vϕ ∈ X(M). This is in complete analogy to
the construction for the Spin-case which appeared before several times.
Let ωg ∈ Ω1 (Pg+, so(p, q)) denote the Levi-Civita connection ∇g on (M,g), considered
as a bundle connection. In addition, we fix a connection A ∈ Ω1 (P1, iR) in the S1-bundle.
Together, they form a connection ωg ×A on Pg+ ×P1, which lifts to
ω̃g ×A ∶= ζ−1∗ ○ (ωg ×A) ○ df c ∈ Ω1 (Qc, spinc(p, q)) .
The covariant derivative ∇A on Sg induced by this connection is locally given as follows:
One writes ϕ ∈ Γ(Sg) locally as ϕ∣U = [s̃ × e, v], where s ∈ Γ(U,Pg+), e ∈ Γ(U,P1) and s̃ × e
is a lifting to Γ(U,Qc). We have on U :
∇AXϕ∣U = [s̃ × e,X(v) + 12 ∑1≤k<l≤n klg(∇gXsk, sl)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶=∶ωkl(X) ek ⋅ el ⋅ v +
1
2
Ae(X) ⋅ v] (7.4)
The inclusion of a S1-connection A in the construction of this covariant derivative ”gauges”
the natural S1-action on Sg, by which we mean the following: Let f = eiτ/2 ∶M → S1 be
a smooth function. Then (7.4) directly implies that
∇AX(f ⋅ ϕ) = i2dτ(X) ⋅ f ⋅ ϕ + f ⋅ ∇AXϕ = f ⋅ ∇A+idτX ϕ. (7.5)
It is moreover known from [Fri00] that for all X,Y ∈ X(M) and ϕ,ψ ∈ Γ(Sg) we have
∇AX(Y ⋅ ϕ) = ∇gXY ⋅ ϕ + Y ⋅ ∇AXϕ,
X⟨ϕ,ψ⟩Sg = ⟨∇AXϕ,ψ⟩Sg + ⟨ϕ,∇AXψ⟩Sg .
The curvature form FA = dA of A can be seen as element of Ω2(M, iR). Let RA denote
the curvature tensor of ∇A and Rg ∶ Λ2(TM) → Λ2(TM) the curvature tensor of (M,g).
It holds that (see [Fri00])
RA(X,Y )ϕ = 1
2
Rg(X,Y ) ⋅ ϕ + 1
2
dA(X,Y ) ⋅ ϕ,
∑
i
isi ⋅RA(si,X)ϕ = 1
2
Ric(X) ⋅ ϕ − 1
2
(X⨼dA) ⋅ ϕ. (7.6)
Remark 7.4 Spinc-structures arise naturally in the following situations:
1. Every spin manifold is canonically Spinc with trivial S1−bundle. Taking for A the
canonical flat connection on M × S1 in this situation makes ∇A correspond to the
Spin−connection on Sg induced by the Levi-Civita connection, see [Mor97].
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2. Let M be a manifold which admits a U(p′, q′)↪ SO+(p, q) reduction (PU , h ∶ PU →Pg+) of its frame bundle. Then the bundles (Qc ∶= PU ×lSpinc(p, q),P1 ∶= PU ×detS1)
together with the map
f c ∶ Qc → Pg+ ×P1, [q, z ⋅ g]l ↦ ([q, λ(g)], [q, z2])
define a Spinc(p, q)-structure on M . In this situation, there are natural reduction
maps
φc ∶ PU → Qc, p↦ [p,1]l,
φ1 ∶ PU → P1, p↦ [p,1]det.
Moreover, local sections in Qc can be obtained as follows: Let s ∈ Γ(V,PU) be a
local section on V ⊂M . Then we have that φc(s) ∈ Γ(V,Qc) and
f c(φc(s)) = s × e, where e = φ1(s). (7.7)
Basic properties of charged conformal Killing spinors
Given a pseudo-Riemannian Spinc-manifold (M,g) together with a connection A on the
underlying S1-bundle, there are naturally associated differential operators. The composi-
tion of ∇A with Clifford multiplication defines the Dirac operator
DA ∶ Γ(Sg) ∇A→ Γ(T ∗M ⊗ Sg) g≅ Γ(TM ⊗ Sg) µ→ Γ(Sg),
for which the Schro¨der-Lichnerowicz formula (cf. [Fri00]) yields the relation




dA ⋅ ϕ, (7.8)
where ∆Aϕ = −∑i i (∇Aei∇Aeiϕ − div(ei)∇Aeiϕ) and R = scalg is the scalar curvature of(M,g). A complementary operator is obtained by performing the spinor covariant deriva-
tive ∇A followed by orthogonal projection onto the kernel of Clifford multiplication. This
gives rise to the Spinc-twistor operator PA
PA ∶ Γ(Sg) ∇A→ Γ(T ∗M ⊗ Sg) g≅ Γ(TM ⊗ Sg) projker µ→ Γ(ker µ).
Spinor fields ϕ ∈ ker PA are called Spinc-twistor spinors. A local calculation reveals that
they are equivalently characterized as solutions of the Spinc-twistor equation
∇AXϕ + 1nX ⋅DAϕ = 0 for all X ∈ X(M).
Following the conventions in [CKM+14, HTZ13, KTZ12], we shall call Spinc-twistor spinors
charged conformal Killing spinors and abbreviate them by CCKS.
In analogy to the Spin-case, CCKS are objects of conformal Spinc−geometry: Let f cg ∶Qcg → Pg+ × P1 be a Spinc(p, q)-structure for (M,g) and let g̃ = e2σg be a conformally
equivalent metric. As in the case of spin structures (cf. section 2.3), there exists a
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canonically induced Spinc−structure f cg̃ ∶ Qcg̃ → P g̃+ ×P1 and a Spinc(p, q)-equivariant map






Pg+ ×P1 φσ // P g̃+ ×P1
commutes, where φσ((s1, ..., sn), e) = ((e−σs1, ..., e−σsn) , e). We obtain identifications∶̃ Sg → S g̃, ϕ = [q̂, v] ↦ [φ̃σ(q̂), v] = ϕ̃,∶̃ TM → TM, X = [q, x] ↦ [φσ(q), x] = e−σX,
where the second map is an isometry wrt. g and g̃. With these identifications, the covariant
derivative ∇A on the spinor bundle, the Dirac operator and the twistor operator transform
in the following way (the proof is the same as in the Spin-case, see [BFGK91, Bau81]):
∇A,g̃
X̃
ϕ̃ = e−σ∇̃A,gX ϕ − 12e−2σ(X ⋅ gradg(eσ) ⋅ ϕ + g(X,gradg(eσ)) ⋅ ϕ)̃
DA,g̃ϕ̃ = e−n+12 σ (DA,g(en−12 σϕ))̃
PA,g̃ϕ̃ = e−σ2 (PA,g(e−σ2ϕ))̃
Thus, PA,g is conformally covariant and ϕ ∈ ker PA,g iff eσ/2ϕ̃ ∈ ker PA,g̃. The S1-bundle
data, and in particular A, are unaffected by the conformal change. However, applying
(7.5) directly yields the following additional S1−gauge invariance of the CCKS-equation:
Proposition 7.5 Let ϕ ∈ ker PA,g and f = eiτ/2 ∈ C∞(M,S1). Then fϕ ∈ ker PA−idτ,g
and DA−idτ(fϕ) = fDAϕ.
Consequently, the data needed to define CCKSs are in fact a conformal manifold (M, [g]),
where we require that (M,g) is Spinc for one - and hence for all - g ∈ c, and a gauge
equivalence class of S1-connections in the underlying S1-bundle P1.
Proposition 7.6 The following hold for ϕ ∈ ker PA,g:
DA,2ϕ = n
n − 1 (R4 ϕ + 12dA ⋅ ϕ) , (7.9)∇AXDAϕ = n2 (Kg(X) + 1n − 2 ⋅ ( 1n − 1X ⋅ dA +X⨼dA)) ⋅ ϕ. (7.10)
Proof. All calculations are carried out at a fixed point x ∈ M . Let (s1, ..., sn) be a





i∇Asi (∇Asiϕ + 1nsi ⋅DAϕ) = 0,
and thus by (7.8) 1nD
A,2ϕ = ∆Aϕ =DA,2ϕ−R4 ϕ− 12dA⋅ϕ, from which (7.9) follows. To prove
(7.10), note that the twistor equation yields RA(X,si)ϕ = − 1n (si∇AXDAϕ −X ⋅ ∇AsiDAϕ),
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for X a vector field which is parallel in x. Inserting this into (7.6) implies that
Ric(X) ⋅ ϕ = 2
n
(2 − n)∇AXDAϕ + 2nX ⋅DA,2ϕ + (X⨼dA) ⋅ ϕ= 2
n
(2 − n)∇AXDAϕ + R2(n − 1)X ⋅ ϕ + 1n − 1X ⋅ dA ⋅ ϕ + (X⨼dA) ⋅ ϕ.
Solving for ∇AXDAϕ yields the claim. ◻
Proposition 7.6 leads to an equivalent characterization of CCKS. To this end, consider
the bundle Eg ∶= Sg ⊕ Sg together with the covariant derivative
∇Eg ,AX (ϕψ) ∶= ( ∇AXϕ + 1nX ⋅ ψ∇AXψ − n2 (Kg(X) + 1n−2 ⋅ ( 1n−1X ⋅ dA +X⨼dA)) ⋅ ϕ) .
Obviously, ϕ ∈ ker PA implies that ∇Eg ,A ( ϕ
DAϕ
) = 0, and on the other hand, if ∇Eg ,A (ϕ
ψ
) =
0, then ϕ ∈ ker PA and ψ =DAϕ. It follows as in the Spin-case that for a nontrivial CCKS
the spinors ϕ and DAϕ never vanish at the same point and dim ker PA ≤ 2⌊n/2⌋+1.
7.2 CCKS and conformal Cartan geometry
Given a pseudo-Riemannian Spinc-manifold (M,g) with auxiliary S1−bundle P1, we saw
in the previous section that a conformal change of the metric induces a natural identifica-
tion of the associated Spinc-bundles. The S1−data are unaffected by the conformal change.
Let us rephrase this in terms of principal bundles: We define the conformal Spinc-group
of signature (p, q) to be
CSpinc(p, q) ∶= R+ × Spinc(p, q) ≅ CSpin+(p, q) ×Z2 S1.
Clearly, the map λ0 as given in (2.12) extends to a natural double covering
ζ0 ∶ CSpinc(p, q)→ CO+(p, q) × S1,[g, z]↦ (λ0(g), z2).
Definition 7.7 Let (M,c) be a space-and time-oriented conformal manifold of signature(p, q) with CO+(p, q)-bundle P0+ of conformal orthonormal frames. A conformal Spinc-
structure of signature (p, q) over (M,c) is given by a S1-principal bundle P1 and a ζ0-
reduction (Qc0, f c0) of the CO+(p, q)×S1-bundle P0+ ×P1. (M,c) together with a conformal
Spinc-structure is called a conformal Spinc-manifold.
Clearly, a conformal Spinc−structure induces a Spinc−structure with the same S1−bundle
for every metric g ∈ c by setting Qcg ∶= (f c0)−1 (Pg+×P1) and f cg ∶= f c0 ∣Qcg . On the other hand,
given a Spinc-structure (Qcg, f cg) for (M,g), we obtain a conformal Spinc−structure for(M, [g]) as follows: We observe that P0+ × P1 ≅ (Pg+ × P1) ×(SO+(p,q)×S1) (CO+(p, q) × S1)
and then get the conformal Spinc-structure (Qcg ×Spinc(p,q)CSpinc(p, q), f cg × ζ0) by trivial
enlargement of the Spinc-structure for (M,g).
163
7 Charged Conformal Killing Spinors
In this section, we want to describe conformal Spinc-structures in terms of Cartan ge-
ometries and investigate the CCKS-equation in this setting.
First, one has to understand the flat model for conformal Spinc-structures. Recall from
(2.21) the groups B+ = SO+(p + 1, q + 1) and P + = StabR+e−B+ = B+0 ⋉ B+1 as well as
their preimages B̃+ and P̃ + under the double covering map λ. The space Q̂p,q, which
is the space of all null-rays in Rp+1,q+1 is isomorphic to B̃+/P̃ + and the natural Cartan
geometry (B̃+ → B̃+/P̃ +, ω̃MC) can be viewed as Q̂p,q equipped with its natural confor-
mally flat class of metrics and a natural conformal spin structure as explained in chapter 2.
Let us now consider the extended double covering (7.2) in signature (p + 1, q + 1)
ζ ∶ B̃+,c ∶= Spinc(p + 1, q + 1)→ SO+(p + 1, q + 1) × S1 (7.11)
and introduce the group P̃ +,c ∶= ζ−1 (P + × S1). Clearly, Q̂p,q ≅ B̃+,c/P̃ +,c and we view the
resulting Cartan geometry (B̃+,c → Q̂p,q, ω̃MC
B̃+,c)
of type (B̃+,c, P̃ +,c) as the flat model for conformal Spinc−structures. This is reasonable
because obviously, the Maurer Cartan form ω̃MC
B̃+,c ∈ Ω1(Spinc(p+1, q+1), spinc(p+1, q+1))
of this Cartan geometry is the lift of ωMCB+×S1 ∈ Ω1(SO+(p+1, q+1)×S1, so(p+1, q+1)⊕ iR)
to Spinc(p + 1, q + 1) via (7.11), where ωMCB+×S1 splits into the Maurer Cartan form of
SO+(p + 1, q + 1), which is identified with the normal conformal Cartan connection on
Q̂p,q, and ωMCS1 ∈ Ω1(S1, iR) which is identified with the canonical flat S1−connection onP1 = Q̂p,q × S1.
Remark 7.8 On the level of Lie algebras, the flat model arises from an extension of
the grading of b = so(p + 1, q + 1) from (2.13) by inclusion of a central part iR,
b⊕ iR = b−1 ⊕ (b0 ⊕ iR)⊕ b1.
Clearly, LA(P̃ +,c) = (b0 ⊕ iR) ⊕ b1. Thus, the first prolongation for arbitrary conformal
Spinc-structures has to start with the CSpinc(p, q)-bundle Qc0 and produce a Cartan
geometry of type (B̃+,c, P̃ +,c).
Returning to the general setting, we consider a conformal Spinc-manifold (M,c) of signa-
ture (p, q) with S1-bundle P1 and double covering f c0 ∶ Qc0 → P0+ × P1 . Let pr1,2 denote
the projection of f c0 to the corresponding factor of P0+ ×P1. We carry out the first prolon-
gation for the underlying conformal structure P0+ as discussed in section 2.4, yielding the
P +-principal bundle P1+ = {H ⊂ TuP0+ ∣ u ∈ P0+, H horizontal and torsion free} and then
introduce
Q1c ∶= {H ⊂ TqQc0 ∣ q ∈ Qc0,H horizontal and d(pr1 ○ f c0)q(H) ∈ P1+}.
We define a P̃ +,c-right action on this space as follows: For b̃ = b̃0 ⋅ b̃1 ∈ P̃ +,c ≅ CSpinc(p, q)⋉
B̃+1 ⊂ B̃+,c and H ∈ Q1c , H ⊂ TqQc0 we set
H ⋅ b̃ ∶= (df c0q ⋅̃b0)−1(d(pr1 ○ f c0)q(H) ⋅ λc(̃b)).
Clearly, this generalizes the definition for the Spin−case from section 2.7 and checking the
following facts is straightforward:
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Proposition 7.9 The above defined action together with the projection piQ1c ∶ Q1c ∋Hq ↦
piQc0(q) ∈M turns Q1c into a P̃ +,c-principal bundle over M . Moreover, the map
f1c ∶ Q1c → P1+ ×P1,
Hq ↦ (d(pr1 ○ f c0)q(H), pr2(f c0(q)))
is a double covering and (Q1c , f1c ) is a λc∣P̃+,c ∶ P̃ +,c → P + × S1-reduction of P1+ ×P1.
Let ωnc ∈ Ω1(P1+, so(p + 1, q + 1)) denote the normal conformal Cartan connection on P1+.
Together with a fixed S1−connection A on the bundle P1, which belongs to the data of
a conformal Spinc−structure we started with, we obtain a Cartan connection ω̃nc ×A on




spinc(p + 1, q + 1)
ζ∗

T (P1+ ×P1) ωnc×A// so(p + 1, q + 1)⊕ iR
Consequently, we have constructed a Cartan geometry (Q1c →M, ω̃nc ×A) of type (B̃+,c, P̃ +,c)
out of a conformal Spinc−structure (Qc0,P1, f c0) with fixed connection A on the underlying
S1−bundle P1.
In analogy to the Spin−case, we define a Spinc-tractor bundle by
Sc(M) ∶= Q1c ×P̃+,c ∆Cp+1,q+1.
Let us turn to metric descriptions of these objects: Fixing a metric g ∈ c leads to a
SO+(p, q) × S1−reduction σgc = σg × Id of P1+ ×P1, i.e.
σgc ∶ Pg+ ×P1 → P1+ ×P1, (u, v)↦ (ker ωgu, v).
Again, ωg also denotes the extension of the Levi-Civita connection to a torsion-free con-
nection on P0+. If moreover a connection A on P1 is fixed, one obtains the Spinc(p, q) ↪
Spinc(p + 1, q + 1)-reduction
σ̃gc,A ∶ Qcg → Q1c , q ↦ ker (ω̃g ×A)q .










In complete analogy to (2.33) every metric g ∈ c leads to an isomorphism
Φ̃gc,A ∶ Sc(M)→ Sg(M)⊕ Sg(M),[σ̃gc,A(l), e−w + e+w]↦ [l, ζ(e+w)] + [l, χ(e−w)],
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with the algebraic maps χ and ζ from (1.11). The canonical extension of ω̃nc ×A to a
principal bundle connection on the extended Spinc(p+1, q+1)−principal bundleQ1c induces
a covariant derivative ∇nc,A on the associated vector bundle Sc(M) ≅ Q1c ×Spinc(p+1,q+1)
∆Cp+1,q+1 in the usual way.
Proposition 7.10 For g ∈ c, the g−metric representation of ∇nc,A, i.e. the map Φ̃gc,A ○∇nc,A ○ (Φ̃gc,A)−1 is given by
∇nc,AX (ϕφ) = ( ∇Sg ,AX −X ⋅1
2K
g(X)⋅ ∇Sg ,AX )(ϕφ) .
Proof. In this proof, we identify Q1c with a subset of Q1c and denote ωnc as well as its
canonical extension by the same symbol.
Let s×e ∶ U → Pg+ ×P1 be a local section with lift s̃ × e ∶ U → Qgc . For any ψ ∈ Γ(U,Sc(M))
we find a smooth function v ∶ U → ∆Cp+1,q+1 such that ψ = [σ̃gc,A(s̃ × e), v]. Further, let
ρ ∶ Spinc(p + 1, q + 1)→∆Cp+1,q+1 denote the standard representation. We have on U :
∇nc,AX ψ = [σ̃gc,A(s̃ × e),X(v) + ρ∗((ω̃nc ×A)(d(σ̃gc,A(s̃ × e))(X))´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶(7.12)= ζ−1∗ ((ωnc×A)(d(σg(s)×e)(X)))
)v]
= [σ̃gc,A(s̃ × e),X(v) + ρ∗(λ−1∗ (ωnc(d(σg(s))(X))))(v) + 12Ae(X) ⋅ v]
For the middle term in the above expression we insert (2.20) for the metric expression of
ωnc to obtain together with the local formula (7.4) a Spinc-analogue of (2.35), i.e.
∇nc,AX = ∇Sg ,AX + ρ̃g(X) + ρ̃g(Kg(X)), (7.13)
where ρ̃ is given by (2.34) with the obvious modifications to the Spinc-setting. Evaluating
the last two summands in (7.13) is purely algebraic and has already been carried out in
the proof of Proposition 2.34. With this, we arrive at the desired formula. ◻
Let us apply this to Spinc−twistor spinors. (7.10) shows that CCKS wrt. g ∈ c are
equivalently characterized as sections (ϕ,φ) ∈ Γ(Sg ⊕ Sg) satisfying
( ∇Sg ,AX −X ⋅1
2K
g(X)⋅ ∇Sg ,AX )(ϕφ) = ( 0EdA(X) ⋅ ϕ) ,
where the dA−dependent endomorphism EdA ∶ TM → Λ∗TM ⊗R C is given by EdA(X) =− 12(n−1) ( 1n−2X♭ ∧ dA +X⨼dA). In this case, φ = − 1nDAϕ.
For fixed g ∈ c, the tractor s− which lies in the canonical isotropic line I− of T (M) g≅I− ⊕ TM ⊕ I+, see (2.23), acts on Sg ⊕ Sg as s− ⋅ (ϕφ) = (0ϕ) as follows from (1.11). We
now define wrt. some g ∈ c
FdA ∈ Ω1(M,Λ∗T (M)⊗R C),
FdA(X) g∈c= EdA(X) ∧ s♭−.
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As a consequence of the transformation formula (2.27) this is well-defined, i.e. EdA(X)∧s♭−
transforms as a tractor form under a conformal change. With Proposition 7.10 and these
observations, we immediately obtain a characterization of CCKS in terms of conformally
invariant objects:
Theorem 7.11 Let (M,c) be a conformal Spinc-manifold. For g ∈ c the spinor ϕ ∈
Γ(Sg) is a CCKS wrt. the S1−connection A iff the tractor ψ ∶= (Φ̃gc,A)−1 ( ϕ− 1nDAϕ) ∈
Γ(Sc(M)) satisfies
∇nc,AX ψ = FdA(X) ⋅ ψ. (7.14)
Remark 7.12 The previous observations reveal that in terms of tractors CCKS are not
characterized as parallel objects but as generalized Killing spinors on the Spinc−tractor
bundle. Equivalently, they are parallel tractors wrt. the modified connection ∇nc,A −FdA.
It is easy to verify that FdA = 0 iff dA = 0.
It does not seem that (7.14) leads to a reasonable simplification of the study of the
Spinc twistor equation as it has no direct consequences for the conformal holonomy group
Hol(M,c). Therefore, we will not use tractor calculus in the following investigation of
charged conformal Killing spinors.
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CCKS are parallel wrt. the ad-hoc defined connection ∇Eg ,A. We obtain integrability
conditions for the existence of CCKS by computing the curvature operator R∇Eg,A which
has to vanish when applied to (ϕ,DAϕ)T , where ϕ ∈ ker PA,g. Let pr1,2 denote the
projections onto the corresponding summands of Eg. We calculate:
pr1 (R∇Eg,A(X,Y )(ϕψ)) =12 (Rg(X,Y ) −X ⋅Kg(Y ) + Y ⋅Kg(X)) ⋅ ϕ + 12dA(X,Y ) ⋅ ϕ− 1
2(n − 2) ( 1n − 1(X ⋅ Y − Y ⋅X) ⋅ dA + (X ⋅ (Y ⨼dA) − Y ⋅ (X⨼dA))) ⋅ ϕ
With the definition of the Weyl tensor W g and using the identities
X ⋅ ω =X♭ ∧ ω −X⨼ω,
ω ⋅X = (−1)k (X♭ ∧ ω +X⨼ω) , (7.15)
where X is a vector and ω a k−form, we obtain the integrability condition
0 =1
2
⋅W g(X,Y ) ⋅ ϕ + ( n − 3
2(n − 1) ⋅ dA(X,Y ) − 1(n − 2)(n − 1) ⋅X♭ ∧ Y ♭ ∧ dA) ⋅ ϕ+ 1
n − 2 ( 1n − 1 − 12) ⋅ (X♭ ∧ (Y ⨼dA) − Y ♭ ∧ (X⨼dA)) ⋅ ϕ.
(7.16)
In particular, ker PA being of maximal possible dimension implies W g = 0 and dA = 0.
The integrability condition resulting from pr2 (R∇Eg,A(X,Y )( ϕDAϕ)) = 0 is with the same
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formulas and Cg(X,Y ) = (∇gXKg)(Y ) − (∇gYKg)(X), straightforwardly calculated to be
0 =1
2
W g(X,Y ) ⋅DAϕ + n
2
C(X,Y ) ⋅ ϕ − n
2
1(n − 2)(n − 1) (Y ♭ ∧∇XdA −X♭ ∧∇Y dA)− n
2(n − 1) (g(∇XdA,Y ) − g(∇Y dA,X)) ⋅ ϕ − ( 1(n − 2)(n − 1)X♭ ∧ Y ♭ ∧ dA + n − 32(n − 1)dA(X,Y )+ 1
n − 2((X⨼dA) ∧ Y ♭ − (Y ⨼dA) ∧X♭)) ⋅DAϕ.
Remark 7.13 For Riemannian 4-manifolds these integrability conditions have already
appeared in [CM13].
We now clarify the relation of CCKS to conformal Killing forms. For this purpose, we
introduce the following set of differential forms for a spinor field ϕ ∈ Γ(Sg) and k ∈ N:
g (αkϕ, α) ∶= dk ⋅ ⟨α ⋅ ϕ,ϕ⟩Sg , α ∈ Ωk(M),
g (αk+10 , β) ∶= 2dk(−1)k−1n h (⟨β ⋅DAϕ,ϕ⟩Sg) , β ∈ Ωk+1(M),
g (αk−1∓ , γ) ∶= 2dk(−1)k−1n h (⟨γ ⋅DAϕ,ϕ⟩Sg) , γ ∈ Ωk−1(M),
(7.17)
where h(z) ∶= 12 (z + (−1)k(p+1+ k−12 )z). dk ∈ U(1) are powers of i, ensuring that αkϕ is
indeed a real form. A straightforward calculation using only the Spinc-twistor equation
yields that for ϕ ∈ ker PA:
∇gXαkϕ =X⨼αk+10 +X♭ ∧ αk−1∓ , (7.18)
i.e. αkϕ is a conformal Killing form. Such forms have been studied intensively in [Sem01,
Lei05]. From (7.18) we deduce that (k + 1)αk+10 = dαkϕ and (n − k + 1)αk−1∓ = d∗αkϕ. More-
over, in case k = 1 (7.18) is equivalent to say that Vϕ = (α1ϕ)♯ is a conformal vector field.
Note that under a conformal change of the metric with factor e2σ, αkϕ transforms with
factor e(k+1)σ, and thus Vϕ depends on the conformal class only.
We now derive further equations for the Lorentzian case1 and k = 1. Note that in this case
we may set d1 = 1. Let us introduce further forms for ϕ ∈ Γ(Sg) by setting
g (αjdA, α) ∶= 1(n − 2)(n − 1) ⋅Re ⟨dA ⋅ ϕ,α ⋅ ϕ⟩Sg , α ∈ Ωj(M),




1In fact, all the following equations can be obtained in arbitrary signatures where one has to change some
signs and real and imaginary parts.
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Differentiating the various forms and straightforward calculation reveals that the twistor
equation and (7.10) yield the following system of equations:
⎛⎜⎜⎜⎝
∇gX −X⨼ −X♭∧ 0−Kg(X)∧ ∇gX 0 X♭∧−Kg(X)⨼ 0 ∇gX −X⨼














n−2(X⨼1i dA)♯⨼α3ϕ −X♭ ∧ α1dA +X⨼α3dA
X⨼α1dA
1
n−1 ( 1n−2(X⨼1i dA)♯⨼α̃20 + α̃∓ ⋅ (X⨼1i dA))
⎞⎟⎟⎟⎟⎠
(7.19)
Remark 7.14 Elements in the kernel of the operator on the left hand side define
precisely the normal conformal Killing forms resp. vector fields which have appeared in
the second chapter . As remarked before, for a conformal vector field V , V ♭ being normal
conformal is equivalent to the curvature conditions (see [Gov06, GS08])
V ⨼W g = 0, V ⨼Cg = 0, i.e. Cg(V, ⋅) = 0 ∈ X(M).
Due to the dA−terms, the associated vector to a CCKS is in general no normal conformal
vector field, in contrast to the Spin setting. In general, there is no additional equation for
α1ϕ only, except the conformal Killing equation.
We next study the relation of Vϕ with the two main curvature quantities related to a
CCKS, namely W g and dA. As before, we will restrict ourselves to the Lorentzian case.
First, we show that Vϕ preserves dA.
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n − 2 ⋅ ⟨(Y ♭ ∧ ω) ⋅ ϕ,ϕ⟩Sg´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶∈iR ∈ R ((7.10) inserted)=21 − n
n
⋅ Im⟨∇AYDAϕ,ϕ⟩Sg = 21 − nn ⋅ Im(Y (⟨DAϕ,ϕ⟩Sg) + 1n ⟨Y ⋅DAϕ,DAϕ⟩Sg´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶∈R )=21 − n
n
⋅ d (Im ⟨DAϕ,ϕ⟩Sg) (Y ).
The second formula follows directly with Cartans relation L = ⨼ ○ d + d ○ ⨼. ◻
Remark 7.16 For 4-dimensional Lorentzian manifolds an alternative proof of Propo-
sition 7.15 is given in [CKM+14].
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Next, we investigate how Vϕ inserts into the Weyl tensor. We have by definition and using
(7.15)for X,Y,Z ∈ TM :
W g(Vϕ,X,Y,Z) = −⟨ϕ,W g(X,Y,Z) ⋅ ϕ⟩Sg=⟨ϕ,Z ⋅W g(X,Y ) ⋅ ϕ⟩Sg − ⟨ϕ, (Z♭ ∧W g(X,Y )) ⋅ ϕ⟩Sg ∈ R (7.20)
In Lorentzian signature, ⟨ϕ,ω ⋅ ϕ⟩Sg ∈ iR for ω ∈ Ω3(M). Inserting the integrability
condition (7.16) and keeping only real terms, we arrive with the aid of (7.15) at
W g(Vϕ,X,Y,Z) = cn ⋅ ⟨ϕ,(Z⨼(X♭ ∧ Y ♭ ∧ dA) + 3 − n
2
Z♭ ∧ (X♭ ∧ (Y ⨼dA) − Y ♭ ∧ (X⨼dA))) ⋅ ϕ⟩Sg ,
where cn = − 2(n−2)(n−1) . By permutingX,Y and Z, it is pure linear algebra to conclude that
the last expression vanishes for all X,Y,Z ∈ TM if and only if ⟨(X♭∧Y ♭∧(Z⨼dA))⋅ϕ,ϕ⟩Sg =
0 for all X,Y,Z ∈ TM . We can express this as follows:
Proposition 7.17 For a Lorentzian CCKS ϕ ∈ ker PA, it holds the curvature relation
Vϕ⨼W g = 0⇔ (Z⨼1
i
dA)♯⨼α3ϕ = 0 ∀Z ∈ TM.
In particular, one does not need to compute W g to check the first condition for Vϕ being
normal conformal. One obtains another relation between dA and Vϕ by requiring the imag-
inary part of (7.20) to vanish. Again, inserting (7.16) and straightforward manipulations
yield that2
0 =(3 − n)(g(Vϕ, Z)dA(X,Y ) + g(Vϕ,X)dA(Y,Z) + g(Vϕ, Y )dA(Z,X) − g(X,Z)g((Y ⨼dA)♯, Vϕ)+ g(Y,Z)g((X⨼dA)♯, Vϕ)) + 2
n − 2g (α5ϕ,X♭ ∧ Y ♭ ∧Z♭ ∧ dA) + i(n − 1) ⋅ g (α3ϕ, Z♭ ∧W g(X,Y ))
As a consistency check, note that all integrability conditions including the Weyl cur-
vature become trivial in case n = 3. Finally, inserting (7.16) into g (α2ϕ,W g(X,Y )) =
i ⋅ ⟨ϕ,W g(X,Y ) ⋅ ϕ⟩Sg ∈ R and splitting into real and imaginary part, we arrive at the
relations
i ⋅ (1 − n)g (α2ϕ,W g(X,Y )) = (3 − n)dA(X,Y )⟨ϕ,ϕ⟩Sg + 2n − 2g (α4ϕ,X♭ ∧ Y ♭ ∧ dA) ,
0 = ⟨ϕ, (X♭ ∧ (Y ⨼dA) − Y ♭ ∧ (X⨼dA)) ⋅ ϕ⟩Sg .
We conclude these general observations about CCKS with some remarks regarding the
zero set Zϕ ⊂ M of a CCKS ϕ ∈ ker PA. By (7.10) every x ∈ Zϕ satisfies ∇DAϕ(x) = 0.
This observation allows one to prove literally as in [BFGK91] and [Lei01] the following:
Proposition 7.18 Let ϕ ∈ ker PA be a CCKS on (Mp,q, g). If γ ∶ I → Zϕ ⊂ M is
a curve which runs in the zero set, then γ is isotropic. If p = 0, then Zϕ consists of a
countable union of isolated points. If p = 1, then the image of every geodesic γv starting
in x ∈ Zϕ with initial velocity v satisfying that v ⋅Dgϕ(x) = 0 is contained in Zϕ
This ends our discussion of general properties of the CCKS-equation and its relations to
curvature. We next turn to construction principles, classification results and relations to
special geometries in small dimensions.
2In the following g((X⨼dA)♯, Y ) ∶= i ⋅ g((X⨼ 1
i
dA)♯, Y ) ∈ iR for X,Y ∈ TM .
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The Fefferman metric
The purpose of this section is to give a global construction principle of CCKS with
nontrivial curvature dA ∈ Ω2(M, iR) on Lorentzian manifolds (M1,2n+1, g) starting from(2n + 1)−dimensional strictly pseudoconvex structures. This can be viewed as the Spinc-
analogue of [Bau99], and in fact the construction is quite similar. In view of the subsequent
considerations, let us review the following well-known fact:
Consider a pseudo-Riemannian Ka¨hler manifold (Mp,q, g, J), where (p, q) = (2p′,2q′),
p + q = 2n, endowed with its canonical Spinc−structure (cf. Remark 7.4), where the
U(p′, q′)−reduction PU of Pg is given by considering only pseudo-orthonormal bases of
the form (s1, J(s1), ..., sn, J(sn)). As J is parallel, ∇g reduces to a connection ωgU ∈
Ω1(PU ,u(p′, q′)). By Remark 7.4, PU and the S1-bundle P1 are related by det-reduction,
φ1 ∶ PU → P1 = PU ×det S1.
Whence there exists a connection A ∈ Ω1(P1, iR), uniquely determined by(φ1(s))∗A =∶ Aφ1○s = tr (ωgU)s for s ∈ Γ(V,PU).
One calculates that dA(X,Y ) = i ⋅Ricg(X,JY ).
Proposition 7.19 On every pseudo-Riemannian Ka¨hler manifold (Mp,q, g, J) there
exists a ∇A- parallel spinor.
Proof. As known from [Kir86] the complex spinor module ∆C2n decomposes into ∆
C
2n =⊕nk=0∆k,C2n , where the ∆k,C2n are eigenspaces of the action of the Ka¨hler form Ω = ⟨⋅, J ⋅⟩p,q to
the eigenvalue µk = (n− 2k)i. ∆n,C2n turns out to be one-dimensional, in the notation from
Remark 7.1 it is spanned by u(−1, ...,−1) and acted on trivially by U(p′, q′), i.e.
l(U) ⋅ u(−1, ...,−1) = u(−1, ...,−1) for U ∈ U(p′, q′). (7.21)
We define a global section ϕ ∈ Γ(M,Sg) by ϕ∣V ∶= [φc(s), u(−1, ...,−1)] for s ∈ Γ(V,PU),
where φc is given in Remark 7.4. (7.21) yields that this is well-defined, i.e. independent
of the chosen s. Writing s∗ωgU and (φ1(s))∗A in terms of ∇g is straightforward and then
one directly calculates with the local formula (7.4) that ∇Aϕ = 0. ◻
The rest of this section is devoted to the conformal analogue of this construction. We
closely follow [Bau99] and sometimes refer to this article when leaving out steps which
are identical in our construction. To start with, let us recall some basic facts from CR-
geometry3:
Definition 7.20 Let M2n+1 be a smooth, connected, oriented manifold of odd dimension
2n + 1. A real CR-structure on M is a pair (H,J), where
1. H ⊂ TM is a real 2n−dimensional subbundle,
3Here we only work in the picture of real CR structures. Our notation regarding CR-geometry follows
[Bau99, BJ10, Sta11]. We refer to these references for further details.
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2. J ∶H →H is an almost complex structure on H: J2 = −IdH ,
3. If X,Y ∈ Γ(H), then [JX,Y ] + [X,JY ] ∈ Γ(H) and the integrability condition
NJ(X,Y ) ∶= J([JX,Y ] + [X,JY ]) − [JX,JY ] + [X,Y ] ≡ 0 holds.
(M,H,J) is called a (oriented) CR-manifold. We fix a nowhere vanishing 1-form θ ∈ Ω1(M)
with θ∣H ≡ 0, which exists as M is oriented and is unique up to multiplication with a
nowhere vanishing function. With this choice we define the Levi-form Lθ on H as
Lθ(X,Y ) ∶= dθ(X,JY )
for X,Y ∈ Γ(H). (M,H,J, θ) is called a strictly-pseudoconvex pseudo-Hermitian manifold if
Lθ is positive definite. In this case, θ is a contact form and we let T denote the charac-
teristic vector field of the contact form θ, i.e. θ(T ) ≡ 1 and T⨼dθ ≡ 0.
It is a standard fact that under the above assumptions gθ ∶= Lθ + θ ○ θ defines a Rie-
mannian metric on M . Clearly, the SO+(2n + 1)−frame bundle PgθM reduces to the U(n)
bundle
PU,H ∶= {(X1, JX1, ...,Xn, JXn, T ) ∣ (X1, JX1, ...,Xn, JXn) pos. oriented ONB of (H,Lθ)},
where U(n) ↪ SO+(2n) ↪ SO+(2n + 1). By Remark 7.4 this induces a Spinc(2n + 1)-
structure (QcM = PU,H ×l Spinc(2n + 1), f cM) on (M,gθ), where Spinc(2n)↪ Spinc(2n+1),
with auxiliary bundle P1,M = PU,H ×det S1 and natural reduction maps
φc,M ∶ PU,H → QcM , φ1,M ∶ PU,H → P1,M .
There is a special covariant derivative on a strictly pseudoconvex manifold, the Tanaka
Webster connection ∇W ∶ Γ(TM) → Γ(T ∗M ⊗ TM), uniquely determined by requiring it
to be metric wrt. gθ and the torsion tensor Tor
W to satisfy for X,Y ∈ Γ(H)
TorW (X,Y ) = Lθ(JX,Y ) ⋅ T,
TorW (T,X) = −1
2
([T,X] + J[T, JX]).
Let RicW ∈ Ω2(M, iR) and RW ∈ C∞(M,R) denote the Tanaka-Webster Ricci-and scalar
curvature (see [Bau99]). As ∇W gθ = 0,∇WT = 0 and ∇WJ = 0, it follows that ∇W descends
to a connection ωW ∈ Ω1(PU,H ,u(n)). In the standard way, this induces a connection
AW ∈ Ω1(P1,M , iR), uniquely determined by4
(φ1,M(s))∗AW = Tr (s∗ωW ) ,
where s ∈ Γ(V,PU,H) is a local section. Two connections on a S1-bundle over M differ by
an element of Ω1(M, iR). Consequently,
Aθ ∶= AW + i
2(n + 1)RW θ
4Note that this sign differs from the one in the construction in [Bau99]! We use a different realisation of
the canonical line bundle.
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is a S1−connection on P1,M . Let pi ∶ P1,M →M denote the projection. Setting
hθ ∶= pi∗Lθ − i 4
n + 2pi∗θ ○Aθ
defines a right-invariant Lorentzian metric on the total space F ∶= P1,M considered as
manifold, the so-called Fefferman metric. Its further properties are discussed in [Lei07,
Gra87]. In particular, one finds that the conformal class [hθ] does not depend on θ, which
is unique up to multiplication with a nowhere vanishing function, but on the CR-data(M,H,J) only.
In the next section we define a natural Spinc(1,2n+1)-structure on the Lorentzian manifold(F,hθ) and show that it admits a CCKS for a natural choice of A.
Spinc−characterization of Fefferman spaces
This subsection is mainly an application of the spinor calculus for S1-bundles with isotropic
fibres over strictly pseudoconvex spin manifolds from [Bau99] to our case with slight
modifications as we are dealing with Spinc-structures. Let (F,hθ) denote the Fefferman
space of (M,H,J, θ), where F = P1,M pi→ M is the S1-bundle. Let N ∈ X(F ) denote the
fundamental vector field of F defined by n+22 i ∈ iR, i.e. N(f) ∶= ddt ∣t=0 (f ⋅ en+22 it) for f ∈ F .
For a vector field X ∈ X(M), let X∗ ∈ X(F ) be its Aθ−horizontal lift. We define the
hθ-orthogonal timelike and spacelike vectors s1 ∶= 1√2(N −T ∗), s2 ∶= 1√2(N +T ∗) which are
of unit length. Let the time orientation of (F,hθ) be given by s1 and the space orientation
by vectors (s2,X∗1 , JX∗1 , ...,X∗n , JX∗n), where (X1, JX1, ...,Xn, JXn, T ) ∈ PU,H . Obviously,
the bundle
PU,F ∶= {(s1, s2,X∗1 , JX∗1 , ...,X∗n , JX∗n) ∣ (X1, JX1, ...,Xn, JXn, T ) ∈ PU,H}→ F
is a U(n) ↪ SO+(1,2n + 1) reduction of the orthonormal frame bundle PhθF → F andPU,F ≅ pi∗PU,H . It follows again with Remark 7.4 that there is a canonically induced
Spinc(1,2n + 1)-structure for (F,hθ), namely
(QcF ∶= PU,F ×l Spinc(1,2n + 1), f cF ,P1,F ∶= PU,F ×det S1) ,
where U(n) l→ Spinc(2n)↪ Spinc(1,2n + 1), together with reduction maps
φc,F ∶ PU,F → QcF , φ1,F ∶ PU,F → P1,F .
There are two distinct natural maps between the S1-bundles P1,F and F : Viewing P1,F as
the total space of an S1−bundle over the manifold F gives the projection piF ∶ P1,F → F ,
whereas the isomorphism pi∗PU,H ≅ PU,F leads to a natural S1−equivariant bundle map
p̂iF ∶ P1,F ≅ pi∗PU,H ×det S1 → F ≅ PU,H ×det S1,[v, z]↦ [piU(v), z],
with piU ∶ pi∗PU,H → PU,H being the natural projection.
The proof of the following statements is a matter of unwinding the definitions:
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Proposition 7.21 Let s ∈ Γ(V,PU,H) be a local section for some open set V ⊂M and
define ŝ ∈ Γ(pi−1(V ),PU,F ≅ pi∗PU,H) by ŝ(f) ∶= (f, s(pi(f)) ∈ (pi∗PU,H)f . Further, let












s // PU,H φ1,M// F = P1,M
Proposition 7.22 Let A ∈ Ω1(F, iR) be a connection on the S1−bundle F = P1,M pi→M .
Then p̂i∗FA ∈ Ω1(P1,F , iR) is a connection on the S1−bundle P1,F piF→ F . Locally, A and
p̂i∗FA are related as follows: Let s ∈ Γ(V,PU,H) and let ŝ ∈ Γ(pi−1(V ),PU,F ) be the induced
local section as in Proposition 7.21. It holds that(p̂i∗FA)φ1,F (ŝ) = pi∗ (Aφ1,M (s)) ∈ Ω1(pi−1(V ), iR).
Let us now turn to spinor fields on F . By construction, the Spinc(2n+1)-bundle QcM →M
reduces to the Spinc(2n)-bundle QcH ∶= PU,H ×lSpinc(2n)→M . We introduce the reduced
spinor bundle of M ,
SH ∶= SgθH ∶= QcH ×Φ2n ∆C2n ≅ PU,H ×Φ2n○l ∆C2n.
This allows us to express the spinor bundle SF ∶= ShθF → F as
SF = QcF ×Φ1,2n+1 ∆C1,2n+1 ≅ pi∗PU,H ×Φ1,2n+1○l ∆C2n+1≅ pi∗SH ⊕ pi∗SH . (7.22)
The second step is purely algebraic and follows from the decomposition of ∆C1,2n+1 into the
sum ∆C2n ⊕∆C2n of Spinc(2n) ↪ Spinc(1,2n + 1)-representations as presented in [Bau99],
where R2n ↪ R2n+2 via x↦ (0,0, x). Under the identification (7.22) we have (cf. [Bau99],
Proposition 18)
s1 ⋅ (ϕ,φ) = (−φ,−ϕ),
s2 ⋅ (ϕ,φ) = (−φ,ϕ),
X∗ ⋅ (ϕ,φ) = (−X ⋅ ϕ,X ⋅ φ). (7.23)
This identification allows us to define a global section in pi∗SH ⊕(F ×{0}) ⊂ SF in analogy
to the Ka¨hler case: u(−1, ...,−1) ∈ ∆C2n is the (up to S1-action) unique unit-norm spinor
in the eigenspace of the Ka¨hler form on R2n to the eigenvalue −i ⋅n. Let s ∶ V ⊂M → PU,H
be a local section. We set
ϕ(p) ∶= [φc,F (ŝ(p)), u(−1, ...,−1)], p ∈ pi−1(V ).
By (7.21) this is independent of the choice of s. Thus, ϕ ∈ Γ(F,SF ) is defined. As last
ingredient we introduce the connection
A ∶= p̂i∗FAW +AW ∈ Ω1(P1,F , iR)
on the S1-bundle P1,F piF→ F 5.
5This is to be read as follows: p̂i∗FAW is a connection on P1,F by Proposition 7.22. Any other connection
is obtained by adding an element of Ω1(F, iR), which we choose to be the connection AW here, i.e.
A = p̂i∗FAW + pi∗FAW .
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Theorem 7.23 The spinor field ϕ ∈ Γ(F,ShθF ) is a CCKS wrt. A, i.e. ϕ ∈ ker PA,hθ .
The curvature dA ∈ Ω2(F, iR) is given by
dA = 2pi∗F→MRicW .
In particular, ϕ descends to a twistor spinor on a spin manifold iff the Tanaka Webster
connection is Ricci-flat. The associated vector field Vϕ satisfies
1. Vϕ is a regular isotropic Killing vector field,
2. ∇AVϕϕ = 1√2 iϕ,
3. Vϕ is normal, i.e. Vϕ⨼W hθ = 0, Vϕ⨼Chθ = 0,
Furthermore, Khθ(Vϕ, Vϕ) = const. < 0,
4. Vϕ⨼dA = 0.
Proof. Applying the local formula (7.4) to ϕ and using Proposition 7.22, we find for a
local section s = (X1, ...,X2n, T ) ∈ Γ(V,PU,H) and a vector Y ∈ Γ(pi−1(V ), TF ) that




k=1hθ(∇hθY s2,X∗k )s2 ⋅X∗k ⋅ ϕ + 12∑k<lhθ(∇hθY X∗k ,X∗l )X∗k ⋅X∗l ⋅ ϕ+ 1
2
(AW )φ1,M (s) (dpi(Y )) ⋅ ϕ + 1
2
AW (Y ) ⋅ ϕ,
where for X ∈ X(M), the vector field X∗ ∈ X(F ) is the horizontal lift wrt. Aθ (not AW !).
The calculation of the local connection 1-forms of ∇hθ and their pointwise action on the
spinor u(−1, ...,−1) has been carried out in [Bau99]. Inserting these expressions and taking
into account the slight differences to our construction6 we arrive at
∇ANϕ∣pi−1(V ) = (−in4 ⋅ ϕ + 12AW (N) ⋅ ϕ,0) ,∇AT ∗ϕ∣pi−1(V ) = (i RW4(n + 1)ϕ − 12Tr ωs(T ) + 12 ((AW )φ1,M (s) (T ) +AW (T ∗)) ⋅ ϕ,0) ,∇AX∗ϕ∣pi−1(V ) = (−12Tr ωs(T ) + 12 ((AW )φ1,M (s) (X) +AW (X∗)) ⋅ ϕ,0) − 14(X⨼dθ)∗ ⋅ T ∗ ⋅ ϕ.
Here, ωs ∶= s∗AW ∈ Ω1(V,u(n)). By definition, we have that
AW (N) = i ⋅ n + 2
2
,
(AW )φ1,M (s) (T ) +AW (T ∗) = Tr ωs(T ) − i RW
2(n + 1) ,(AW )φ1,M (s) (X) +AW (X∗) = Tr ωs(X).
6Concretely, in [Bau99] the induced Webster connection on the line bundle is defined with a different sign
which changes the sign of its curvature. Moreover, in [Bau99] the Fefferman spin metric comes with a
factor 8
n+2 instead of 4n+2
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Inserting this and noticing that for X ∈ {X1, ...,X2n} the 1-form X⨼dθ acts on the spinor
bundle by Clifford multiplication with J(X), we arrive at
∇ANϕ = 12 iϕ,∇AT ∗ϕ = 0,
∇AX∗ϕ = (0,−√24 J(X) ⋅ ϕ) .
Using (7.23), we conclude that
−s1 ⋅ ∇As1ϕ = s2 ⋅ ∇As2ϕ =X∗ ⋅ ∇AX∗ϕ = (0, 12√2 iϕ) ,
where X ∈ {X1, ...,X2n}. This shows that h(Y,Y )Y ⋅ ∇AY ϕ is independent of the vector Y
with length ±1, i.e. ϕ ∈ ker PA. It is straightforward to calculate
Vϕ = −⟨s1 ⋅ ϕ,ϕ⟩Shθ s1 + ⟨s2 ⋅ ϕ,ϕ⟩Shθ s2 + 2n∑
k=1⟨X∗k ⋅ ϕ,ϕ⟩ShθX∗k= −s1 − s2 = −√2N.
We conclude that Vϕ is regular and isotropic. It is shown in [Bau99], Proposition 19 that
the vertical vector field N is Killing. The claimed relation of Vϕ to the curvature tensors
of hθ is true for any fundamental vertical vector field on a Fefferman space (see [Gra87]).
It remains to calculate dA and to prove 4.: Let s ∈ Γ(V,PU,H). It holds that (cf. [Bau99])
dAW = Tr dωs = RicW ∈ Ω2(M, iR). Considered as a 2-form on F , the curvature dA is
thus using Proposition 7.22 given by
dA = d (p̂i∗FAW )φ1,F (ŝ) + pi∗dAW = pi∗dTr ωs + pi∗RicW= 2pi∗RicW
As dA is the lift of a 2-form on M , it follows immediately that the fundamental vector
field Vϕ = −√2N inserts trivially into dA. ◻
Remark 7.24 Generically, we find only one CCKS on the Fefferman space. One can
define another natural global section in SF in analogy to the spin case in [Bau99]. However,
there is in general no S1−connection which turns it into a CCKS. This is in complete
analogy to the Ka¨hler case: On a Ka¨hler manifold there is a second natural global section
in the spinor bundle constructed out of the eigenspinor to the other extremal eigenvalue
of the Ka¨hler form on spinors which in general is no Spinc-parallel spinor (cf. [Mor97]).
As in the Spin−case we can also prove a converse of the last statement:
Theorem 7.25 Let (B1,2n+1, h) be a Lorentzian Spinc-manifold. Let A ∈ Ω1(P1, iR)
be a connection on the underlying S1-bundle and let ϕ ∈ Γ(Sg) be a nontrivial CCKS wrt.
A such that
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1. The Dirac current V ∶= Vϕ of ϕ is a regular isotropic Killing vector field7,
2. V ⨼W h = 0 and V ⨼Ch = 0, i.e. V is a normal conformal vector field,
3. V ⨼dA = 0,
4. ∇AV ϕ = icϕ, where c = const ∈ R/{0}.
Then (B,h) is a S1-bundle over a strictly pseudoconvex manifold (M2n+1,H, J, θ) and(B,h) is locally isometric to the Fefferman space (F,hθ) of (M,H,J, θ).
Proof. The proof runs through the same lines as in the Spin−case in [Bau99] and
references given there: First, we prove that the Schouten tensor K ∶=Kh of (B,h) satisfies
K(V,V ) = const. < 0. (7.24)
To this end, we calculate using (7.10)
V ⋅ ∇AVDAϕ = n2V ⋅K(V ) + c1 ⋅ V ⋅ (V ⨼dA) ⋅ ϕ + c2 ⋅ V ⋅ (V ♭ ∧ dA) ⋅ ϕ,
where the real constants c1,2 are specified by (7.10). However, as V is lightlike and
V ⨼dA = 0, the last two summands vanish by (7.15). Consequently,
V ⋅ ∇AVDAϕ = n2V ⋅Kg(V ) 1.= −n ⋅K(V,V ) ⋅ ϕ.
On the other hand, the twistor equation and our assumptions yield
V ⋅ ∇AVDA 1.= ∇AV (V ⋅DA) = −n ⋅ ∇AV∇AV ϕ 4.= nc2 ⋅ ϕ.
Consequently, K(V,V ) = −c2 and (7.24) holds.
Regularity of V implies that there is a natural S1-action on B,




where γVt (p) is the integral curve of V through p and L is the period of the integral curves.
Thus, M ∶= B/S1 is a 2n + 1-dimensional manifold and V is the fundamental vector field
defined by the element 2piL i ∈ iR in the S1-principal bundle (B,pi,M ;S1).
As V is by assumption normal and satisfies (7.24), Sparlings characterization of Feffer-
man spaces applies (see [Gra87]), yielding that there is a strictly pseudoconvex pseudo-
Hermitian structure (H,J, θ) on M such that (B,h) is locally isometric to the Fefferman
space (F,hθ) of (M,H,J, θ). For more details regarding the construction of the local
isometries φU ∶ B∣U → F∣U we refer to [Bau99, Gra87]. ◻
Remark 7.26 The last two statements yield a Spinc−twistor spinor characterization
of Fefferman spaces. It seems very natural to characterize Fefferman spaces in terms
of distinguished Spinc-spinor fields as every Fefferman space over a strictly pseudoconvex
CR-manifold admits a natural Spinc-structure. For a characterization in terms of ordinary
twistor spinors, one has to restrict to the class of Fefferman spin-spaces, see [Bau99].
Finally, we remark that the results of this section help to complete the following diagram
of geometric structures admitting special spinor fields:
7From this condition, it follows with Lemma 1.24 that V ⋅ ϕ = 0.
177
7 Charged Conformal Killing Spinors
(M2n, g) Ricci-flat Ka¨hler
2 parallel spinors,
Hol(M,g) ⊂ SU(n)
conformal analogueÐ→ (F 2n+2, hθ) Feff. spin space
2 Twistor spinors,
Hol(F, [hθ]) ⊂ SU(1, n)
↓ Spinc-analogue ↓ Spinc-analogue
(M2n, g) Ka¨hler
1 Spinc − parallel spinor,
Hol(M,g) ⊂ U(n),
dA = i ⋅Ric(⋅, J ⋅)
conformal analogueÐ→ (F 2n+2, hθ) Feff. space
1 CCKS,
Hol(F, [hθ]) ⊂ SU(1, n),
dA = pi∗RicW
7.5 A partial classification result for the Lorentzian case
We present a complete description of Lorentzian manifolds admitting a CCKS under the
additional assumption that Vϕ is normal. In the Spin-case this is always satisfied. The
proof of the next statement closely follows the Spin−case from [Lei07]. Recall that for a
1-form α ∈ Ω1(M) we define the rank of α to be rk(α) ∶= max{n ∈ N0 ∣ α ∧ (dα)n ≠ 0}.
Theorem 7.27 Let (M,g) be a Lorentzian Spinc-manifold admitting a nontrivial CCKS
ϕ ∈ Γ(Sg) wrt. a S1−connection A ∈ Ω1(P1, iR). Assume further that V ∶= Vϕ ∈ X(M) is a
normal conformal vector field. Then locally off a singular set exactly one of the following
cases occurs:
1. It holds that rk(V ♭) = 0 and ∣∣V ∣∣2g = 0.
The spinor ϕ is locally conformally equivalent to a Spinc-parallel spinor on a Brinkmann
space.
2. It holds that rk(V ♭) = 0 and ∣∣V ∣∣2g < 0.
Locally, [g] = [−dt2 +h], where h is a Riemannian metric admitting a Spinc-parallel
spinor. The latter metrics are completely classified, cf. [Mor97].
3. n is odd and rk(V ♭) = (n − 1)/2 is maximal.(M,g) is locally conformally equivalent to a Lorentzian Einstein Sasaki manifold8.
There exist geometric Spin-Killing spinors ϕ1,2 on (M,g) which might be different
from ϕ, but satisfying Vϕ1,2 = V .
4. n is even and rk(V ♭) = (n − 2)/2 is maximal.
In this case, (M,g) is locally conformally equivalent to a Fefferman space.
5. If none of these cases occurs, there exists locally a product metric g1×g2 ∈ [g], where
g1 is a Lorentzian Einstein Sasaki metric on a space M1 admitting a geometric
Killing spinor ϕ1 and g2 is a Riemannian Einstein metric on a space M2 such that
M =M1 ×M2 and V = Vϕ1.
Conversely, given one of the above geometries with a CCKS of the mentioned type, the
associated Dirac current V is always normal.
8Note that every simply-connected Einstein Sasaki manifold is spin, see [Boh99].
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Proof. The condition that V is normal is equivalent to say that α1ϕ is a normal con-
formal Killing 1-form (cf. Remark 7.14), which means that the RHS in (7.19) vanishes.
As elaborated on in section 2.4, this is equivalent to have a parallel tractor 2-form, i.e.
there exists a 2-form α ∈ Λ22,n which is fixed by the conformal holonomy representation
Hol(M,c) ⊂ SO+(2, n). The system of equations (7.19) allows us to conclude as in section
3.1 that α = α2χ for a spinor χ ∈ ∆2,n9. 2-forms induced by a spinor in signature (2, n)
have been classified in [Lei07], we have cited the result in Remark 1.25, and the geometric
meaning of a holonomy-reduction imposed by such a fixed α2χ is well-understood. The
following possibilities can occur:
α = l♭1 ∧ l♭2 for l1, l2 mutually orthogonal lightlike vectors. It follows from Lemma (3.8)
there is locally a metric g ∈ c on U ⊂M such that V is lightlike and parallel. It remains to
prove that also ϕ is ∇A-parallel in this situation: It follows from Lemma 1.24 that V ⋅ϕ = 0.
Differentiating yields that V ⋅∇AXϕ = 0. Let (s1, ..., sn) be a local pseudo-orthonormal frame
with V = s1 + s2. Then it follows by Clifford multiplication with s1 that
s1 ⋅ s2 ⋅ ∇AXϕ = −∇AXϕ for all X ∈ TU.
As ϕ is a twistor spinor, the spinor φ ∶= g(X,X)X ⋅ ∇AXϕ does not depend on the choice
of the vector field X with g(X,X) = ±1. LetX ∈ V  with g(X,X) = ±1. It follows that
0 = −2g(X,V ) =X ⋅V +V ⋅X, and therefore, V ⋅φ = −g(X,X)X ⋅V ⋅∇AXϕ = 0 for all X ∈ V .
On the other hand, choosing X = s1 yields
0 = V ⋅ φ = −(s1 + s2) ⋅ s1 ⋅ ∇As1ϕ = (−1 + s1 ⋅ s2) ⋅ ∇As1ϕ = −2∇As1ϕ.
Consequently, φ = 0, and therefore also ∇Aϕ = 0.
α = l♭ ∧ t♭, where l is a lightlike vector and t a orthogonal timelike vector. [Lei07] shows
that there is locally a Ricci-flat metric in the conformal class on which V is parallel and
timelike. By constantly rescaling the metric, we may assume that ∣∣V ∣∣2 = −1. We have to
show that the spinor itself is parallel in this situation. To this end, we calculate:
0 = V g(V,V ) = V ⟨V ⋅ ϕ,ϕ⟩ = − 1
n




We differentiate this function wrt. an arbitrary vector X, use Kg = 0 and (7.10) to obtain
0 = Re⟨c1(X⨼dA) ⋅ ϕ + c2(X♭ ∧ dA) ⋅ ϕ,ϕ⟩ − 1
n
Re⟨X ⋅DAϕ,DAϕ⟩.
The first scalar product vanishes as ⟨(X⨼dA) ⋅ ϕ,ϕ⟩ ∈ iR and ⟨(X♭ ∧ dA) ⋅ ϕ,ϕ⟩ = 0 by
Proposition 7.17. Thus, 0 = VDAϕ from which in the Lorentzian case DAϕ = 0 follows. It
is clear that ϕ descends to a Spinc−parallel spinor on the Riemannian factor.
n is odd and α = (ω0)∣V , where V ⊂ R2,n is a pseudo-Euclidean subspace of signa-
ture (2, n − 1) and ω0 denotes the pseudo-Ka¨hler form on V . In this case Hol(M,c) ⊂
SU(1, (n − 1)/2). [Lei07] shows in Theorem 10 that there is locally a Lorentzian Einstein
9This argument can also be found in [Lei09].
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Sasaki metric g (of negative scalar curvature) in the conformal class. Moreover, V is unit
timelike Killing wrt. this metric and belongs to the defining data of the Sasakian struc-
ture. It is known from [Boh99] that there are geometric Killing spinors ϕi on (M,g) with
Vϕi = V .
n is even and α = ω0 is the pseudo-Ka¨hler form on R2,n. This corresponds to confor-
mal holonomy in SU(1, n/2) and as known from [Lei07] this is locally equivalent to having
a Fefferman space in the conformal class on which a CCKS exists by the preceding section.
α = (ω0)∣W , where W ⊂ R2,n is a pseudo-Euclidean subspace of even dimension and sig-
nature (2, k), where 4 ≤ k < n − 2 and ω0 denotes the pseudo-Ka¨hler form on W . In
this case, the conformal holonomy representation fixes a proper, nondegenerate subspace
of dimension ≥ 2 and is special unitary on the orthogonal complement. As shown in
[Lei07] this is exactly the case if locally there is a metric in the conformal class such that(M,g) = (M1 ×M2, g1 × g2), where the first factor is Lorentzian Einstein Sasaki. As men-
tioned before, there exists a geometric Spin−Killing spinor inducing V on M1.
Conversely, if one of the geometries from Theorem 7.27 together with a Spinc−CCKS
of mentioned type as in the Theorem is given, it follows that Vϕ is normal conformal:
In the first two cases, ϕ is parallel, for which Ric(X) ⋅ ϕ = 1/2(X⨼dA) ⋅ ϕ is known (see
[Mor97]). We thus have that (X⨼dA)♯⨼α3ϕ ∈ iR ∩ R = {0}. Proposition 7.17 yields that
Vϕ⨼W g = 0. A analogous straightforward but tedious equation yields that Vϕ⨼Cg = 0. In
cases 3 and 5 of Theorem 7.27, V is normal as it is the Dirac current of a Spin−Killing
spinor. Case 4 was discussed in the previous section and V is normal by Theorem 7.23. ◻
Remark 7.28 We remark that the Spin-Killing spinors ϕi in cases 3 and 5 might be
different from the spinor ϕ we started with, i.e. it could be the case that on the Lorentzian
Einstein Sasaki space, the original spinor ϕ is a CCKS wrt. some nontrivial connection
A. However, as shown in [Mor97], if (M,g) is an irreducible Lorentzian Einstein Sasaki
manifold, only Spinc structures with dA = 0 admit Killing spinors.
Remark 7.29 The classification for the Riemannian case seems to differ drastically
from the Spin−case. For instance, a CCKS on a Ricci-flat manifold need not be parallel
and the CCKS equation does not reduce to the study of parallel or Killing spinors on
conformally related metrics as in the spin case. Furthermore, every Riemannian 3-manifold
admitting a twistor spinor is conformally flat (see [BFGK91]), whereas there are examples
of 3-dimensional non-conformally flat Spinc-manifolds admitting CCKS which can not be





In physics literature, conformal structures admitting CCKS have been classified for Rie-
mannian and Lorentzian manifolds of dimensions 3 and 4, see [CKM+14, HTZ13, KTZ12,
CM13]. Interestingly, one observes that CCKS yield a spinorial characterization for the
existence of certain conformal tensors in these signatures. Let us motivate the classifica-
tion of low dimensional conformal structures admitting a CCKS from this geometric point
of view, taking signature (3,1) as an example. To this end, consider the map
l ∶ ∆C,+3,1 /{0} ≅ C2/{0}→ L+ ⊂ R3,1, ↦ V,
where L+ denotes the forward lightcone. This map is surjective (cf. [Lei01]) and the space{ ∈ ∆C,+3,1 ∣ (, )C2 = const. > 0} is an S3 which is mapped by l to the space of null vectors
z ∈ R3,1 with fixed space component z4, i.e. the image is an S2. Thus, l restricts to the
Hopf fibration map with fibre S1 ≅ U(1). Similarly one can show that ∆R3,1/{0}/S1 ≅ L+.
In the spin case, one uses this last observation to prove:
Theorem 7.30 ([Lei01]) Let (M3,1, g) be a non-conformally flat Lorentzian manifold
admitting a null normal conformal vector field V without zeroes such that its twist V ♭∧dV ♭
vanishes everywhere or nowhere on M . Then there exists locally a real twistor spinor
ϕ ∈ Γ(SgR) such that Vϕ = V .
Thus, in signature (3,1) real twistor spinors locally characterize the existence of normal
conformal null vector fields with a certain twist condition. In view of this, we ask whether
the existence of a generic null conformal vector field on (M3,1, g) which is not necessarily
normal conformal can be characterized in terms of spinor fields. As passing from a null
vector field V to a complex half spinor field ϕ ∈ Γ(SgC) via the map l comes with a U(1)-
ambiguity at each point, i.e. V = Vϕ iff V = Vfϕ for every f ∶M → S1, it seems natural to
include a S1−gauge field A which precisely gauges this symmetry. By (7.5), this leads to
Spinc-geometry. Indeed, one can now prove the following:
Proposition 7.31 ([CKM+14]) Let V be a null conformal vector field without zeroes
on a Lorentzian manifold (M3,1, g). Then there exists locally a connection A and a CCKS
ϕ ∈ Γ(SgC,+) wrt. A such that V = Vϕ.
Likewise, on a 3-dimensional Lorentzian manifold the existence of a CCKS without ze-
roes is locally equivalent to the existence of a null or timelike conformal vector field (cf.
[HTZ13]). Also in Riemannian signature (4,0) and (3,0) the existence of a CCKS yields
an equivalent spinorial characterization of natural geometric structures, see [KTZ12]. The
signatures (2,1) and (3,1) in mind, we hope that also in higher (Lorentzian) signatures
CCKS might locally characterize the existence of certain conformal, but not necessarily
normal conformal tensors. This is indeed the case as we shall see in the next sections.
Remark 7.32 In the following, all of our considerations will be local on some open,
simply-connected set U ⊂M , i.e. we can always assume that there is a uniquely determined
Spin−structure, the S1-bundle is trivial and under this identification A corresponds to a
1-form A ∈ Ω1(U, iR).
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5-dimensional Lorentzian manifolds with a CCKS
The spinor representation in signature (1,4) is quaternionic, i.e. ∆1,4 ∶= ∆C1,4 ≅ H2. How-



























The Spinc(1,4)-invariant scalar product is given by ⟨v,w⟩∆1,4 = (e0 ⋅ v,w)C4 . According
to [Bry00], the nonzero orbits of the action of Spin+(1,4) ≅ Sp(1,1) on ∆1,4 are just the
level sets of v ↦ ⟨v, v⟩∆1,4 ∈ R. Consider the spinor u1 = (1 0 0 0)T . It satisfies⟨u1, u1⟩∆1,4 = 1, Vu1 = e0, α2u1 = e♭1 ∧ e♭2 + e♭3 ∧ e♭4, α2u1 ⋅ u1 = 2i ⋅ u1, (7.26)
whereas for the spinor u0 = (1 1 0 0)T ∈ ∆1,4 we find⟨u0, u0⟩∆1,4 = 0, Vu0 = −2(e0 + e2), α2u0 = 2(e♭1 ∧ (e♭0 + e♭2)), α2u0 ⋅ u0 = 0. (7.27)
Here, ⟨α2u, α⟩1,4 = 1i ⟨α ⋅ u,u⟩∆1,4 ∈ R for α ∈ Λ21,4.
Let (M1,4, g) be a Lorentzian Spinc-manifold admitting a CCKS ϕ wrt. a S1−connection
A. Locally, around a given point, one has by omitting singular points either that ⟨ϕ,ϕ⟩ ≠ 0
or ⟨ϕ,ϕ⟩ ≡ 0. In the first case let us assume that ⟨ϕ,ϕ⟩ > 0. The analysis for CCKS of
negative length is completely analogous. Thus, locally there are only two cases to consider:
Case 1:
We may after rescaling the metric assume that ϕ ∈ Γ(Sg) is a CCKS with ⟨ϕ,ϕ⟩ ≡ 1.
Differentiating the length function and inserting the twistor equation yields that
Re⟨X ⋅ ϕ, η⟩ ≡ 0, (7.28)
where η ∶= −15DAϕ. Let s = (s0, ..., s4) be a local orthonormal frame with lift s̃ to the spin











for functions a1, ..., a8 ∶ U → R. However, (7.28) is satisfied iff
η = [s̃, (ia2 0 0 a7 + ia8)T ] .
With this preparation, the conformal Killing equation for α2ϕ (cf. the first line of (7.19))
is straightforwardly calculated to be∇gXα2ϕ = const. ⋅ Im ⟨ϕ,Dgϕ⟩Sg ⋅X♭ ∧ V ♭ϕ.
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In particular, dα2ϕ = 0 and ∇gVϕα2ϕ = 0 in this scale. We now differentiate α2ϕ ⋅ϕ = 2i ⋅ϕ wrt.
Vϕ to obtain α
2
ϕ ⋅ ∇AVϕϕ = 2i∇AVϕϕ. We multiply this equation by Vϕ. By (7.26) the actions
of α2ϕ and Vϕ on spinors commute. Furthermore, Vϕ ⋅ ∇AVϕϕ = η by the twistor equation,
leading to α2ϕ ⋅ η = 2iη, i.e.
α2ϕ ⋅ η = 2i [s̃, (ia2 0 0 −a7 − ia8)T ] = 2iη = 2i [s̃, (ia2 0 0 a7 + ia8)T ] .
Consequently, DAϕ = −5ia2 ⋅ ϕ, and thus ∇AXϕ = ia2 ⋅ X ⋅ ϕ. However, it is proven in
[HM99] that this forces a2 to be constant, i.e. ϕ is a Spin
c-Killing spinor or a Spinc-
parallel spinor. In the second case, Vϕ is parallel as well and the metric splits into a
product (R,−dt2) × (N,h) where the Riemannian 4-manifold (N,h) admits a parallel
Spinc-spinor. As moreover α2ϕ descends to a parallel 2-form on (N,h) of Ka¨hler type,
we conclude that (N,h) is Ka¨hler. Conversely, every Ka¨hler Spinc-manifold endowed
with its canonical Spinc-structure admits parallel spinors. If ϕ is an imaginary Killing
spinor, Re⟨ϕ,DAϕ⟩ = 0, thus Vϕ is a timelike Killing vector field of unit length satisfy-
ing Vϕ ⋅ ϕ = ϕ. By a constant rescaling of the metric we may moreover assume that the
Killing constant is given by ± i2 . Then it is known from [Boh99], Thm. 46, that Vϕ defines
a (not necessarily Einstein) Lorentzian Sasaki structure. Conversely, by [Mor97] every
Lorentzian Sasaki structure endowed with its canonical Spinc-structure admits imaginary
Spinc-Killing spinors.
Case 2:
Let us turn to the case in which the CCKS satisfies ⟨ϕ,ϕ⟩ ≡ 0. We first remark that in the
Spin-case, i.e. A ≡ 0, this always implies that the spinor is locally conformally equivalent
to a parallel spinor off a singular set (see [Lei01], Lemma 4.4.6). As we shall see, in the
Spinc-case something more interesting happens: By passing to a dense subset we may
assume that ϕ and Vϕ have no zeroes. We locally rescale the metric such that Vϕ becomes
Killing10 which is by (7.18) equivalent to
Re⟨ϕ,DAϕ⟩ = 0 (7.29)
in this metric g. In the chosen metric we also have (see (7.27)) that α2ϕ = r♭ ∧ V ♭ϕ, where
r is a spacelike vector field of constant length orthogonal to Vϕ. Proceeding exactly as
in the first case, i.e. locally evaluating the conditions Re⟨X ⋅ ϕ,DAϕ⟩ ≡ 0 (resulting from
differentiating the length function) and (7.29) and inserting this into the definition (7.17)
for α1∓ and using the conformal Killing equation for α2ϕ leads to
α1∓ = const.1 ⋅ d∗α2ϕ = const.2 ⋅ Im⟨ϕ,DAϕ⟩Sg ⋅ V ♭ϕ, (7.30)
for some real nonzero constants. Conversely, a local computation shows that given a
conformal Killing form α = r♭ ∧ l♭ such that α∓ = f ⋅ l♭ and r is spacelike, orthogonal to l
and of constant length, then l has to be a Killing vector field. We summarize:
Proposition 7.33 Given a CCKS ϕ ∈ ker PA without zeroes such that ⟨ϕ,ϕ⟩ ≡ 0, the
conformal Killing form α2ϕ satisfies α
2
ϕ = r♭ ∧ V ♭ϕ for a spacelike vector field r. There is a
local metric g ∈ c such that d∗α2ϕ = const. ⋅ Im⟨ϕ,DAϕ⟩Sg ⋅ V ♭ϕ. In this scale, Vϕ is Killing.
10Choose local coordinates such that V = ∂1. If g is any metric in the conformal class, we have that
LV g = λg for a function λ. V being Killing wrt. e2σg is equivalent to ∂1σ = −λ2 which can be solved
locally for σ.
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We will now prove that the converse is also true, i.e. we show:
Proposition 7.34 Given a zero-free conformal Killing 2-form α = r♭∧l♭ ∈ Ω2(M) where
r ∈ X(M) is spacelike and of unit length, l ∈ X(M) is a orthogonal lightlike vector field
such that d∗α = f ⋅ l♭, for some function f , then there exists locally A ∈ Ω1(U, iR) and a
CCKS ϕ ∈ Γ(U,SgC) wrt. A such that α2ϕ = α and f = const. ⋅ Im⟨ϕ,DAϕ⟩Sg .
Proof. There exists a local orthonormal frame s = (s0, ..., s4) such that locally α =[s,α2u0]. Defining ϕ = [ŝ, u0], where ŝ is the local lift of s to the spin structure shows
that α2ϕ = α and α = r♭ ∧ V ♭ϕ. It is a purely algebraic observation that ϕ is the up to local
U(1)-action unique spinor field with this property, i.e. the surjective map
∆C1,4 ⊃ { ∣ ⟨, ⟩∆ = 0}↦ α2 ∈ {α ∣ α = r♭ ∧ l♭, ∣∣r∣∣21,4 = 1, ∣∣l∣∣21,4 = 0, ⟨r, l⟩1,4 = 0} ⊂ Λ21,4
is an S1-fibration. Locally, the mentioned properties of α give a linear system of equations
for the local connection coefficients ωij . By the local formula (7.4) the property of ϕ being
a CCKS becomes a linear system of equations for the ωij and the Ai ∶= A(si) ∈ C∞(U, iR).
A tedious but straightforward computation shows that there is a unique choice of A such
that these equations are indeed satisfied. In our chosen gauge one has that
A1 = −2iω34(s1),A2 = −2iω34(s2),A3 = −2i(ω34(s3) + ω14(s3)),
A4 = −2i(ω34(s4) + ω14(s4)),A0 = −2iω34(s0). (7.31)
In detail, this argument goes as follows: We have to show that if the locally given 2- form
α = α2ϕ = [s,α2u0] = s♭1∧(s♭2+s♭0) where s = (s0, ..., s4) is a local ONB, is a conformal Killing
2-form such that α∓ = f̃ ⋅V ♭ϕ = f̃ ⋅ [s, e♭2 + e♭0] = f̃ ⋅ (s♭2 + s♭0) for some function f̃ , then there is
a uniquely determined A ∈ Ω1(U, iR) such that the spinor ϕ = [s̃, u0] is a CCKS wrt. A11.
To this end, note that by the equivalent characterization of conformal Killing forms in
[Sem01], the requirement on α is equivalent to
X⨼∇gY α + Y ⨼∇gXα = f ⋅ (X⨼(Y ♭ ∧ V ♭ϕ) + Y ⨼(X♭ ∧ V ♭ϕ)) ∀X,Y ∈ TM, (7.32)
where f = const. ⋅ f̃ . We let X,Y run over the local ONB (s0, s1, s2, s3, s4) and use
∇gX(s♭i ∧ s♭k) =∑
j
iωij(X)s♭j ∧ s♭k +∑
j
kωkj(X)s♭i ∧ s♭j
to obtain that (7.32) is the following system of linear equations in ωkij ∶= ijg(∇sksi, sj):
11By (7.30) we then necessarily have that f̃ is a constant multiple of Im ⟨DAϕ,ϕ⟩Sg
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ω120 = f,ω123 + ω130 = 0, ω124 + ω140 = 0,
ω220 = 0, ω112 − ω110 = 0, ω224 + ω240 = 0, ω223 + ω230 = ω113,
ω113 = −ω320, ω323 + ω330 = 0, ω324 + ω340 = 0,
ω114 + ω420 = 0, ω423 + ω430 = 0,
ω020 = ω110 − ω112, ω023 + ω030 = −ω113, ω024 + ω040 = −ω114, ω020 = 0,
ω213 = 0, ω214 = 0, ω212 − ω210 = f,
ω223 + ω230 = −ω320, ω313 = f,ω314 = 0, ω312 − ω310 = 0,
ω224 = −ω420, ω214 = 0, ω413 = 0, ω414 = f,ω412 − ω410 = 0,
ω213 = ω013, ω014 = ω214, ω012 − ω010 = −f,
ω323 + ω330 = 0, ω313 = f,ω314 = −ω413,
ω320 = ω023 + ω030, ω013 = ω310 − ω312, ω313 = f,ω314 = 0, ω013 = 0,
ω424 + ω440 = 0, ω414 = f,
ω024 + ω040 = ω420, ω412 − ω410 = −ω014, ω014 = 0,
ω012 − ω010 = 0.
(7.33)
(7.33) exhibit that Vϕ is a Killing vector field, being equivalent to the equations
j(ωi2j − ωi0j) + i(ωj2i − ωj0i) = 0.
On the other hand, by the local formula (7.4), the twistor equation for ϕ is equivalent to
iei ⋅ (∑
k<lωiklek ⋅ el ⋅ u0 + 12Ai ⋅ u0) = jej ⋅ (∑k<lωiklek ⋅ el ⋅ u0 + 12Aj ⋅ u0) , (7.34)
for 0 ≤ i < j ≤ 4 and Ai ∶= A(si) ∶ U → iR. Inserting the above ω−equations, it is pure
linear algebra to check that (7.34) holds if and only if we set the local functions Ai as
given in (7.31). ◻
We summarize our observations:
Theorem 7.35 Let ϕ ∈ Γ(M,Sg) be a CCKS wrt. a connection A on a Lorentzian 5-
manifold (M,g). Locally and off a singular set the metric can be rescaled such that exactly
one of the following cases occurs:
1. The spinor is of nonzero length and a parallel Spinc-spinor on a metric product
R ×N , where N is a Riemannian 4-Ka¨hler manifold with parallel spinor.
2. ϕ is an imaginary Spinc-Killing spinor of nonzero length, its vector field Vϕ is Killing
and defines a Sasakian structure.
3. ∣ϕ∣2 ≡ 0. The conformal Killing form α2ϕ =∶ α can be written as α = r♭ ∧ l♭, where
r ∈ X(M) is spacelike and l ∈ X(M) is orthogonal to r and lightlike. There is a scale
in which d∗α = f ⋅ l♭ for some function f .
Conversely, for all the geometries listed in 1.-3. there exists (in case 3. only locally) a
Spinc-structure, a S1−connection A and a CCKS ϕ ∈ ker PA.
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Remark 7.36 It is easy to verify that the correspondence in the third part of this
Theorem descends to parallel objects, i.e. on a Lorentzian Spinc-manifold (M1,4, g) there
exists a Spinc-parallel spinor of zero length if and only if there is a parallel 2-form of type
α = l♭ ∧ r♭. This can be understood well from a holonomy-point of view: The Spin+(1,4)-
stabilizer of an isotropic spinor in signature (1,4) is by [Bry00] isomorphic to R3, thus for
a ∇A-parallel spinor of zero length, we have Hol(∇A) ⊂ S1 ⋅R3 ≅ SO(2) ⋉R3 ⊂ SO+(1,4)
which is precisely the stabilizer of a 2-form α = r♭ ∧ l♭ of causal type as above under
the SO+(1,4)−action. That means, Hol(∇A) fixes an isotropic spinor iff Hol(∇g) fixes a
2-form α = r♭ ∧ l♭.
Finally, the third case from Theorem 7.35 can with (7.30) be specialized and yields the
following spinorial characterization of geometries admitting certain Killing forms, i.e. con-
formal Killing forms α with d∗α = 0:
Theorem 7.37 On every Lorentzian 5-manifold admitting a Killing 2-form of type
r♭ ∧ l♭ for a spacelike vector field r of unit length and a orthogonal lightlike vector field l,
there exists (locally) a CCKS with ⟨ϕ,DAϕ⟩Sg = 0 and vice versa.
Other signatures
We investigate the CCKS-equation on manifolds of signature (0,5), (2,2) and (3,2). To-
gether with the last section and the results from [CKM+14, HTZ13, KTZ12] this yields a
complete local description of geometries admitting CCKS in all signatures for dimension≤ 5.
Signature (0,5)
Let us start with the Riemannian 5-case. A Clifford representation of Cl0,5 on ∆0,5 = C4
is given by (7.25) where one has to replace the e0−matrix by −i ⋅ e0 (see [BFGK91]). The
Spin+(0,5) ≅ Sp(2)-invariant scalar product on ∆C0,5 is just the usual Hermitian product
on C4 and the nonzero orbits of the Spin+(0,5)-action on spinors are given by its level
sets. Let us consider the spinor u ∶= (1 0 0 0). We have that Vu = e0, α2u is the Ka¨hler
form on span{e1, ..., e4} and α2u ⋅ u = 2i ⋅ u Now exactly the same considerations as carried
out for spinors of nonzero length in the Lorentzian case in the previous section reveal the
following:
Theorem 7.38 Let ϕ ∈ Γ(Sg) be a CCKS of constant length on a 5-dimensional Rie-
mannian Spinc-manifold (M,g). Locally, exactly one of the following cases occurs:
1. There is a metric split of (M,g) into a line and a 4-dimensional Ka¨hler manifold
on which ϕ is parallel.
2. After a rescaling of the metric, ϕ is a Spinc-Killing spinor to Killing number ±12 .
Vϕ is a unit-norm Killing vector field which defines a Sasakian structure.
Conversely, these geometries, equipped with their canonical Spinc structures, admit Spinc-
parallel/Killing spinors.
Consequently, CCKS in signature (0,5) locally equivalently characterize the existence of




Cl2,2 ≅ gl(4,R), and thus the complex representation of ClC2,2 on ∆C2,2 = C4 arises as a




















of Cl2,2 on ∆
R
2,2 = R4. In this realisation, Spin+(2,2) ≅ SL(2,R)×SL(2,R) and the indef-
inite scalar product on ∆C2,2 given by (e1 ⋅ e2 ⋅ v,w)C4 satisfies ⟨v, v⟩∆ ∈ iR. The nonzero
orbits of the Spinc(2,2)-action on ∆C,±2,2 are given by the level sets of ⟨⋅, ⋅⟩∆ where half
spinors of zero length are precisely the real half spinors ∆R,±2,2 , multiplied by elements of
S1 ⊂ C. These algebraic observations lead to the following local analysis:
Let (M2,2, g) be a Spinc(2,2)-manifold admitting a nontrivial CCKS halfspinor ϕ ∈
Γ(SgC,±) wrt. the S1−connection A. As we are only interested in local considerations,
we may (after passing to open neighbourhoods of a given point and omitting a singular
set) assume that ∣∣ϕ∣∣2 ≡ 0 or ∣∣ϕ∣∣2 ≠ 0 everywhere. In the first case, the Spinc(2,2)-orbit
structure shows that ϕ can be chosen to be a local section of SgR,± (see also Proposition
7.5), i.e. there exists locally a pseudo-orthonormal frame s = (s1, ...s4) with lift s̃ such
that ϕ = [s̃, u0,±] for some fixed spinor u0,± ∈ ∆R,±2,2 . As ϕ is a CCKS, we must have that
isi ⋅ ∇Asiϕ = jsj ⋅ ∇Asjϕ ∈ Γ(SgC,± = SgR,± ⊕ iSgR,±) ∀1 ≤ i, j ≤ 4. (7.35)
Using the local formula (7.4) and splitting (7.35) into real and imaginary part, we arrive
at iA(si) ⋅ si = jA(sj) ⋅ sj which is possible only if A ≡ 0. Consequently, we are dealing
with real Spin+(2,2) twistor half spinors which have been shown to be locally conformally
equivalent to parallel spinors in chapter 5.
If, on the other hand, the spinor norm is nonvanishing, we may rescale the metric such
that ∣∣ϕ∣∣2 = ±i. Differentiating yields that Im ⟨X ⋅ϕ,DAϕ⟩Sg ≡ 0 for X ∈ TM . It is purely
algebraic to check that this is possible only if DAϕ = 0. Moreover, α2ϕ is a constant multiple
of the pseudo-Ka¨hler form, i.e. ϕ is a Spinc-parallel half spinor on a Ka¨hler manifold of
signature (2,2). We summarize:
Theorem 7.39 Let ϕ ∈ Γ(SgC,±) be a CCKS on a Spinc-manifold (M2,2, g). Locally,
one of the following cases occurs:
1. ∣∣ϕ∣∣2 = 0. This implies A ≡ 0. The spinor can be locally rescaled to a parallel pure
spinor with normal form of the metric given in (3.36).
2. There is a scale such that ∣∣ϕ∣∣2 = const. In this case, ϕ is a parallel Spinc−CCKS
on a pseudo-Ka¨hler manifold.
In particular, CCKS half spinors of nonzero length equivalently characterize the existence
of pseudo-Ka¨hler metrics in the conformal class.
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Signature (3,2)
A real representation of Cl3,2 on ∆
R






















The complex representation on ∆C3,2 ≅ C4 arises by complexification and in this realisation
Spin+(3,2) ≅ Sp(2,R) . The scalar product ⟨⋅, ⋅⟩∆C3,2 is given by ⟨v,w⟩∆C3,2 = vTJw, where
J = ( 0 −I2
I2 0
). Note that ⟨v, v⟩∆C3,2 ∈ iR. Orbit representatives for the action of Spinc(3,2)
on ∆C3,2 are u ∶= (1 0 0 0) , u0 ∶= (i 1 0 0) and ub ∶= 1√2 (1 0 ib 0), where b ∈
R/{0}. One calculates that⟨u,u⟩∆C3,2 = 0, Vu = 0, α2u = (e♭3 − e♭4) ∧ (e♭1 − e♭5), α2u ⋅ u = 0,⟨u0, u0⟩∆C3,2 = 0, Vu0 = 2(e♭1 − e♭5), α2u0 = 2e♭4 ∧ (e♭1 − e♭5), α2u0 ⋅ u0 = 0,⟨u1, u1⟩∆C3,2 = −i, Vu1 = −e♭2, α2u1 = (−e♭1 ∧ e♭3 + e♭4 ∧ e♭5), α2u1 ⋅ u1 = −2i ⋅ u1.
(7.36)
Let (M3,2, [g] = c) be a Spinc-manifold with CCKS ϕ ∈ ker PA. In our local analysis, we
have two cases to consider: In the first case, we find a metric g ∈ c such that ∣∣ϕ∣∣2 = ±i. Using
(7.36) it follows exactly as in the Lorentzian (1,4)-case that after constantly rescaling the
metric, ϕ is either parallel, in which case by (7.36) the metric splits into a timelike line
and a pseudo-Ka¨hler manifold, or a real or imaginary Killing spinor and Vϕ, which is a
timelike unit Killing vector field, defines a pseudo-Sasakian structure.
In the second case, we have that ∣∣ϕ∣∣2 ≡ 0. If ϕ is of orbit type u ∈ ∆R3,2 on an open set, it
follows exactly as in the signature (2,2) case that A ≡ 0, i.e. ϕ is an ordinary Spin−twistor
spinor. The local analysis for this case has been carried out in chapter 5. Thus, we are
left with the case that ϕ is locally of orbit type u0. However, the analysis of this case is
completely analogous to the case of Lorentzian Spinc CCKS of nonzero length and one
gets a one-to-one correspondence to certain conformal Killing forms. Carrying out these
steps is straightforward and we arrive at
Theorem 7.40 Let (M3,2, g) be a Spinc−manifold of signature (3,2) and let ϕ ∈ Γ(Sg)
be a CCKS wrt. a non-flat S1−connection A satisfying ∣∣ϕ∣∣2 ≡ 0. Then there is a scale in
which the conformal Killing form α2ϕ writes as α
2
ϕ = r♭ ∧ V ♭ϕ, where r is a spacelike vector
field of constant length, Vϕ is orthogonal to r and lightlike Killing and moreover
d∗α2ϕ = const. ⋅ Im⟨DAϕ,ϕ⟩Sg ⋅ V ♭ϕ.
Conversely, if α = r♭ ∧ l♭ is a conformal Killing form such that r is of constant positive
length, l is lightlike and orthogonal to r and d∗α = f ⋅ l♭ for some function f , then there
exists a nontrivial S1−connection A and a up to S1−action unique CCKS ϕ wrt. A such
that α2ϕ = α and f = const. ⋅ Im⟨DAϕ,ϕ⟩Sg .
188
7.7 Remarks about the relation between conformal and normal conformal vector fields
7.7 Remarks about the relation between conformal and normal
conformal vector fields
The aim of this final subsection is to help to understand the blank relationship in the
following diagram:
ϕ ∈ ker PA,g CCKS
Dirac current





??? // Vϕ normal conformal
(7.37)
Spinc-twistor spinors produce conformal vector fields which in general are not normal con-
formal, see (7.19). If one specializes the situation from Spinc-geometry to Spin-geometry,
we end up with twistor spinors which give rise to normal conformal vector fields. But what
is the more general relation between geometries admitting conformal vector fields and ge-
ometries admitting normal conformal vector fields -not necessarily induced by spinors ?
We cannot answer this in full generality but consider some illuminating examples. First,
note that on a conformally flat manifold every conformal vector field is normal conformal.
Example 7.41 Consider the simply-connected, solvable Lorentzian symmetric space
Mnλ = (Rn, gλ), where




and λ = (λ1, ..., λn−2), λi ∈ R/{0}, n ≥ 3. We fix the following global orthonormal basis on
Mnλ (cf. [Bau98]):









where y = (s, t, x1, ..., xn−2) ∈Mnλ . Finally, we set Λ0 ∶= −∑n−2j=1 λj . V ∶= ∂∂t is an isotropic,
parallel vector field. The Ricci tensor of Mnλ is given by
Ric(X) = Λ0 ⋅ g(X,V )V
and the scalar curvature as well as the Cotton-York tensor vanish. The Weyl tensor
W ∶=W gλ , considered as endomorphism of Λ2Mnλ is given by
W (a♭
0
∧ a♭j) =W (a♭0 ∧ a♭j) = (λj + 1n − 2Λ0)V ♭ ∧ a♭j , j = 1, ..., n − 2
W (a♭α ∧ a♭β) = 0, for all other indices α,β.
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Consider the Killing vector field T (y) ∶= ∂∂s(y). The causal type of T depends on the choice
of the λi. With the above formulas, we have that the only nonvanishing contributions for
T⨼W are given by
W (a0,aj , T,aj) = λj + 1n − 2Λ0
This shows that T⨼W = 0 iff λ = (λ, ..., λ), i.e. T is normal conformal if and only if Mnλ
is conformally flat. In general, T does not arise as the Dirac current of a Spinc twistor
spinor. On the other hand, the parallel isotropic vector field V is always normal conformal
and it is the Dirac current of a parallel spinor on Mnλ .
Remark 7.42 It is also easy to think of examples of Lorentzian manifolds admitting a
non-normal conformal vector field V which arises as the Dirac current of a Spinc twistor
spinor ϕ, i.e. V = Vϕ: Consider the 4-dimensional Lorentzian manifold (R4, g), where we
demand
g = 4∑
i=2 g1idx1dxi + ∑2≤k≤l≤4 gkldxkdxl
to be a Lorentzian metric with ∂∂x1 gij = 0. Under this assumption V ∶= ∂∂x1 is a null Killing
vector field, in particular it is conformal. [CKM+14] shows that there exists -at least
locally- a connection A and a CCKS ϕ wrt. A such that Vϕ = V . However, for generic
choice of the gij , V is not normal conformal as one checks by directly computing V ⨼W g.
As another example let us study normal conformal Killing forms on Riemannian non-Ricci-
flat Einstein spaces (M,g). We have already learned in section 6.7 that they are given as
sums of special Killing forms and closed conformal Killing forms. Moreover, the conformal
holonomy of (M,g) coincides with that of the metric cone. Using holonomy-theory for
Riemannian cones, in particular that reducible cones over complete Riemannian manifolds
are automatically flat, one then proves the following classification result:
Theorem 7.43 ([Lei05]) Let (Mn, g) be a simply-connected and complete Riemannian
Einstein space of positive scalar curvature admitting a normal conformal Killing p−form.
Then Mn is either
1. The round (conformally flat) sphere Sn.
2. an Einstein-Sasaki manifold of odd dimension n ≥ 5 with a special Killing 1-form.
3. an Einstein-3-Sasaki space of dimension n = 4m+3 ≥ 7 with three independent special
Killing 1-forms.
4. a nearly Ka¨hler manifold of dimension 6, where the Ka¨hler form is a special Killing
2-form.
5. a nearly parallel G2-manifold in dimension 7 with its fundamental form a special
Killing 3-form.
If the space is not complete and the cone reducible then the metric g has up to a constant
scaling factor locally the form
dt2 + sin2(t) ⋅ k + cos2(t) ⋅ h, (7.38)
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where kp and hq are arbitrary Riemannian Einstein metrics of positive scalar curvature
on spaces with dimension p resp. q. The scaled volume forms sin−p ⋅dvolk and cos−q ⋅dvolh
are special Killing of degree p resp. q for (M,g).
Consequently, we see that among the non-conformally flat, complete Riemannian Einstein
space of positive scalar curvature, the difference between conformal vector fields and nor-
mal conformal vector fields corresponds by the cases 2. and 3. of the preceding Theorem
precisely to the difference between conformal vector fields and Killing vector fields induc-
ing Sasakian structures which is an answer for the ???-direction in diagram (7.37) for these
geometries. However, we do not know how to complete this blank direction in diagram
(7.37) in general.
Remark 7.44 Given a generic conformal vector field on an Riemannian Einstein space,
one can produce a normal conformal vector field out of it. More precisely, [KR94] shows
that given a conformal vector field V on a Riemannian Einstein space which is neither
isometric nor homothetic, then the vector field grad(divV ) is (locally) a conformal gradient
field on a warped product of type (7.38), where p = 0 or q = 0. In this description,
grad(divV ) is the Hodge dual of the normal conformal Killing form sin−p ⋅ dvolk resp.
cos−q ⋅ dvolh, and therefore itself a normal conformal Killing field , cf. [Lei05].
Remark 7.45 It is interesting to observe that the difference between conformal and
normal conformal tensors vanishes in the spinorial Spin−setting. More precisely, if ϕ ∈
Γ(M,Sg) is a Spin−twistor spinor, then it always satisfies the normalization condition∇XDgϕ = n2Kg(X) ⋅ϕ, ensuring that (Φ̃g)−1 ( ϕ− 1nDgϕ) ∈ Γ(M,S) is a parallel spin tractor.
There is no notion of normal conformal Killing spinors. On the other hand, a conformal
Killing form does in general not satisfy the additional normalisation conditions needed to
give a parallel tractor form. However, conformal, not necessarily normal conformal, Killing
forms can be described in terms of the tractor machinery as well, using the theory of first
BGG-operators, see [Ham08]. One shows that there is a unique modified connection
∇̃nc ∶ Γ(M,Λ∗T (M))→ Γ(T ∗M ⊗Λ∗T (M)),∇̃nc = ∇nc +Θ,
where Θ ∈ Ω1 (M,End (Λ∗T (M))) such that conformal Killing forms are equivalently char-
acterized as tractors α ∈ Ω∗T (M) satisfying∇̃ncα = 0. (7.39)
Note that we have derived an analogue of (7.39) for Spinc-twistor spinors in Theorem 7.11.
They are also characterized as parallel spin tractors wrt. a modified Cartan connection,
given by ∇nc−FdA. In this sense, passing from normal conformal Killing forms to conformal
Killing forms corresponds to passing from Spin−twistor spinors to Spinc−twistor spinors
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